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DOKDO SUB-HOOPS AND DOKDO FILTERS OF
HOOPS

Y. B. JUN AND S. Z. SONG *

ABSTRACT. The concepts of Dokdo sub-hoops and Dokdo filters
are introduced, and their properties are investigated. The rela-
tionship between Dokdo sub-hoops and Dokdo filters is discussed,
and characterizations of Dokdo sub-hoops and Dokdo filters are
established.

1. INTRODUCTION

As a nice algebraic structure to research the many-valued logical
system whose propositional value is given in a lattice, the concept of
hoop is proposed by Bosbach [0, 7]. Since then, various contents of the
hoop have been studied (see [1, 2, 3, 4,5, 8 11,15, 16]). The operations
in EQ-algebras have a similar interpretation to those in hoops. In such
EQ-algebras, several types of filters have been studied by Paad and
Jafari (see [17]). Jun [10] introduced Dokdo structure, a type of hybrid
structure, using three concepts, namely bipolar fuzzy set, soft set, and
interval-valued fuzzy set, and applied it to BCK/BCl-algebras. He
first introduced the concepts of (null, full) Dokdo structure, (positive,
negative) internel Dokdo structure, (positive, negative) externel Dokdo
structure, and found appropriate examples. He introduce the notions
of (closed) Dokdo subalgebra and Dokdo ideal, and investigated their
properties. He considered conditions for Dokdo subalgebra to be closed,
and provided conditions for Dokdo structure to be Dokdo subalgebra.
He discussed relationship between Dokdo subalgebra and Dokdo ideal,
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and provided conditions for Dokdo structure to be Dokdo ideal in BCK-
Dokdo universe. He explored the conditions under which Dokdo ideal
can be Dokdo subalgebra in BCI-Dokdo universe.

The purpose of this paper is to study sub-hoops and filters in hoops
using Dokdo structure. We introduce the concepts of Dokdo sub-hoops
and Dokdo filters, and investigate their properties. We discuss the re-
lationship between Dokdo sub-hoops and Dokdo filters. We establish
characterizations of Dokdo sub-hoops and Dokdo filters. In general,
characterization is the process through which an author reveals a char-
acter’s personality. So it’s an important task to find characterizations
of a concept that appears in mathematics. This is because when using
mathematical concepts in pure and applied science, using the charac-
terization of concepts can make research easier.

2. PRELIMINARIES

2.1. Basic concepts about Dokdo structures. Let X be a set. A
bipolar fuzzy setin X (see [12]) is an object of the following type

p={(3,¢7(2),07(3) | 7 € X} (2.1)

where ¢~ : X — [-1,0] and ¢ : X — [0,1] are mappings. The
bipolar fuzzy set which is described in (2.1) is simply denoted by ¢ :=
(X6, ¢%).

A bipolar fuzzy set can be reinterpreted as a function:

o X = [-1,0] x [0,1], 2+ (¢ (z),pT (x)).

Let U be an initial universe set and X be a set of parameters. For
any subset A of X, a pair (¢®, A) is called a soft set over U (see [13, 11]),
where ° is a mapping described as follows:

o' A—2Y

where 2V is the power set of U. If A = X, the soft set (p*, A) over U
is simply denoted by ¢* only.

A mapping ¢ : X — [[0,1]] is called an interval-valued fuzzy set
(briefly, an IVF set) in X (see [9, 18]) where [[0,1]] is the set of all
closed subintervals of [0, 1], and members of [[0, 1]] are called interval

numbers and are denoted by a, b, ¢, etc., where a = [ay,ar| with
0<ap<ar <1
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For every two interval numbers a and b, we define

a j 7) (OI‘ l~) i d) & ap < bL, ap < bR, (22)
a=b < az3b b3a, (2.3)
rmin{a, b} = [min{a, by}, min{ag, br}]. (2.4)

Let U be an initial universe set and X a set of parameters. A triple
Dok, := (, ¢*, @) is called a Dokdo' structure (see [10]) in (U, X) if
¢ X — [—1,0] x [0,1] is a bipolar fuzzy set in X, ¢*: X — 2V is a
soft set over U and ¢ : X — [[0,1]] is an interval-valued fuzzy set in
X.

