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ON GRADED 2-ABSORBING PRIMARY
HYPERIDEALS OF A GRADED MULTIPLICATIVE
HYPERRING

P. GHIASVAND*

ABSTRACT. Let G be a group with identity e and R be a multi-
plicative hyperring. We introduce and study the notions of graded
2-absorbing and graded 2-absorbing primary hyperideals of a graded
multiplicative hyperring R which are generalizations of prime hy-
perideals. We present basic properties and characterizations of
these graded hyperideals and homogeneous components. Among
various results, we prove that the intersection of two graded prime
hyperideals is a graded 2-absorbing hyperideal.

1. INTRODUCTION

Algebraic hyperstructures are a suitable generalization of classical
algebraic structures. In a classical algebraic structure, the composition
of two elements is an element, while in an algebraic hyperstructure,
the composition of two elements is a set. Hyperstructures have many
applications to several sectors of both pure and applied mathematics,
for instance in geometry, lattices, cryptography, automata, graphs and
hypergraphs, fuzzy set, probability and rough set theory and so on (see
[9]). The hypergroup notion was introduced in 1934 by a French math-
ematician F. Marty [20], at the 8th Congress of Scandinavian Mathe-
maticians. The notion of hyperrings was introduced by M. Krasner in
1983, where the addition is a hyperoperation, while the multiplication
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is an operation [17]. Prime, primary, and maximal subhypermodules
of a hypermodule in the sense of krasner hyperring R were discussed
by M. M. Zahedi and R. Ameri in [30]. R. Ameri et al. in [2] intro-
duced Krasner (m,n)-hyperrings and in [3] studied prime and primary
subhypermodules of (m,n) hypermodules. Also, K. Hila et al. in [10]
introduced and studied (k, n)-absorbing hyperideals in Krasner (m,n)-
hyperrings. The notion of multiplicative hyperrings is an important
class of algebraic hyperstructures which is a generalization of rings,
initiated the study by Rota in 1982, where the multiplication is a hy-
peroperation, while the addition is an operation [26]. Procesi and Rota
introduced and studied in brief the prime hyperideals of multiplicative
hyperrings [22, 23, 24] and this idea is further generalized in a paper by
Dasgupta [ 1]. R. Ameri et al. in [1] described multiplicative hyperring
of fractions and coprime hyperideals. Later on, many researches have
observed generalizations of prime hyperideals in multiplicative hyper-
rings [4, 5, 27, 29]. The principal notions of algebraic hyperstructure
theory can be found in [3, 9, 10, 25]. Furthermore, the study of graded
rings arises naturally out of the study of affine schemes and allows
them to formalize and unify arguments by induction [28]. However,
this is not just an algebraic trick. The concept of grading in algebra,
in particular graded modules is essential in the study of homological
aspect of rings. Much of the modern development of the commutative
algebra emphasizes graded rings. Graded rings play a central role in al-
gebraic geometry and commutative algebra. Gradings appear in many
circumstances, both in elementary and advanced level. In recent years,
rings with a group-graded structure have become increasingly impor-
tant and consequently, the graded analogues of different concepts are
widely studied (see [12, 13, 18, 21]). Theory of greded hyperrings can
be considered as an extension theory of hyperrings. The notion of 2-
absorbing ideals over commutative rings which is a generalization of
prime ideals has been introduced and investigated by A. Badawi in
[6]. In this paper, we define the notions of G-graded multiplicative
hyperrings and graded hyperideals of graded multiplicative hyperrings,
also we intend to study extensively graded prime(primary) hyperide-
als of a graded multiplicative hyperring (R, +, o) with absorbing zero
and prove some results regarding them. In the last section, we define
and study the notions of graded 2-absorbing and graded 2-absorbing
primary hyperideals of a graded multiplicative hyperring R which are
generalizations of graded prime hyperideals. We give some results and
several properties of them. For example, we show that every graded
2-absorbing hyperideal is a graded 2-absorbing primary hyperideal, but
the converse is not true in general. Also, we prove that every graded
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primary hyperideal of a graded multiplicative hyperring R is a graded
2-absorbing primary hyperideal of R.

2. PRELIMINARIES

Definition 2.1. [26] Let R be a non-empty set. By P*(R), we mean
the set of all non-empty subset of R. Let o be a hyperoperation from
R x R to P*(R). Rota called (R,+,0) a multiplicative hyperring, if it
has the following properties:

(i) (R,+) is an abelian group;

(ii) (R, o) is a hypersemigroup;

(iii) Foralla,b,c € R, ao(b+c) C aob+aoc and (b+c)oa C boa+coa;

(iv) ao (=b) =(—a)ob= —(aob).
If in (ii7) we have equalities instead of inclusions, then we say that the
multiplicative hyperring is strongly distributive.

Here, we mean a hypersemigroup by a non-empty set R with an
associative hyperoperation o, i.e.,

ao(boc)= U aot= U soc=(aob)oc
te(boc) s€(aob)
for all a,b,c € R.
Further, if R is a multiplicative hyperring with a o b = b o a for all
a,b € R, then R is called a commutative multiplicative hyperring.

Example 2.2. [23] Let K be a field and V' be a vector space over K.
If for all a,b € V we denote by (a,b) the subspace generated by the
subset {a,b} of V, then we can consider the following hyperoperation
on V: for all a,b € V, aob = (a,b). It follows that (V,+,0) is a
multiplicative hyperring, which is not strongly distributive.

