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STUDY OF MULTIPLICATIVE )-GENERALIZED
DERIVATION AND ITS ADDITIVITY

W. AHMED AND M. R. MOZUMDER*

ABSTRACT. Our intention in this paper is to prove the following.
Let R be a ring with an idempotent element (0,1 #)e and f be a
multiplicative b-generalized derivation on R. Then we show that
f is additive by imposing certain conditions on the ring fR.

1. Notations and Introduction

Many results on derivations of rings have been obtained in recent
years. The derivation of ring R, we means an additive map d : R — R
such that V x,y € R, d(zy) = d(x)y+xd(y). If d is non-additive, then
it is said to be multiplicative derivation of R. In 1969, Martindale []
gave a remarkable result. He demonstrated that under the existence
of a family of idempotent object in R that satisfy certain conditions,
every anti-automorphism and multiplicative isomorphism on fR is ad-
ditive. Martindale’s work influenced Daif and he expanded his findings
upon multiplicative derivation and raised the question: when is multi-
plicative derivation is additive? In 1991, Daif [1] answered the question
raised by him by using same Martindale’s conditions. Further, Daif to-
gether with Tammam-El-Sayiad [2] extended his result and proved that
multiplicative generalized derivation is additive under some restriction
impose on ring R. Motivated by the above result we proved that mul-
tiplicative b-generalized derivation is additive after imposing some con-
ditions on the ring R, where multiplicative b-generalized derivation of a
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ring R to be a mapping f of R into PR associated with derivation (need
not be additive) d such that f(xy) = f(x)y + bzd(y) for all z,y € R
and any fixed b € R. Let e(# 0,1) € R be an idempotent element. We
will formally set e; = e and e; = 1 — e, where ejeg = ege; = 0. The two
sided Peirce decomposition of R relative to the idempotent e takes the
form R = e;Re; B eRey B esRey D exRey. So, letting R, = enRe,
for all m,n = 1,2. We may write R = Ri; D Rz D Ry © Ras. An
element of the subring $R,,, will be denoted by x,,,.

For defining the multiplicative b-generalized derivation we have to set
b= b11 + b12 -+ 021 + 622 € 9{11 D 9{12 @D 9%21 D 9%22 = R for all bij € %ija
where 4,7 = {1,2}. Since, from the definition of multiplicative b-
generalized derivation we have, f(0) = f(00) = f(0)0 4 00d(0) =
0+0 = 0, ie,, f(0) = 0 and also by using similar step we get
d(0) = 0. Moreover, d(e) = d(ee) = d(e)e + ed(e), let us assume
that d(e) = di1 + di2 + do1 + doe for all d;; € R;;, where i, j = {1,2},
then from previous equation we obtain di; + dya + doy + dae = (dy1 +
d12 + d21 + dgg)e + e(d11 + d12 + dgl + d22). On snnphfylng these we
get dy; = daa, since, we know that i3 N Ry = (0) (Since R is direct
sum of %11,9{12, 9%21,9{22) then we have dll N d22 S 9{11 N 9%22 = (O)
which implies that dj; = dys = 0. Putting these value in d(e), it
becomes d(e) = di2 + do;. By using similar calculation we find that
f(e) = f11 + f21 + b11d12 for all fz'j € %z‘j; where Z,] = {1, 2}

Let J be the inner derivation of R determined by the element ¢ =
dyo — doy, that is Ty, gy, () = [2, d12 — do1]. The value of T4, a,,(€) =
le, d12 — do1| = dya+ day. Now, we construct b-generalized inner deriva-
tion determine by the element a = fi1 + fo1 and ¢ = dis — dy; defined
as g(x) = ax + bxc, where b = byy + bia + 021 + bes. We can easily
see that g is a D-generalized derivation associated with inner derivation
J generated by element ¢ = dij5 — dy;. In the sequel, we will replace
without loss of generality, the map d by the map ® = d—J(need not be
additive) and the map f by the map § = f — g(need not be additive).
We can easily verified that ® is a multiplicative derivation and § is a
multiplicative b-generalized derivation where, ®(e) = (d — J)(e) = 0
and similarly, we get §(e) = 0.