The Dokdo structure Dok, := (¢, ¢®, ¢) in (U, X') can be represented
as follows:

Dok, = (¢, 9%, @) : X — ([=1,0] x [0,1]) x 2V x [[0, 1]],
z = ($(x), ¢ (x), p(2))

where p(z) = (¢7(2), ¢"(2)) and p(2) = [pr(2), Pr(2)].
Given a Dokdo structure Dok, := (¢, ¢°, ¢) in a Dokdo universe
(U, X)), we consider the following sets:

. N s0 $)<max{¢‘(y),s5‘(»2)}
el = {5 € x| 50 St |
(s, )Z{wGXlw()SSL

Q1. P) = {z € X | ¢"(2) 2 1},
(s

(2.5)

p(s,1) = ¢(s, N) N g(t, P),
={z e X [¢°(x) 2 a},
va = {r e X | o(z) T a},
where (s,t) € [—1,0] x [0,1], « € 2V and a = [az, ag].

2.2. Basic concepts about hoops.

Definition 2.1 ([2]). An algebra (H,®,~>,1) is called a hoop (or hoop)
if the following assertions hold.

(H1) (H,®,1) is a commutative monoid,
(H2) 2~z =1,
(H3) 20 (x ~y) =y © (y = z),

(He) 2~ (y~2)=(2@y) ~ =2
forall z,y,z € H.

1t is the name of Korea’s most beautiful island.
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We define a relation “<” on a hoop H by
Ve,ye H)(x <y & xz~y=1). (2.6)
It is easy to see that (H, <) is a poset.

Definition 2.2 ([8]). A nonempty subset S of a hoop H is called a
sub-hoop of H if it is closed under two operations © and ~.

Note that every sub-hoop contains the element 1.

Proposition 2.3 ([3]). Let (H,®, ~, 1) be a hoop. For anyx,y,z € H,
we have the following conditions:

(H, <) is a meet-semilattice with x Ny =x © (x ~> y) (2.7)
@y <zifand anly if x <y~ z, (2.8)
r@y<z,yandx"™ <x for any n € N, (2.9)
<y~ oz, (2.10)
lvwz=zandzx~1=1, (2.11)
@@~y <y rzey<zAy<z~~y, (2.12)
Ty < (Y~ z) v (3~ 2), (2.13)

r<yimpliecsr@z<y@z, 2z~ < z~~wyandy~ 2z <~ 2,

(2.14)
T (Y~ z) =y~ (T 2), (2.15)
(T~ y)@(y~2) <a ™z, (2.16)
z < (2~ y) Y. (2.17)

Definition 2.4 ([8]). A nonempty subset F' of a hoop H is called a
filter of H if it is closed under the operation © and is upward closed,
that is, it satisfies:

Vez,y e H)(z,ye F =20y ecF), (2.18)

Ve,ye H)(x e F, x <y = yeF). (2.19)

Lemma 2.5 ([3]). A subset F' of a hoop H is a filter of H if and only
if it satisfies:

1€eF, (2.20)

(Ve,ye H)(zx € F, c~yeF = yecF). (2.21)

3. DOKDO SUB-HOOPS AND DOKDO FILTERS

Let U be an initial universe set and H a set of parameters. We say
that the pair (U, H) is a hoop universe if (H,®,~>,1) is a hoop. In
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what follows, a hoop (H,®,~,1) will be simply denoted by H unless
otherwise specified.

Definition 3.1. A Dokdo structure Dok, := (¢, ¢*, ¢) in a hoop
universe (U, H) is called a Dokdo sub-hoop of H if the sets ¢(s,t),
s and Qg are closed under the operations ©® and ~> for all (s,t) €
[—1,0] x [0,1], a € 2Y and a = [ar,, aR].

A Dokdo structure Dok, := (¢, ¢°, ¢) in a hoop universe (U, H) is
a Dokdo sub-hoop of H if and only if the following assertions are valid.

% € ¢(max, min),

(Vo,y € H) | ¢*(z@y) 2 ¢°(2) Ne°(y). : (3.1)
¢(r ©y) Z rmin{p(z), o(y)}
) € $(max, min),
VeyeH) | ¢y 2¢@nel. | 62
¢(x ~ y) Z rmin{@(x), o(y)}
Example 3.2. Let us consider a set H := {0, 1,2,3} and binary oper-
ations “©” and “~7 in H which are given by Table 1.