Definition 2.3. [23] (a) Let (R,+,0) be a multiplicative hyperring
and S be a non-empty subset of R. Then S is said to be a subhyperring
of R if (S,+,0) is itself a multiplicative hyperring.

(b) A subhyperring I of a multiplicative hyperring R is a hyperideal
of (R,+,0)if I —-IClTandforallz € I,r€ RyxorUroxz CI.

Definition 2.4. [11] Let C be the class of all finite products of elements
of a multiplicative hyperring R i.e., C = {rjoryo---or,:r, € Ryn €
N} € P*(R). A hyperideal I of R is said to be a C-ideal of R if for
any Ae C, ANIT #0, then AC I.

Definition 2.5. [10] (a) A proper hyperideal M of a multiplicative
hyperring R is maximal in R, if for any hyperideal [ of R, M C I C R,
then I = R.
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(b) A proper hyperideal P of a multiplicative hyperring R is said to
be a prime hyperideal of R, if for any a,b € R, aob C P, then a € P
orbe P.

(¢) A proper hyperideal @ of a multiplicative hyperring R is said to
be a primary hyperideal of R, if for any a,b € R, aob C @, then a € )
or b C ( for some n € N.

Definition 2.6. |1 1] Let I be a hyperideal of a multiplicative hyperring
(R,+,0). The intersection of all prime hyperideals of R containing
I is called the radical of I, denoted by Rad([l). If the multiplicative
hyperring R does not have any prime hyperideal containing I, we define
Rad(I) = R. Also, the hyperideal {r € R : v C I for some n € N}
will be designated by D(/) and note that the inclusion D(I) C Rad(I)
always holds. In addition, if I is a C-ideal of R, other inclusion holds
by [?, 18].

Definition 2.7. [10] Let (R,+,0) and (S, +, o) be two multiplicative
hyperrings the function f : R — S is called a homomorphism, if
(i) for all a,b € R, f(a+b) = f(a) + f(b),
(i7) for all a,b € R, f(aob) C f(a)o f(b).

In particular, f is called good homomorphism in case f(a ob) =
f(a) o f(b). The kernel of a homomorphism is defined as Ker(f) =
F7YH(0)) ={r € R: f(r) € (0)} and note that f(r) may not be a zero

element.

Throughout this paper, we assume that all hyperrings are commu-
tative multiplicative hyperrings with absorbing zero, i.e., 0 € R such
that t=04+2zand 0 €x-0=0-2 for all z € R.

3. GRADED HYPERRINGS AND PROPERTIES GRADED HYPERIDEALS

In this section, first we study the concept of graded multiplicative hy-
perrings. Then, several properties of graded prime and graded primary
hyperideals in a graded multiplicative hyperring are given.

Definition 3.1. [15] Let G be a group with identity element e. A
multiplicative hyperring (R, G) is called a G-graded multiplicative hy-
perring, if there exists a family {R,} e of additive subgroups of R in-
dexed by the elements g € G such that R = P, Ry and Ry Ry C Ry,
for all g,h € G where RyR, = |J{ryory, : 7y € Ry, r, € Ry}. For
simplicity, we will denote the graded multiplicative hyperring (R, G)
by R.

An element of a graded hyperring R is called homogeneous if it be-

longs to |J gec By and this set of homogeneous elements is denoted by
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h(R). If z € R, for some g € G, then we say that = is of degree g,
and it is denoted by z,. If € R, then there exist unique elements
zg € h(R) such that x =3z,

In fact, every hyperring is trivially a G-graded hyperring by letting
R. = R and R, = 0 for all g # e.

Lemma 3.2. If R = @geG R, is a graded multiplicative hyperring,

then R, is a subhyperring of R where e is the identity element of group
G.

Proof. As R.R. C R, so for any z.,y. € R, we have .oy, C R.R, C
R.. Therefore R, is closed under multiplicative and thus is a subhy-

perring of R. 0
Example 3.3. Let (R, +, ) be aring and z1, . . ., 4 indeterminate over
R. For m = (mq,...,mg) € N¢ let X™ = 2™ ... 2. Consider the

polynomial ring S = R[z1,...,24]. Assume that A € P*(S) such that
|A] > 2. Then there exists a multiplicative hyperring with absorbing
zero (Sa,+,0), where S4 = S and for any a,b € S, aob = {aa-b:a €
A}

(a) Let Sy = Z[x1,..., x4 where A = {2,3, -1} and G = (Z,+) be
the integers group. Then S4 = @S, is a G- graded multiplicative
hyperring such that S, = {>_, cne TmX™ | rm € Z,my+---+mg = n}.
Notice that So = R = Z and deg x; = 1 for all 4.

(b) Let Sy = Z[x1, ..., x4 where A= {2,2,,4} and G = (Z,+) be the
integers group. We know that S, = {> e ™mX™ | 7 € Z,mq +
-+ +mg = n} are all subgroups of (S4,+) and Sy = € S,,, but we
can easily to see that S1S1 € S, then (Sa,+,0) is not a G- graded
multiplicative hyperring.