In this manuscript, we have consider § as a multiplicative b-generalized
derivation associated with multiplicative derivation ®, which is defined
above. Motivated by the result of Daif and Tammam-El-Sayiad [2]
we showed that multiplicative b-generalized derivation is additive by
choosing b = by + b1z + 021 + b2 € K1 @ Rip @ Ry Ry = R
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and imposing certain conditions on the ring R, these conditions are as
follows:
(1) xRe = 0 implies x = 0 (and hence R = 0 implies z = 0)
(77) eRz = 0 implies z = 0 (and hence Rz = 0 implies x = 0)
(173) xeR(1 —e) = 0 implies ze = 0.
Before proving our main theorem, first we would like to prove some
lemmas which will used extensively throughout this paper.

2. Results
Lemma 2.1. (i) F(Rin) C Rip; forn ={1,2}
(17) F(Ra21) C Ri1 + Ray
(i11) §(R11 + Ra1) C Ry + Ray
(Z’U) 3(9{22) C Roo + Rio.
Moreover, § is additive on Ry, and F(x11 + x12) = F(z11) + F(212),
for every x11 € Ry11 and x15 € Rys.

Proof. (1) As we know that, we have taken b = by1+b12+021 +bgs. Now,
for every x1, € Ry, and for all n = {1, 2}, we have F(z1,) = F(ex1,) =
(€)1, + be®(x1,). Since, we know that F(e) = 0 and D(z1,) C Ry,
[1, Lemma 1], we assume D (xy,) = dyi,. Substituting all these values
in previous relation and putting the value of b, we get

S(z1n) = (b11 + b2 + 091 + bog)edy,, for all dy,, € Ry,. (2.1)

On solving above relation, we obtain §(z1,) = b11dy,, which belongs
to Ry, i.e., biidy, € Ry, for all zq, € Ry,. So, we get F(R1,) C Rin-

Now, we show that § is additive on Ry,. For n = {1,2} and for all
T1in, Yin € Ri1n, we have
S(xln"i_yln) = S<€($1n+y1n)) = %’(e> ($1n+y1n)+b€®($1n+y1n) (22)

for all z1,, Y1, € R1p. Since D is additive on Ry, [!, Lemma 3,4] and
§(e) = 0, above relation yields

§(1n + y1n) = 0D (21,) + beD (Y1), for all z1,, y1, € Ry (2.3)
F(1n + y1n) = 0+ beD(x1,) + 0 + beD (y1,,) (2.4)
S(Iln + yln) - ‘S(e)xln + be@(xln) + S(e)yln + bGQ(yln) (25)

for all x1,,, Y1, € Ry, Using the definition of multiplicative b-generalized
derivation in (2.5), arrives at

g(l‘ln + yln) = g(e*xln) + S(eyln)a fOI‘ au Lin, Yin S mln' (26)

Above relation can be re-written as

S(xln + yln) - g(x1n> + 3(9171)7 fOl" all Tiny Yin S 9{ln' (27)
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This implies that § is additive on Ry, for n = {1,2}.

Next, we show that 3(1’11 + xlg) = 3(1’11) + 3"((%12) for all r11 € 9{11
and 12 € Rio. Let y1, € Ry, and for n = {1,2}, we see that

[§(211) + F(12)]y1n = F(@11)y1n + 0, for all x4 € Ry, 212 € Rpa.
(2.8)
Using the definition of multiplicative b-generalized derivation in (2.8),
we find that

[§(z11) + §(x12)|y1in = F(211Y10) — 02110 (y10) (2.9)
for all x17 € Ry, 12 € Ryo. This implies that
1§ (z11) + F(@12)|v1n = F(@11910 + T12Y10) — b211D (Y1) (2.10)

[$(z11) + F(@12)]y1n = F((z11 + 212)Y1n) — 02110 (Y1n). (2.11)

Again, using the definition of multiplicative b-generalized derivation in
last relation, we get