TABLE 1. Cayley tables for the binary operations “©”

and 64}\/\_}7’
@/ 0 1 2 3 ~1 0 1 2 3
0,0 0 O O 03 3 3 3
170 0 1 1 111 3 3 3
2,0 1 2 2 210 1 3 3
310 1 2 3 310 1 2 3

Then (H, ®, ~, 3) is a hoop. Let Dok, := (¢, ¢*, ¢) be a Dokdo
structure in a hoop universe (U = N, H) which is defined by Table 2.

TABLE 2. Tabular representation of Dok, := (¢, ¢°, §)

il p(z) () p(z)

0 (—069,057) 2N  [0.37,0.64]
1 (—0.58,0.46) 4N [0.33,0.61]
2 (-0.37,0.34) 2N  [0.27,0.58]
3 (—0.77,0.65) N  [0.41,0.74]

It is routine to verify that Dok, := (¢, ¢°, ¢) is a Dokdo sub-hoop of
(H, ®, ~, 3).
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Proposition 3.3. Every Dokdo sub-hoop Dok, = (¢, ¢°, ¢) of H
satisfies:

(Vo € H)((1,z) € D(p)) (3.3)
where
D(p) = {(z.y) | ¢~ () <&~ (),¢" () 2 &7 (), ¢*(2) 2 " (y), P(x) Z ¢(y)}-
Proof. This is immediately induced by the combination of (H2) and
(3.2). OJ

Theorem 3.4. Let Dok, := (¢, ¢°, ¢) be a Dokdo structure in a hoop
unwverse (U, H). Then Dok, := (¢, ¢°, ¢) is a Dokdo sub-hoop of H
if and only if the nonempty sets p(s,t), S and @z are sub-hoops of H
for all (s,t) € [-1,0] x [0,1], a € 2V and a = [ar, aR].

Proof. Assume that Dok, = (¢, ¢*, ¢) is a Dokdo sub-hoop of H and
let (s,t) € [=1,0] x [0,1], @ € 2V and @ = [ar, ag] be such that ¢(s, 1),
@5 and @z are nonempty. Let x,y € ¢(s,t)Nps N@z. Then ¢~ (x) < s,

o (y) <5, 97 (x) 21, ¢ (y) =t ¢*(x) 2, ¢*(y) 2 o, p(x) T dand
o(y) - a. Hence

¢ (zoy) <max{yp (x),¢ (y)} < s,
¢ (z ~y) <max{yp (z),o (y)} <,
¢t (r@y) > min{g*(z), ¢" (y)} > t,
¢F(x ~ y) > min{p* (), ¢ (y)} > ¢,

that is, x @ y € ¢(s,t) and x ~» y € ¢(s,t). Also, we have

P (r@y) 2 ¢*(x) N (y) 2 a, p*(x ~ y) 2 ¢*(r) NY*(y) 2 a,
(r@y) Z rmin{@(x), (y)} T a, ¢(x ~ y) Z rmin{p(x), 6(y)} Z a,

that is, @y € @5, v~y € @), rOY € @z and x ~» y € Qz. Therefore
(s, t), vt and @; are sub-hoops of H.

Conversely, suppose that ¢(s,t), ¢S and @; are nonempty sub-hoops
of H for all (s,t) € [-1,0] x [0,1], @ € 2 and a = [ar, ag]. Suppose
that there exist a,b € H such that a © b ¢ ¢(s,t) or a ~ b & p(s,t).

Ifa®b¢ (s, t), then
¢~ (a©b) > max{¢~(a), ¢~ (0)} or " (a @) < min{p"(a), &7 (b)}
t
(b

) but a®b ¢ ¢(s,t) for s := max{p~(a), o (b)}

)}. This is a contradiction, and so E’; 5 €

It follows that a, b € gfa(s
and t := min{¢" (a),

¢(max, min) for all z,y € H. In the same way, the case a ~> b & ¢(s,t)

leads to contradiction. Thus =% € ¢(max, min) for all z,y € H. For

every z,y € H, let ¢*(2) = a,, ¢*(y) = ay, $(x) = a and G(y) = b. If
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we take o := o, Ny, and ¢ := rmin{a, b}, then z,y € ¢ N G and so
Ty € @, Ng: and x ~ y € ¢ N Pz Hence

P(rey) Da=a,Na, =’ ()N e*(y),

Pz~ y) 2a=aNay =" () Ne°(y)

and
P(r ©y) & =rmin{d, b} = rmin{@(z), 3(y)},
@(x ~ y) = & =rmin{a, b} = rmin{@(x), p(y)}.
Therefore Dok, := (¢, ¢°, ¢) is a Dokdo sub-hoop of H. O

Definition 3.5. A Dokdo structure Dok, := (¢, ©*, ¢) in a hoop
universe (U, H) is called a Dokdo filter of H if it satisfies (3.1) and

Vr,y e X)(z <y = (y,x) € D(p)). (3.4)

Example 3.6. Consider the hoop (H, ®, ~», 3) which is given in Ex-
ample 3.2. Let Dok, = (¢, ¢°, ¢) be a Dokdo structure in a hoop
universe (U = Z, H) which is defined by Table 3.