Example 3.4. In Definition 3.14, let G = (Zs, +) be the cyclic group
of order 2 and R = {a,b,c,d}. Consider the multiplicative hyperring
(R, +,0), where operation + and hyperoperation o are defined on R as
follows:

+|a b ¢ d o| a b c d
ala b c d a|{a} {a} {a} {a}
b|b a d ¢ b|{a} {c,d} {b,d} {a, d}
clc d a b c|q{a} {b,d} {c,d} {a, d}
djd ¢ b a d|{a} {a,d} {a,d} {a}

It is easy to see that Ry = {a,c}, Ry = {a,b} and Ry = {a,d} are all
non-trivial subgroups of (R, +). We can show that R is not a Zj-graded
multiplicative hyperring.
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Definition 3.5. Let R = gec B be a graded multiplicative hyper-
ring. A subhyperring S of R is called a graded subhyperring of R,
it S =@ geq(S N Ry). Equivalently, S is graded if for every element
f €8, all the homogeneous components of f (as an element of R) are

in S.

Example 3.6. Let Ry = Z[z,y] with A = {-3,4} and G = (Z,+)
be the integers group. Then the polynomial multiplicative hyperring
Ra = Zlz,y] is the Z-graded multiplicative hyperring. Consider the
subhyperring S = Z[z3, 2% + 33| of R4 = Z[z,y]. Then it is easy to
verify that S = Z[z®, 22 + 33| is a graded subhyperring of R4 = Z[x, 1],
where deg =3 and deg y=2.

Definition 3.7. Let I be a hyperideal of a graded multiplicative hy-
perring . Then I is a graded hyperideal, if I = @ (I N R,). For
any a € I and for some 7, € h(R) that a = _, 7, thenr, € [N R,
for all g € G.

Example 3.8. Let R = Ms(Zs) the ring of all 2 x 2 matrices with
entries from the field (Zs, +, ). For all z,y € R we define the hyperop-
eration xoy = {2zy, 3xy}. Then (R, +, o) is a multiplicative hyperring,
which is not strongly distributive. Let G = Z4 the group of integers
modulo 4. Then, multiplicative hyperring (R, +, o) is G-graded by

Ro:<8 2)732:(2 8)731233:@ 8) for all a,b, ¢, d € Zs.

Consider the hyperideal I = i 1>> of multiplicative hyper-

ring (R, +,0). Note that, (} }) € I such that G }) = (é (1)) +

(? (1)) . If I is a graded hyperideal of multiplicative hyperring (R, +, o),

then <(1) (1]) € I which is a contradiction. So [ is not a graded hyper-
ideal of multiplicative hyperring (R, +, o).

Lemma 3.9. [15] Let I and J be graded hyperideals of a graded mul-
tiplicative hyperring R. Then

(i) I N J is a graded hyperideal of R.
(i) IJ = U{d> " aob; : a; € I,b; € Jand n € N} is a graded
hyperideal of R.
(i) TUJ is a graded hyperideal of R if and only if I C J or J C 1.
(iv) I + J is a graded hyperideal of R.
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Definition 3.10. Let I be a graded hyperideal of a graded multiplica-
tive hyperring (R, +,0). The intersection of all graded prime hyper-
ideals of R containing [ is called the graded radical of I, denoted by
Grad(I). If the graded multiplicative hyperring R does not have any
graded prime hyperideal containing I, we define Grad(l) = R.

Let I be a graded hyperideal of a graded multiplicative hyperring R.
We define D(I) = {r € R : for any g € G, ry° C I for some n, € N}.
It is clear that D(I) is a graded hyperideal of R.

Definition 3.11. Let R be a graded multiplicative hyperring and C'
be the class of all finite products of homogeneous elements of R i. e.
C ={rioryo---or, : 1, € h(R),n € N} C P*(h(R)). A graded
hyperideal I of R is said to be a (9 -ideal of R if for any A € C,
ANIT#0, then ACI.

Theorem 3.12. [15] Let I = P Iy = D e (INRy) be a graded hy-
perideal of a commutative graded multiplicative hyperring R = €P gec Bg-
Then D(I) C Grad(I). The equality holds when I is a C9"-ideal of R.

Definition 3.13. Let R =@, R, and S = P S, be two graded
multiplicative hyperring. The function f : R — S is called a graded
homomorphism, if
(i) for any a,b € R, f(a+b) = f(a) + f(b),
(ii) for any a,b € R, f(aob) C f(a)o f(b),
(iii) f(Ry) C S, for any g € G.

In particular, f is called graded good homomorphism in case f(a o
b) = f(a) o f(b). The kernel of a graded homomorphism is defined as
Ker(f)= f~Y(0)) ={r € R: f(r) € (0)} and note that f(r) may not
be a zero element.

If ) is a graded hyperideal of S and f: R — S is a graded good ho-
momorphism, then f~1(Q) is a graded hyperideal of R. If I is a graded
hyperideal of R and f : R — S is an onto graded good homomorphism,
then f(I) is a graded hyperideal of S.

Definition 3.14. (a) A proper graded hyperideal I of a graded mul-
tiplicative hyperring R is called a graded prime hyperideal of R if, for
any agz, b, € h(R), agob, C I, then a, € I or by, € I.

(b) A proper graded hyperideal I of a graded multiplicative hyperring
R is called a graded primary hyperideal of R if, for any a,, b, € h(R),
ago b, C I, then a, € I or by € I for some n € N.