[T (z11) +3(x12)]y1n = §(@11 +212) Y10 +0(211 +212) D (Y15) — 0211 D (Y1)

(2.12)
On simplifying above relation, it yields that
[§(z11) + F(12)]y1n = F(@11 + T12)Y1n- (2.13)
That is
[§(z11) + F(12) — F(211 + 212)]Y1n = 0. (2.14)

For all yo, € Ry, and for n = {1,2}, by using similar calculation, we
conclude that

[§(z11) + F(z12) — (@11 + 712) Y2, = 0. (2.15)
From (2.14) and (2.15), we obtain
[§(z11) + §(212) — F(211 + 712)]R = (0). (2.16)

By using condition (i), we have §(x11)+§(212) —F (211 +x12) = 0, which
implies F(z11 +712) = F(x11) +F(212) for all 211 € Ry1, 210 € Ry, part
(1) is done.

(’LZ) For all o1 € %21, let us suppose that 8'(.%21) = f11 +f12+f21+f22
for all f;; € R;;, where 4, j = {1, 2}, we have
S(l’gl) = %((1'21)6) = g(.ﬂgl)e + b$21©(€), for all To1 € 9%21. (217)

Using the value of §(221) = fi1+ fiz + for + f2o and D(e) = 0in (2.17),
we get

S(l’gl) = f11 —+ f21 € 9{11 + %21, fOI‘ all T21 < 9%21. (218)
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Since x9; is an arbitrary element of fRyy, therefore, we get §(Ra1) C
MR11 + Ry, we are done.

(17i) Let x17 € MRyy and x9; € Roy. Assume that F(z1; + x91) =
T11 + 712 + 71 + T2 for all Tij S %z’ja where Z,j = {1, 2}, we have

Sz + 1) = §((11 + z21)e) = F(x11 + 221)e

+b(I11 + 1321)@(6), for all xr11 € %11 and To1 € %21. (219)
Using the value of §(x11 + 221) and D(e) = 0 in (2.19), we get
S(x11 + 291) =111 + 121 € R + Roy (2.20)

for all x1; € Py and x9; € Roy. Since, x1; and xo; is an arbitrary el-
ements of Ry; and MRy, therefore, we obtain §F(MR11 +NRa1) C Ry +Roay.

(1v) Let x9y € Moo, let us assume F(z22) = g11 + g12 + g1 + goo for
all g;; € Ryj, where 4, j = {1, 2}, we have

0 = F(zo2e) = F(xa2)e + brw®D(e), for all x9s € Rao. (2.21)

Using the value of §(x2) and D (e) = 0in (2.21), we have 0 = g11 + go1.

Putting these value in §(xqz), we arrive at F(Raz) C Ria + Rop. We
get the result. 0

Lemma 2.2. S(.CEQ;[ + 3311212) = S(xm) + S(.ﬁlﬁllzlg) fO?" all To1 € 9%21,
T € ERH and 212 € 9%12.

Proof. For any t;, € Ry, where n = {1,2}, we have

[§(z21) + F(x11212)[t1n = T(z21)t1n + F(@11212) b1 (2.22)

for all To1 € 9{21, T11 € Ry and z19 € Rys. Since, 3(1711212) - S(mu) -
M1 by Lemma 2.1(1), we get §F(x11212)t1, = 0. Using these value and
the definition of multiplicative b-generalized derivation in (2.22), we
obtain

[$(221) + F(w11212)|t1n = F(221)t1n = F(@21t15) — b2 D (t1,). (2.23)
Which implies that
[§(w21) + S(z11212)]t1n = F((z21 + 211212)t10) — D221 D (1) (2.24)
for all 291 € MRoy, 211 € Ry and 215 € Rie. Using definition of multi-
plicative D-generalized derivation in the last relation, we have
[$(221) + §(z11212)|t1n = F(@21 + T11212)t1n + b(221 + 211212)D (t1n)