TABLE 3. Tabular representation of Dok, := (¢, ¢°, )

H p(x) °(2) (z)

0 (—0.36,048) 4N  [0.33,0.61]
1 (—0.53,048) 4N  [0.33,0.61]
2 (—0.67,0.64) 4Z  [0.39,0.68]
3 (—0.87,0.75)  2Z  [0.41,0.74]

It is routine to verify that Dok, := (¢, ¢°, @) is a Dokdo filter of (H,
©7 M 3)

It is clear that every Dokdo filter is a Dokdo sub-hoop. But the
converse is not true in general as seen in the following example.

Example 3.7. Let H := {0,1,2,3} be a set with binary operations
“©7 and “~7 which are given by Table 4.

Then (H, ®, ~, 3) is a hoop. Let Dok, := (¢, ¢*, ¢) be a Dokdo
structure in a hoop universe (U = 7Z, H) which is defined by Table 5.
It is routine to verify that Dok, := (¢, ¢°, @) is a Dokdo sub-hoop of
(H, ®, ~+, 3). Note that 2 < 3 and (2,3) ¢ D(p). Hence Dok, = (¢,
©°, @) is not a Dokdo filter of (H, ®, ~>, 3).

We discuss characterizations of a Dokdo filter.
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TABLE 4. Cayley tables for the binary operations “©®”
a,nd “’\"—)’7

@ 0 1 2 3 ~1 0 1 2 3
0,0 0 0 O 03 3 3 3
170 1 1 1 110 3 3 3
2,0 1 1 2 210 2 3 3
300 1 2 3 310 1 2 3

TABLE 5. Tabular representation of Dok, := (¢, ¢°, )

H p(z) *(z) p(z)

0 (=0.70,0.67) 8N  [0.43,0.71]
1 (=0.75,048)  4Z  [0.36,0.62]
2 (=055,0.25) 4N [0.29,0.58]
3 (—0.85,0.74) 2Z  [0.56,0.84]

Theorem 3.8. A Dokdo structure Dok, := (¢, ¢°, ¢) in a hoop uni-
verse (U, H) is a Dokdo filter of H if and only if it satisfies (3.3) and

Gy € $(max, min),

(Vz,y € H) | ¢*(y) 2 ¢°(z) N @*(x ~ y), : (3.5)

P(y) Z mmin{p(z), oz ~ y)}
Proof. Assume that Dok, := (¢, ¢°, @) is a Dokdo filter of H. Since
x <1forall z € H, (3.3) is induced from (3.4). Note from (2.12) that

O (x ~ y) <yforall z,y € H, and so (y,z ©® (z ~ y)) € D(p)
by (3.4). It follows from (3.1) that ¢ (y) < ¢ (x © (z ~ y)) <

max{e~(x), ¢~ (z ~ y)} and
P (y) = @Mz @ (x> y)) = min{g"(z), " (z ~ y)},

that is, m € p(max, min); and

©*(y) 2 ¢*(x @ (.~ y)) 2 ¢*(z) NY*(x ~ y),

P(y) T plr @ (v~ y)) Z rmin{p(z), g ~ y)}-

Hence (3.5) is valid.
Conversely, suppose that Dok, := (¢, ¢°, ) satisfies (3.3) and (3.5).
The combination of (H2) and (H4) induces z ~ (y ~ (z ® y)) = 1 for
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all z,y € H. Tt follows from (3.3) and (3.5) that
v (z@y) <max{s(y), o (¥~ (z©@y))}