Lemma 3.15. Let I be a graded prime hyperideal of a graded multi-
plicative hyperring R and J be a subset of h(R). For any a, € h(R),
agJ C I and ag & I imply that J C I.
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Proof. Let a,J C I and a, ¢ I where a, € h(R). Hence we have
agJ = Ubhej(ag oby) CI. Let by, € J. Then ay00b, C ayJ C I. Since
I is a graded prime hyperideal of R and a, ¢ I, we have b, € I. Thus
JCI. ]

Lemma 3.16. Let I be a graded primary hyperideal of a graded mul-
tiplicative hyperring R and J be a subset of h(R). For any a, € h(R),
agJ C I and ay & I imply that J C Grad(I) (or agJ C I and J € I
imply that a, € Grad([)).

Proof. Let a,J C I and a, ¢ I where a, € h(R). Hence we have
agJ = UbheJ(%Obh) C1I. Let b, € J. Then a,ob, C a,J C I. Since I
is a graded primary hyperideal of R and a, ¢ I, we have b, € Grad(I).
Thus J C Grad(I). The proof of the other argument is similar. O

Proposition 3.17. Let I be a graded prime hyperideal of a graded
multiplicative hyperring R and A, B be subsets of h(R). If AB C I,
then AC T or BC .

Proof. Suppose that AB C I and A € I. Hence there exists a, € A
such that a, ¢ I. Let b, € B. Thus ajob, C AB C I, then b, € I
because [ is a graded prime hyperideal of R and a, ¢ I. Hence B C I,

as needed. O

Definition 3.18. Let I be a graded hyperideal of a graded multiplica-
tive hyperring R and P be a graded prime hyperideal such that I C P.
If there is no graded prime hyperideal P’ such that I C P’ C P, then P
is called minimal graded prime hyperideal of I. The set of all minimal
graded prime hyperideals of I is denoted by Ming, (I).

Proposition 3.19. If P is a graded prime hyperideal of a graded mul-
tiplicative hyperring R, then Ming, (P) = P.

Proof. The proof is clear. 0

4. GRADED 2-ABSORBING PRIMARY HYPERIDEALS

In this section, we introduce and study graded 2-absorbing primary
hyperideals of a graded multiplicative hyperring and investigate the
properties of this notion in commutative graded multiplicative hyper-
rings.

Definition 4.1. A proper graded hyperideal I of a graded multiplica-
tive hyperring R is called a graded 2-absorbing hyperideal of R, if for
any ag, by, cx € h(R), agobpoc, C I, then agob, C I orbyoc; C1 or
agocy C 1.
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Example 4.2. In the graded multiplicative polynomial hyperring R4 =
Zlz,y] with A = {2,3}, the graded hyperideal J = (6, 2z, 2y, zy) is a
graded 2-absorbing hyperideal of R4 which is not a 2-absorbing hy-
perideal. To see this, let f; = 3, fo = x+ 2 and f3 = y + 2. Then
fiofao fs=(Usealfi-a-fo))o fs=Uca(Usealfi-a-f2)) b fs=
{122y + 24x + 24y + 48, 18xy + 36z + 36y + 72, 18xy + 36z + 24y +
48,27xy + Sdx + 36y + 72} C J, but fio fo = Upeu(fi - a- fo) =
{60-+12,92+18} € J, fiofs = Uyea(fiva- fy) = {6y+12,9y+18} & J
and foo f3 = U, ca(fora- f3) = {2zy+4x+4y+8, 3zy+62+6y+12} € J.
Thus J is not a 2-absorbing hyperideal of R 4.

Example 4.3. Consider the Z-graded multiplicative polynomial hy-
perring R4 = Rlx,y, 2] with A = {—4,1,5}. Then J = (zyz, %y?) is
a graded hyperideal of R, generated by homogeneous elements zyz,
22y, Since

xoyoz:U(U(x-a-y))-b-z

beA acA
= {zyz, —4dzyz, bayz, 16xyz, —202yz, 25xyz} C J

but z oy = {ay, —4zy,bry} € J, x oz = {wz,—4xz,5z2} ¢ J and
yoz = {yz, —4yz byz} ¢ J we conclude that J is not a graded 2-
absorbing hyperideal of R 4.

Definition 4.4. A proper graded hyperideal I of a graded multiplica-
tive hyperring R is called a graded 2-absorbing primary hyperideal of
R, if for any agy, by, cx € h(R), ag0by0cp C I, then a;o0b, C I or
by o ¢, € Grad(I) or a4 o ¢, C Grad([).

It is clear that every graded 2-absorbing hyperideals is a graded 2-
absorbing primary hyperideal. The converse is not true, as is shown in
the following example.

Example 4.5. Let G = (Z,,+) be the cyclic group of order 2, Ry = Z
and Ry = iZ. Then (R,+,0) = Zu[i] = {a+bi | a,b € Z} with
A = {-1,2} is a graded multiplicative hyperring, where Z, = Z and
for any z,y € Zy, xoy ={x-a-y:a € A}. Let I = (12) & (0).
Then I is a graded hyperideal of R and a graded 2-absorbing primary
hyperideal of R. Although I is not a graded 2-absorbing hyperideal of
R. Since, for all o, 5 € A we have (2,0) o (2,0) o (3i,0) = ((2,0) - a -
(2,0))- 8- (3i,0) = {12i, —24i,48i} C I but (2,0)0(2,0) = {—2,8} ¢ I
and (2,0) o (3¢,0) = {—6¢,12i} ¢ I.