— b.ﬂ?glg(tln), for all To1 € 9{21,3:11 € 9:{11 and 212 € 9{12.
(2.25)
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On simplifying, we find that
[§(z21) + F(x11212) [t1n = F (221 + T11212)t1n (2.26)

for all 91 € Ra1, 211 € K11 and z19 € Ryo. Since, ty, is an arbitrary
element of MRy, for n = {1,2}, then (2.26) reduces to

[F(221) + F(w11212) — F(21 + 211212)| R0 = (0). (2.27)

Now, for any ts, € Ry, and for n = {1, 2}, from the similar calcula-
tion as done above and by using Lemma 2.1(ii), we arrive at

[T (z21) + F(x11212) — F(@21 + 211 212)|R2n = (0). (2.28)
From (2.27) and (2.28), we obtain
1§ (z21) + §(x11212) — F(@21 + 11212)|]R = (0) (2.29)

for all To1 € 9{21, xr11 € iﬁn and 212 € 9{12. Using condition (Z) in (229),
we get §F(xo1 + x11212) = §(221) + §(211212). Thus, we are done. O

Lemma 2.3. S(l’ll + 31721) = 3(5511) + 3(.']}21) fO’I“ all r11 € 9{11 and
To1 € %21.

Proof. Let ty, € Ry, and z19 € Ryg, we have zyoty, = 0 for n = {1,2},
we get

1§ (211 + z21) — F(11) — §(@21)]z12t10 = 0. (2.30)

Since, ty,, is an arbitrary element of Ry, for n = {1, 2}, above relation
reduces to

[§ (211 + 221) — F(211) — F(@21)] 212810 = (0). (2.31)
Now, for any ts, € Ry, and 213 € Ry for n = {1, 2}, we obtain
S (11 +91)219t2n = F((T11+221) 212t20) — b(T11 + 721 )D (21282,) . (2.32)
Above relation can be re-written as

(211 + x21)z12t0n = §((11212 + T21) (t2n, + 212t20))
— b(ZEH + Jfgl)Q(Zlgtgn). (233)

Using the definition of multiplicative b-generalized derivation in (2.33),
it yields that

S(z11 + 221)212ton = §(T11212 + T21) (ton + 212t2n)
+b<l’11212 + Igl)g(th + Zlgtgn) — b(ZL'H + xgl)@(zlthn). (234)

Using [1, Lemma 2| in (2.34) and after simplifying, we find that
§(z11+x91) 212t20 = F(T11212+T21) (t2n+212t2n) — 02110 (212)t2n. (2.35)
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Using Lemma 2.2 in (2.35) and solving it, we see that

§(x11 + x21)z12t2n = F(x11212)t2n + F(T11212) 212t 20 + F(T21)t2n

+ F(xo1) z12t0, — br11D(212)t2n. (2.36)
Using (7) and (4i) of Lemma 2.1 in (2.36), we get
S(z11 + 221) 219t2n = §(211) 210t2n + F(221) 212t 20 (2.37)
So, we have
[§(z11 + z21) — F(11) — §(w21)]|212t2, = 0. (2.38)
Since, tq, is an arbitrary element of Ry, for n = {1,2}. So, we have
[§ (w11 + 221) — F(211) — F(221)] 21220 = (0). (2.39)
By (2.31) and (2.39), we found that
[§ (211 + 221) — §(211) — F(221)] 2120 = (0). (2.40)

Using condition (i) in the above relation for all z5 € Rya, we get
[3(1’11 + 5621) - 3(1’11) - 3’(9521)]9%12 = (O), Le., [5(3511 + $21) - 5(%1) -
§(x91)]eR(1 —e) = (0). By condition (iii), we have [§F(z11 + xo1) —
§(x11) — F(xe1)]e = 0 which implies that §(x11 + z21)e — F(x11)e —
§(x21)e = 0. From the definition of multiplicative b-generalized deriva-
tion and using the fact that ©(e) = 0, we obtain §F((z11 + z21)e) —
S(z11€) — F(x21€) = 0. Hence, we get the required equation §(x1; +
To1) = F(x11) + §(w21) for all z1; € Ry and x9; € Ry O

Lemma 2.4. §(ya1 +21212) = §(y21) + T (z21212) for all 291,921 € Ry
and 212 € %12.