< max{¢~ (y), max{¢" (), (x ~ (y ~ (r©y)))}}
= max{¢~ (y), max{¢~ (), »~(1)}}
= max{”(y), ¢ (v)},
¢t (r@y) > min{g*(y), o (y ~ (x@y))}
> min{¢™" (y), min{@* (x), o7 (x ~ (y ~ (r ©y)))}}
= min{¢" (y), min{¢" (), $*(1)}}
in{¢* (y)

that is, % € ¢(max, min), and

P (x@y) 2 (y) Ne°(y ~ (2 @y))
2" (y) N (P (x) Nz~ (y ~ (2@ y))))
=" (y) N (¥°(x) N (1))
©*(y) N (@),
¢(r ©y) Z rmin{@(y), o(y ~ (z @y))}
2 rmin{p(y), rmin{ (), v(z ~
— rmin{p(y), min{3(z), 3(1)}}
= rmin{@(y), ¢(z)}.
Let x,y € H be such that x < y. Then x ~ y =1, and so
b (y) < max{@ (), & (& ~ y)} = max{p~(2), (1} = &~ (2),
() > minp™ (@), ¢ (5 ~ 1)} = min{$* (@), 5 (1)} = ¢ (2),
¢*(y) 2 ¢° (@) N@*(z ~ y) = ¢°(z) N (1) = ¢*(),
2(y) 1 mmin{(e), @z ~ )} = min{@(z), 5(1)} = $(),
that is, (y,x) € D(¢). Therefore Dok, := (¢, ¢°, ) is a Dokdo filter

(Y~ (z@y))}}

of H. O
Proposition 3.9. Every Dokdo filter Dok, := (¢, ¢°, ¢) of H satisfies:
(Va,y € H) (x@y e Qg ) (3.6)

() = max{$~ (), &~

where Q(p) := {(yxz)

(2)}
o™ (x) = min{" (y), o7 (2)}
(x) = ¢*(y) N ¥*(2) '

¢
@
©*(x *(

P(z) = rmln{w(y) o(2)}
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Proof. Assume that Dok, := (¢, ¢°, ¢) is a Dokdo filter of H. Since
rey <zandzey <yforall z,y € H, we have (z,2@y) € D(p) and
(4,2 © 1) € D(p) by (3.4). Hence ¢ (z ©y) > max{p(z), 5~ (1)},
¢ (z@y) <min{p"(z), ¢ (y)}, ¢*(z@y) C ©*(z) N¢*(y) and G(z ©
y) 2 rmin{p(z),p(y)}. The combination of these and (3.1) induces
(3.6). O

Theorem 3.10. Let Dok, := (¢, ¢°, ¢) be a Dokdo structure in a
hoop universe (U, H). Then it is a Dokdo filter of H if and only if it
satisfies (3.4) and (3.6).

Proof. The necessity is from Definition 3.5 and Proposition 3.9. Let
Dok, == (¢, ¢°, ¢) be a Dokdo structure in a hoop universe (U, H)
that satisfies (3.4) and (3.6). Since z® (x ~» y) <y for all x,y € H, it
follows from ) and (3.6) that

(3.
¢ () <¢ (2@ (x~y) =max{e (z), ¢ (.~ y)},
¢ (y) = ¢ (z© (z~ y)) =min{g" (2),¢" (z ~ y)},
m € go(max min); and

P (y) 2 (@ (x ~y)) = ¢* () Ne*(z ~y),

B(y) = 3z © (2 ~ 1)) = rmin{(e), Bz ~ 1)}
Since x < 1 for all z € H, (3.3) is induced from (3.4). Therefore
Dok, := (¢, ¢*, ¢) is a Dokdo filter of H by Theorem 3.8. O

Theorem 3.11. Let Dok, := (¢, ¢°, ¢) be a Dokdo structure in a
hoop universe (U, H). Then it is a Dokdo filter of H if and only if it
satisfies (3.4) and

that is,

Gy oo € ¢(max, min),
Vo,y,z e H) | @*(x~2) 29 @ ~y)Nely~2), |- (37)
P~ 2) Zrmin{@(z ~ y), oy ~ 2)}
Proof. Suppose that Dok, := (¢, ¢°, ¢) is a Dokdo filter of H and let
z,y,z € H. Since (x ~» y) © (y ~ 2) < x ~» 2z by (2.16), it follows
from (3.4) and (3.6) that
p(@~z) <@ (2 y) @y~ 2)) = max{p™ (z ~ y), ¢~ (y ~ 2)},
Pr(x~2) 2 ¢ ((x~y) @ (y ~» 2)) = min{p™ (z ~ y), 67 (y ~ 2)},
that is, === € ¢(max, min); and
P~ 2) 29 (@~ y) © (Y ~ 2)) = ¢*(x ~ y) NP°(y ~ 2),