Proposition 4.6. Fvery graded primary hyperideal of a graded mul-

tiplicative hyperring R is a graded 2-absorbing primary hyperideal of
R.
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Proof. Let I be a graded primary hyperideal of R. Suppose that a4 o
bp,oc, € I and ag4 o by Q I where a4, by, ¢ € h(R). Since [ is a
graded primary hyperideal of R, then by Lemma 3.16, ¢, € Grad(I).
Since Grad(I) is a graded hyperideal of R, so a, o ¢, € Grad(l) and
bp o ¢y € Grad(I). Thus [ is a graded 2-absorbing primary hyperideal
of R. 0

Example 4.7. In the graded multiplicative hyperring R = Z4[i] with
A = {2,3}, the graded hyperideal J = (6) @ (0) of R is a graded
2-absorbing primary hyperideal, but it is not a graded primary hyper-
ideal. Since, for all @ € A we have (2,0) o (3i,0) = (2,0) - « - (37,0) =
{124,18:} € J but (2,0) ¢ J and (3i,0) ¢ Grad(J). This example
shows that a graded 2-absorbing primary hyperideal of a graded mul-
tiplicative hyperring R is not necessarily a graded primary hyperideal
of R.

Theorem 4.8. Let I be a graded hyperideal of a graded multiplicative
hyperring R. If Grad(I) is a graded prime hyperideal of R, then I is a
graded 2-absorbing primary hyperideal of R.

Proof. Suppose that a, 0 b, o ¢, C I and a4 0 by, QZ I where ag, by, ¢, €
h(R). Since R is a commutative graded hyperring, we have (a,0c)(by0
c) = agobyock C I C Grad(I), since Grad(I) is a graded prime
hyperideal of R, so agoc;, € Grad(I) or byocy, C Grad(I) by Proposition
3.17. Hence [ is a graded 2-absorbing primary hyperideal of R. U

Theorem 4.9. Let P be a graded hyperideal of a graded multiplicative
hyperring R and Iy, I, ... I, be 2-absorbing primary hyperideals of R
such that Grad(I;) = P for alli =1,2,...,n. Then (), I; is a graded
2-absorbing primary hyperideal and Grad((;_, I;) = P.

Proof. Let I = (,_, I;. Clearly,

Grad(l) = Gmd(ﬂ L) = ﬂ Grad(l;) = P.
i=1 i=1
Suppose that a, 0 b, o ¢, C I and a4 0 b, € I where ag, by, ¢x € h(R).
Hence a, o b, € I; for some 7. Since I; is a graded 2-absorbing primary
hyperideal of R and ag 0 b, 0c, C I C I;, then a4 0 ¢ C Grad(I;) = P
or by o ¢, € Grad(l;) = P. Thus we conclude a4 o ¢, C Grad(I) or

bp o ¢, € Grad(I). Thus [ is a graded 2-absorbing primary hyperideal
of R. U

Proposition 4.10. If P, and P, are graded prime hyperideals of a
graded multiplicative hyperrring R, then PLN Py is a graded 2-absorbing
hyperideal of R.
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Proof. Let ag, by, ¢, € h(R) such that a;ob,0c, C PN P, ag0b, €
PN Py and by, o ¢ ,CZ PN P,. Then ag, by, c;, & Pr NP, Assume
that a, € P, N P,, then a, € P, and a4 € P». Since P, and P, are
graded hyperideals of R, we have a, 0 b, C P, and a4 0 b, C P,. Then
agoby, C PyN P, which is a contradiction. Thus a, ¢ P, N P,. Similarly,
bn, cx € Py N P,. We consider three cases.

Casel: Suppose that a, € P, and a, € P,. Since ¢, € PN P, we
have three cases again. Assume that ¢, € P, and ¢, € P,. Since P is
a graded prime hyperideal of R and ayo¢, € Pi, agobyoc, C Py, then
b, € P by Lemma 3.15. Hence a4 0 b, C P;. Similarly, Since P, is a
graded prime hyperideal of R and a, 0 ¢, € Py, ag 0 by, 0 ¢ C Ps, then
b, € P, by Lemma 3.15. Thus a,0b, € P». So a,0b, € Py N P, which
is a contradiction. Then ¢, € P; or ¢, € P,. Now, assume that ¢, & P,
and ¢, € P,. Since P is a graded prime hyperideal of R and agocy € Py,
ag o by oc, C Py, then b, € P, by Lemma 3.15. Thus b, o¢c, C P;.
Since ¢, € Py, then b, o ¢, € P, and so b, o ¢, € P, N P, which is a
contradiction. Finally, assume that ¢, € P, and ¢ € P;. Since P, is a
graded prime hyperideal of R and a4 0 ¢, € Py, a0 b, o ¢y C Pa, then
by, € P, and so by, o ¢, C P,. Since ¢, € Py, we conclude b, o ¢, C P;.
Therefore byoc;, € PyNP, which is a contradiction. Thus if a, ¢ PN Ps,
implies that a;, € P; or a, € Ps.