Proof. For any ty,, € Ry, for n = {1,2}, we have

[T (y21) + T (z21212) |81 = F(Y21)t1n + F(x21212)t1s (2.41)

for all zo1,9y91 € Moy and z12 € Rys. Since, F(wo1212) € F(Ra2) C
Mo + Ro, by Lemma 2.1(iv), we get §(x21212)t1, = 0. Using these
value and the definition of multiplicative b-generalized derivation in
(2.41), we obtain

[§(y21) + T (z21212) 81 = F(W21)t1n = F(W21tin) — by2a1 D (t1,).  (2.42)
Which implies that
[§(y21) + T (z21212) [t = §((Y21 + x21212)t1n) — by21 D (t1,)  (2.43)

for all x91, 991 € Koy and 215 € Rys. Using definition of multiplicative
b-generalized derivation in the last relation, we have

[T (y21) + §(x21212)]t1n = F(Yo1 + T21212)t1n + b(Yo1 + T21212)D (t1,)
— by21©(t1n), for all T21, Y21 < %21 and 212 € 5}{12. (244)
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On simplifying, we find that
[§(y21) + S(x21212)]t1n = T (Y21 + T21212)t1n (2.45)

for all x91, 921 € Ro1 and 215 € Ryo. Since, ty,, is an arbitrary element
of Ry, for n = {1,2}, (2.45) reduces to

[$(y21) + F(@21212) — § (Y21 + T21212)|R1n = (0). (2.46)

Now, for any t9, € Ry, for n = {1,2}, from the similar calculation
as done above and by using Lemma 2.1(ii), we arrive at

[$(y21) + F(w21212) — F (Y21 + T21212)|R2n = (0). (2.47)

From (2.46) and (2.47), we obtain
1§ (y21) + F(x21212) — F(y21 + z21212)|R = (0) (2.48)
for all @1, Y21 € Moy and z15 € Rya. Using condition (i) in (2.48), we
get F(ya1 + xo1212) = F(Yo1) + F(x21212). Thus, we are done. O

Lemma 2.5. § is additive on Ray.

Proof. For any %1, ya1 € M1, 212 € Riz and ty, € Ry, for n = {1,2},
then we obtain

§(x21+ Y1) z19tan = T (221 +y21)212t0n) — (21 + Y1) D (212t2,). (2.49)
Above relation can be re-written as
§ (a1 + yo1)z12t2n = (221212 + Yo1) (tan + 212t2,))
— b($21 + y21)@(212t2n). (250)

Using the definition of multiplicative b-generalized derivation in (2.50),
it yields that

S (221 + 1) z12ton = F(w21212 + Y1) (Lon + 212t2n)
+b(x91 212 + Y21)D (tan + 212t2n) — b(x21 + Yo1)D (212821 ). (2.51)
Using [1, Lemma 2| in (2.51) and after simplifying, we find that
S (221 +y21)z12ton = F (221212 +FY21) (Lo + 212t 2n) — D21 D (212)t2n. (2.52)
Using Lemma 2.4 in (2.52) and after solving it, we see that

(o1 + ya1)z12ten = F(T21212)t2n + F(@21212) 212t 20 + T (Y21)tan

+ s(y21)212t2n — bxm@(zlg)tgn. (253)
Using (#7) and (iv) of Lemma 2.1 in (2.53), we get
§(wa1 + yo1)z12ten = §(221)212t2n + F(Y21) 212t 20 (2.54)

So, we have

[g(xﬂ + y21) - S(ffm) — %(921)]212752” = 0. (2.55)
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Since, z19 and ta, is an arbitrary element of PR and Ry, for n = {1, 2}.
So, we have

[$ (221 + y21) — T(221) — F(Y21)|R12R2, = (0). (2.56)
Also, it is clear that

[$ (221 + 1) — T(221) — F(Y21)|R12R1, = (0). (2.57)
By (2.56) and (2.57), we found that

[§ (21 + y21) — F(21) — F(Y21)|R12R = (0). (2.58)