Pz~ 2) Z oz~ y) ©(y ~ 2)) = min{@(z ~ y), Py ~ 2)}.
This proves (3.7).
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Conversely, let Dok, := (¢, ¢°, ¢) be a Dokdo structure in a hoop
universe (U, H) that satisfies (3.4) and (3.7). Since x < 1 forall z € H,
(3.3) is induced from (3.4). If we take x := 1 in (3.7) and use (2.11),
then we have (3.5). Therefore Dok, := (¢, ¢°, ¢) is a Dokdo filter of
H by Theorem 3.8. 0

Theorem 3.12. Let Dok, := (¢, ¢°, ¢) be a Dokdo structure in a
hoop universe (U, H). Then it is a Dokdo filter of H if and only if it
satisfies (3.4) and

Z@y o .
oz, zwy) S go(max, Il’llIl)

(Vo,y,2€ H) | ¢*(z@y) 2 ¢*(z @) N (x ~ y), . (3.8)
¢z @y) Z min{g(z © z), p(x ~ y)}
Proof. Suppose that Dok, := (¢, ¢°, ¢) is a Dokdo filter of H and let

z,y,z € H. Note that (z@2)@ (x~y) =20 (0 (x~y) <z0y
by (H1), (2.12) and (2.14). it follows from (3.4) and (3.6) that

P (20y) <¢ ((201)© (2~ y) =max{p (20 ), (z~ y)},
¢tzey) >t ((zex)@ (z~y) =min{¢T(z@2), " (z ~ y)},

that is, % € ¢(max, min); and

P (2@Y) 29 ((z@z) @ (z~y)) = (z@x)NY' (T ~y),
Pzey) 2 o((z@2) @ (z ~ y)) = rmin{@(z © x), p(z ~ y)}.

This proves (3.8).

Conversely, assume that a Dokdo structure Dok, := (¢, ¢°, ¢) in
a hoop universe (U, H) satisfies (3.4) and (3.8). Since x < 1 for all
x € H, (3.3) is induced from (3.4). The assertion (3.5) is induced by
taking z := 1 in (3.8). Hence Dok, := (¢, ¢°, ¢) is a Dokdo filter of
H by Theorem 3.8. 0

Theorem 3.13. Let Dok, := (¢, ¢°, ¢) be a Dokdo structure in a
hoop universe (U, H). Then it is a Dokdo filter of H if and only if it

satisfies:

NG

Ve,y,z€e H) | 2 <y~ 2z = D
) Z rmin{@(z ) S(y)}

(3.9)
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Proof. Assume that Dok, := (¢, ¢®, ¢) is a Dokdo filter of H and let
x,1y,z € H be such that x <y ~» 2. Then

¢ (Y~ 2) <max{¢ (x),o (z ~ (y ~ 2))} =max{¢™ (z),¢ (1)} = ¢ (),
¢y ~ 2) > min{p" (2),¢" (@ ~ (y ~ 2))} = min{g™ (), p* (1)} = ¢7 (),
Py~ 2) 2 9°(@) NP (x ~ (y ~ 2)) = ¢°(2) N°(1) = ¢*(x),

¢y ~ z) Z rmin{@(z), o(z ~ (y ~ 2))} = rmin{@(z), (1)} = ¢(x).

It follows that

v (2) Smax{$~(y), ¢ (y ~ 2)} < max{p™(x), ¢ ()},
¢ (2) = min{g" (y), ¢" (y ~ 2)} = min{g" (2), ¢ (1)},

that is, ( 7 € $(max, min); and

©*(2) 2 °(y) N@°*(y ~ 2) 2 ¥*(x) NY*(y),
$(2) Z rmin{@(y), p(y ~ 2)} 2Z rmin{@(z), ¢(y) }-

This proves (3.9).