Case 2: Suppose that a, € P, and a, € P,. We show that ¢, € P,.
Assume that ¢, € P». Since P, is a graded prime hyperideal of R, we
have a, o c;, € P5. Since ay0b,0cy C Py, agocp € Py and P is a
graded prime hyperideal of R, then b, € P, by Lemma 3.15. Hence
ag o b, € Py N P, which is a contradiction. Thus ¢, € P». Since
ck € PLN P, we get ¢ € Py. Therefore ay o0 ¢, C PN Ps.

Case 3: Suppose that a, € P, and a, € P,. We show that ¢; € P;.
Assume that ¢, ¢ P,. Since P; is a graded prime hyperideal of R,
we have a, 0 ¢, € Py. Since agob,oc, C P, agoc, € P and
P, is a graded prime hyperideal of R, then b, € P, by Lemma 3.15.
Hence ag4 o b, € Py N P, which is a contradiction. Thus ¢, € P;. Since
ck € PLN Py, we get ¢, € P,. Therefore agoc,, € PrNP,. Consequently,
P, N P, is a graded 2-absorbing hyperideal of R. 0

Theorem 4.11. Let I be a P;-graded primary C9" -ideal and I5 be a Ps-
graded primary C9"-ideal of a graded multiplicative hyperring R.Then
the following statements hold:

(i) Iy N Iy is a graded 2-absorbing primary hyperideal of R.

(ii) 115 is a graded 2-absorbing primary hyperideal of R.

Proof. (i) Let I; NI, = K. Then Grad(K) = P, N P,. Now we show
that K is a graded 2-absorbing primary hyperideal of R. Suppose that
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agobyoc, C K, ag0c¢;y € Grad(K) and by, o ¢y € Grad(K) where
g, by, ¢ € h(R). Since Grad(K) is a graded hyperideal of R, we have
ag & Grad(K), by, ¢ Grad(K) and ¢, ¢ Grad(K). Since P, and P,
are graded prime hyperideals of R, by Proposition 4.10, we conclude
that Grad(K) = PN P, is a graded 2-absorbing hyperideal of R. Thus
agob, C Grad(K) C Py. Since P, is a graded prime hyperideal of R,
we have a, € P, or b, € Pi. We may assume that a, € P;. Hence
a, ¢ P, since a; ¢ Grad(K) = Py N P,. One can easily show that
by, ¢ Pi. We claim that a, € I, and b, € I,. Suppose that a, & I;.
Since I; is a Pj-graded primary hyperideal of R, a; 0 b, 0c¢, C I
and a, ¢ Iy, then b, o ¢, € Grad(l;) = P, by Lemma 3.16. Since
bh € PQ, hence bhOCk - PQ, and so bhOCk - P1 ﬂPQ = G?“ad(K)
which is a contradiction. Hence a, € I;. Now, let b, & I,. Since I,
is a P,-graded primary hyperideal of R, a, 0 b, o ¢, C I, and by, & Is,
then a, o ¢, C Grad(ly) = P, by Lemma 3.16. Since a, € P;, hence
agoc,, C Py, and so agocy, € PiNP, = Grad(K') which is a contradiction.
Thus by, € I. Therefore a;ob, C 11N =K.

(1) We have Grad(I,15) = Grad(l,) () Grad(ly) = P, N Py ([15]). Let
agobyocy C Iy and ag o by, by o ey € Grad(I1ly) = Py N Py where
ag,bp,cr, € h(R). We show that a4 o ¢, C I1l. Then ag, by, ¢, &
Grad(l1;) = PiNP,. Moreover, we have agoc, C Grad(l11lz) = PINP,
since P, N P, is a graded 2-absorbing hyperideal of R. Since ag4 o ¢, C
Grad(l113) = PPN P, C Py and P is a graded prime hyperideal, we get
ay € P, or ¢; € P;. We may assume that a, € P;. Since a, € P N Ps,
we have a;, € P». Also, ¢ € P, and ¢, € Py since P; is a graded prime
hyperideal and a, o ¢, C Grad(l;11y) = PN P, C P,. We claim that
ag € I and ¢, € I. Let a, ¢ I;. Since agobpoc, C Iy, ay & I and 4
is a graded primary hyperideal, we get by, o ¢, C Grad(l;) = P;. Since
¢k € Py, we have b, o ¢, C Py, and so bpocy C PN Py, C Grad(l115)
which is a contradiction. Thus a, € I;. Similarly, we conclude that
cx € 1. Consequently, ag o ¢, C I1 1. ]

Lemma 4.12. Let f: R — S be an onto graded good homomorphism
of graded multiplicative hyperrings. If I is a graded hyperideal of R,
then f(Grad(I)) C Grad(f(I)).

Proof. Let y € f(Grad(I)). Hence y = f(x) for some x € Grad(l).
So we can write z = ) ¥, where z, € Grad(I) N h(R). Thus y =
f(Q geq ®g) = Do geq f(Tg) because f is a graded good homomorphism.
Since x € Grad(I), then for any g € G, there exists n, > 0 such
that zy* C I. Therefore f(xy®) = (f(z,))™ C f(I) since f is a good
homomorphism. Hence y = > . f(z,) € Grad(f(1)). O
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Lemma 4.13. Let f : R — S be a graded good homomorphism of

graded multiplicative hyperrings. If J is a graded hyperideal of S, then
f~YGrad(J)) = Grad(f~(J)).