Using condition () in the above relation, we get [§(z21+y21) —&(wa1) —
§(y21)|R12 = (0), ie, [F(wor + y21) — F(w21) — F(y21)]eR(L —e) =
(0). By condition (#ii), we have [§(zo1 + y21) — F(x21) — F(y21)le = 0
which implies that F(z21 + yo1)e — F(za1)e — F(yo1)e = 0. From the
definition of multiplicative b-generalized derivation and using the fact
that ©(e) = 0, we obtain §((x91 + yo1)e) — F(z21€) — F(y21e) = 0.
Hence, we get the required equation §F(zo; + y21) = F(221) + F(y21) for
all za1,y21 € Roy. [

Lemma 2.6. § is additive on Ry + Ra = Re.

Proof. Consider an arbitrary elements x11,y11 € R11 and x21, Y21 € Roy.
We have x11 4+ 221, Y11 + Y21 € R11 + Ry, we get

S((z11 + z21) + (y11 + y21)) = F((@11 +y11) + (w21 +y21)).  (2.59)
Since, we know that z1; + y11 € Ry and z9; + y21 € Ra. By using
Lemma 2.3, we have

S((z11 +221) + (y11 +y21)) = F(x11n +yu) + F(xar +y21).  (2.60)
By Lemma 2.1 and Lemma 2.5, § is additive on $Ry; and PRy;. So,
above equation reduces to

S((x114x21) +(yi1+y21)) = (F(@11)+3 (y11)) +(F(221) +F (y21)). (2.61)

Above relation can be re-written as

S((x114x21)+(y11+y21)) = (F(@11)+3(x21)) +(F(W11) +5 (y21)). (2.62)

Using Lemma 2.3 in (2.62), we obtain §((z11 + x21) + (y11 + y21)) =
S(z11 + x21) + §(y11 + you) for all x99, 911 € Ry and 221, y21 € Ry
Thus, § is additive on Ry; + Ry = Re, we are done. O

Theorem 2.7. Let R be a ring with an idempotent e and 1 — e, which
satisfies the following conditions;
(i) Re = 0 implies x = 0 (and hence xR = 0 implies © = 0)
(17) eRx = 0 implies x = 0 (and hence Rx = 0 implies x =0)
(i13) xeR(1 —e) = 0 implies xe = 0.
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If f is any multiplicative b-generalized derivation of R associated with
derivation d of R, then f is additive.

Proof. As we have defined earlier, we will replace, without loss of gen-
erality, the derivation d by the derivation ® and the multiplicative b-
generalized derivation f by the multiplicative b-generalized derivation
§. Let w and v be any elements of . Then we consider §(u) + §(v).
Take an element k € Ry; + Ro1 = Re. Thus, we observed that uk and
vk are also elements of Ri; + Ry = Re. So, we have

[§(u) + S()]k = F(w)k + F(v)k. (2.63)

Using definition of multiplicative b-generalized derivation in (2.63), we
get

[F(u) + §(v)k = F(uk) — buD (k) + F(vk) — bvD (k). (2.64)
As we know that uk,vk € Ry + Rey = Re, by Lemma 2.6, we find
that
[§(u) + §(v)|k = F(uk + vk) — b(u + v)D (k). (2.65)
That is
[F(w) +§(v)k=F(u+v)k) —blu+ v)D(k). (2.66)
Using definition of multiplicative b-generalized derivation in (2.66), we
see that

[§(u) +F(v)k =F(u+v)k+blut+v)D(k) —blu+v)D(k). (2.67)

Thus, we have

[F(u) +F(v) — F(u+v)]k=0. (2.68)
Since, k is an arbitrary element of i1 + Ra; = Re. Equation (2.68),
reduces to [§(u)+F(v) —F(u+v)]Re = (0). By condition (i), we obtain
S(u) +F(v) — F(u+wv) = 0. Which implies that F(u+v) = F(u) +F(v)
for all u,v € fR.

This shows that the multiplicative b-generalized derivation §, and
also f, is additive. OJ
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