Proof. Let x € f~'(Grad(J)). Thus we can write z = 3___ x, where
xy € f7Y(Grad(I)) N h(R). Then f(x) = 3 ., f(zy) € Grad(J).
Hence for any g € G, there exists n, > 0 such that f(x,)" = f(z4°) C
J. Therefore for any g € G, there exists n, > 0 such that z4* C f~1(.J).
Thus x € Grad(f~'(J)). The converse can be shown similarly. O

Theorem 4.14. Let R and S be graded multiplicative hyperrings and
let f: R— S be an onto graded good homomorphism. If I is a graded
2-absorbing primary hyperideal of R such that ker(f) C I, then f(I)
1s a graded 2-absorbing primary hyperideal of S.

Proof. Let sg0 s, 05, C f(I) where sg, sp, s, € h(S). Thus since f is
onto, f(ry) = sg, f(rn) = s, and f(ry) = s, for some ry, vy, v € h(R).
Since f is a graded good homomorphism we have s, 0 s, 0 s, = f(r,) 0
f(rn)o f(r) = f(rgorporg) C f(I). We show that 7y o7, or, C 1.
Suppose that € ry 0 r, org, then f(x) € f(ryor,or,) C f(I),
and so f(z) = f(a) for some a € I. Thus f(x) — f(a) = f(r —a) =
0 € (0),s0x—a € Ker(f) C I. Hence x € I since a € I, then
rgoryor, € I. Since I is a graded 2-absorbing primary hyperideal
of R, we get rgor, C I orrygory C Grad(l) or rpor, C Grad(I).
By lemma 4.12, sy 05, C f(I) or sy 08, C f(Grad(l)) € Grad(f(1))
or sp o s, C f(Grad(l)) € Grad(f(I)). Therefore f(I) is a graded
2-absorbing primary hyperideal of S. O

Theorem 4.15. Let f : R — S be an graded good homomorphism of
graded multiplicative hyperrings. If J is a graded 2-absorbing primary
hyperideal of S, then f~1(J) is a graded 2-absorbing primary hyperideal
of R.

Proof. Let agobyoc, C f~1(J) where ag, by, c¢x € h(R). Since f(agobho
cr) = flag) o f(by) o f(cx) C J and J is a graded 2-absorbing primary
hyperideal of S, we have f(a,) o f(by) C J or f(ay)o f(cx) € Grad(J)
or f(by) o f(ck) C Grad(J). Thus a4 0b, C f_l(J) or az o ¢, C
f~YGrad(J)) or bpocy C f~1(Grad(J)). By equality Grad(f~*(J)) =
f~Y(Grad(J)), we have a, 0 b, C f~1(J) or a; 0 c, C Grad(f~'(J))
or by, o ¢y € Grad(f~Y(J)), so f~(J) is a graded 2-absorbing primary
hyperideal of R. 0

Suppose that [ is a graded hyperideal of a graded multiplicative
hyperring R = @, Ry. Then quotient group /I = {a+1:a € R}
becomes a multiplicative hyperring with the multiplication (a + I) o
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(b+1) ={r+1:r € aob}. One can easily prove that R/I is
a graded hyperring with R/I = @geG(R/I)g where for all ¢ € G,
(R/I); = (R,+1)/1. Also, all graded hyperideals of R/I are of the form
J/I, where J is a graded hyperideal of R containing I since the natural
graded homomorphism ¢ : R — R/I is a graded good epimorphism

([15])-

Theorem 4.16. Let I,J be graded hyperideals of a graded multiplica-
tive hyperring R such that J C I. If I is a graded 2-absorbing primary
hyperideal of R, then I/J is a graded 2-absorbing primary hyperideal
of R/ J.

Proof. A mapping f: R — R/J with f(z) =2z + J for all x € R is an
onto graded good homomorphism. Then the proof hold by Theorem
4.14. OJ

Lemma 4.17. Let I be a graded 2-absorbing primary hyperideal of a
strongly distributive graded multiplicative hyperring R. Let k € G and
Ji, be a subgroup of Ry,. If agobyJy C I and azoby, € I forag, b, € h(R),
then azJ;, € Grad(I) or byJi, C Grad(I).

Proof. Suppose that a,J, ¢ Grad(I) and by J, € Grad(I). We have
agJy = Uj,cs, g © Jx € Grad(I) and byJy = U, ¢, bn o jx € Grad(I).
Hence there exist ¢, dy € Jj, such that ay0c, € Grad(I) and by, ody €
Grad(I). Since agobyocy, C I, ag0b, € I, a,0c, € Grad(I) and I is
a graded 2-absorbing primary hyperideal of R, then b, o ¢, C Grad(I).
Similarly, Since a,o0byody C I, agoby, € I, byody € Grad(I) and I is
a graded 2-absorbing primary hyperideal of R, then a,ody, C Grad(I).
Now since az0bpo(cx+di) C I, a oby, SZ I and [ is a graded 2-absorbing
primary hyperideal of R, then a,0(c,+dy) C Grad([) or byo(ck+dy) C
Grad(l). Suppose that a, o (¢, + di) = a4 0 ¢, + a4 0 dp, C Grad(I).
Since agyo0d, C Grad([), we conclude that a, o0 ¢, C Grad(l) which is a
contradiction. Similarly, let by, o (¢ +di) = by o ¢ +bpody C Grad(I).
Since by, o ¢, € Grad(I), we conclude that by, o d, C Grad(l) which is
a contradiction. Thus a,J; C Grad(1) or byJi, C Grad(I). O

Theorem 4.18. Let I be a graded hyperideal of a strongly distributive
graded multiplicative hyrperring R. Then I is a graded 2-absorbing
primary hyperideal of R if and only if for any subgroups Jg, Ky, Ly
of Ry, Ry, Ry, respectively, J,KyLy C I, then J,K, C I or JyL, C
Grad(I) or KL € Grad(I).

Proof. Let I be a graded 2-absorbing primary hyperideal of R and
JyKpLy, C I and J,K), € I. We show that J,Lj, C Grad(I) or KLy C
Grad(I). Suppose that J,Ly € Grad(I) and K,Ly ¢ Grad(I). Hence
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JoLx € Grad(I) and ky Ly, € Grad(I) for some j, € J, and ky, € K),. By
Lemma 4.17, we get j, 0k, C I. Since J K}, € I, so there exist a, € J,
and b, € Kj, such that a; 0b, € I. Since (agy 0 by)Ly C J,KpLy, C I
and a, 0 b, € I, by Lemma 4.17, a,Ly C Grad(I) or byLy, C Grad(I).

Case 1: Suppose that a,L, C Grad(I) and b, Ly € Grad(I). Since
(jgobn)Ly C JyKpLy C I, byLy, € Grad(I) and j,Ly € Grad(I), we
have j,0b, C I by Lemma 4.17. Since ((a,+j4) 0bp) Ly, C J,KpLy C I
and by Ly, ¢ Grad(I), we have (a,+j,) Ly, € Grad(I) or (ag+j,)oby, C I
by Lemma 4.17. Assume that (a, + j,)Lr € Grad(I). Then for every
li, € Ly, we have (ay + jg) ol = ag 0l + jy o lx € Grad(I). Since
agLi € Grad(I) and Grad(I) is a graded hyperideal of R, we get
JoLr € Grad(I) which is a contradiction. Now, let (a, + j,) o by, =
ag 0 by + jgob, C 1. Since j,0b, C I and [ is a graded hyperideal of
R, then a4 0 by, C I, a contradiction.

Case 2: Suppose that a,L, € Grad(I) and b, Ly C Grad(I). Then
ag o ky, C I by Lemma 4.17. Since a, o (b, + k) Ly C J,Kp Ly, C I but
agLy ¢ Grad(I), we have a,o(by+ky) C I or (by+kp) Ly C Grad(I) by
Lemma 4.17. Suppose that (by, + kr)Lx C Grad(I) , so (b, + kp) ol =
bpoly+kpoly C Grad(I) for every ly € Ly. Since by, Ly C Grad(I) and
Grad(l) is a graded hyperideal of R, we get k, Ly C Grad(I) which is
a contradiction. Now, let a, o (b, + ki) = a4 0 b, + a4 0 j, C I. Since
ag o kp C I and I is a graded hyperideal of R, then a4 o b, C I which
is a contradiction.

Case 3: Suppose that a,L; C Grad(I) and b, L, C Grad(l). Since
bpLy C Grad(I) and kyLy, € Grad(I), we have (b, +ky,) Ly, € Grad(I).
By Lemma 4.17, we conclude that j, o (b, + ki) = jg0bp + jgokn C I,
and since j, ok, C I, so joob, € I. Since a,Ly C Grad(l) and
JoLik € Grad(I), we get (ay + jg)Li € Grad(I). Hence (ay + j,) ©
kn = ag 0 ky + jg o ky € I by Lemma 4.17. Since j, 0 k;, C I and
agoky+ jgoky, C I, we have ag o0k, C I. Thus (ay + j,) o (b + ki) =
agobp+ag0ky+b,05,+j,0k, C I by Lemma 4.17. Hence agob, C I since
agobh+agokh+bhojg+jgok:h C ] and agokh+bhojg+jgok:h C I which
is a contradiction. Consequently, we conclude that J, Ly C Grad(I) or
Kth g Gmd([)

Conversely, suppose that a4 0 by o ¢, C I where agy, by, ¢, € h(R). Then
(agobpock) C (ay) o (ag) o (ay) C I where (a,) = {na, : n € Z},
(bp) = {nby, : n € Z} and (cx) = {ncy, : n € Z} are subgroups of Ry, R,
and Ry, respectively. Therefore (a,) o (by) C I or {(a,) o (¢) C Grad(I)
or (bp) o (cx) € Grad(I) by Lemma 4.17. Thus a,0by, C I or azo¢; C
Grad(I) or by o ¢, € Grad(I), as needed. O
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5. CONCLUSIONS

In this article, we introduced and studied the notions of graded
2-absorbing and graded 2-absorbing primary hyperideals of a graded
multiplicative hyperring R which are generalizations of graded prime
hyperideals. We showed that the concepts of 2-absorbing primary hy-
perideals and graded 2-absorbing primary hyperideals are totally dif-
ferent. Several properties, examples and characterizations of graded
2-absorbing primary hyperideals have been investigated. Moreover, we
investigated the properties and the behavior of this structure under
homogeneous components, graded hyperring homomorphisms. Among
various results we proved that the intersection of two graded prime
hyperideals is a graded 2-absorbing hyperideal and also showed that
every graded primary hyperideal of a graded multiplicative hyperring
R is a graded 2-absorbing primary hyperideal of R.
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