Conversely, let Dok, := (¢, ¢°, ¢) be a Dokdo structure in a hoop uni-
verse (U, H) that satisfies (3.9). Since z < z ~» 1 for all x € H, it is clear
that (1,z) € D(p) for all x € H by (3.9). The combination of (2.17) and
(3.9) induces (3.5). Therefore Dok, := (¢, ¢°, ¢) is a Dokdo filter of H by
Theorem 3.8. g

Theorem 3.14. Let Dok, := (¢, ¢°, ¢) be a Dokdo structure in a
hoop universe (U, H). Then it is a Dokdo filter of H if and only if it
satisfies (3.4) and

T~z

@y)=z0) € @(max, min)7

Pz ~ 2) 7 rmin{((x ~ y) 2), ()}
(3.10)

Proof. Assume that Dok, = (¢, ¢°, ¢) is a Dokdo filter of H and let
z,y,z € H. Using (2. 10) (2.1 ) and (2.14), we have (z ~ y) ~ z <
y ~ z and

yo((z~wy)~z)<yo(y~z)<z<zwz,
which imply from (3.4) and Proposition 3.9 that
prz) < (2) <@ (e (y~2)
=max{¢" (), ¢ (y ~ 2)}
<max{¢(y), ¢ ((x ~y) ~ 2)},



DOKDO SUB-HOOPS AND DOKDO FILTERS OF HOOPS 161
T~ 2) 2 ¢"(2) 29T (Y@ (y ~ 2))

= min{¢"(y), p*(y ~ 2)}
> min{p*(y), o7 ((z ~ y) ~ 2)},

that is, =557 € p(max, min); and
P~ 2) 29°(2) 2¢°(y © (y ~ 2))
=¢"(y) Ny ~ 2)}
2 ¢*(y) Ng*((x ~y) ~ 2)},

and

This proves (3.10).

Conversely, suppose that Dok, = (¢, ¢°, ) satisfies (3.4) and
(3.10). The condition (3.3) is induced from (2.11) and (3.4). If you
put x := 1 in (3.10) and use (2.11), we can obtain (3.5). Therefore
Dok, := (¢, ¢°, ¢) is a Dokdo filter of H by Theorem 3.8. O

Theorem 3.15. Let Dok, := (¢, ¢°, ¢) be a Dokdo structure in a
hoop universe (U, H). Then Dok, = (¢, ¢°, ¢) is a Dokdo filter of H
if and only if the nonempty sets p(s,t), @2 and @ are filters of H for
all (s,t) € [-1,0] x [0,1], a € 2V and @ = [ar, ag).

Proof. Assume that Dok, := (¢, ¢°, ¢) is a Dokdo filter of H. Then
it is a Dokdo sub-hoop of H, and so (1,z) € D(p) for all z € H by
Proposition 3.3. Let (s,t) € [-1,0] x [0,1], « € 2V and & = [ar, ag]
be such that ¢(s,t), ¢° and @z are nonempty. Then there exist = €
o(s,t), y € ¢° and z € ¢z which imply that ¢~ (1) < ¢ (x) < s,
57 (1) > ¢+(x) > 1, (1) 2 ¢'(y) 2 a and $(1) & $(2) = & Hence
L e p(s,t)Ns N@s. Let x,y € H be such that x € ¢(s,t) N N @a
and  ~ y € ¢(s,t) Nps Nz Then ¢~ (z) < s, o~ (z ~ y) < s,
pHa) =t ¢ (@~ y) 2t ¢ (z) 2 o, p*(z ~ y) 2 o, $(z) Z a and
Q(x ~ y) 77 a. It follows that

¢~ (y) < max{¢p~ (z),¢ (z ~ y)} <s,
¢*(y) > min{p" (), ¢ (xwy)}>t

©*(y) 2 p*(z) Np*(x ~ y) 2
¢(y) Z rmin{@(x), §(x ~ y)} i a,
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that is, y € ¢(s,t) N s N @z. Therefore p(s,t), ¢ and @z are filters
of H by Lemma 2.5.

Conversely, suppose that ¢(s,t), ¢° and @; are nonempty filters of
H for all (s,t) € [-1,0] x [0,1], a € 2Y and a = [ar,ag|. Assume

that (1,a) ¢ D(y) for some a € H. Then ¢ ¢ ¢(max, min), ¢*(1) 2

©*(a) or p(1) Z p(a). If a’a) ¢ ¢(max, mm) then ¢~ (1) > ¢~ (a) or
©T(1) < ¢*(a), and so 1 ¢ ¢(s,t) for s := ¢~ (a) and ¢ := ¢T(a). The
case p*(1) 2 p*(a) induces 1 ¢ ¢ for a := ¢*(a). If p(1) Z ¢(a), then
1 ¢ @z for a := ¢(a). Thisis a contradiction and thus (1, x) € D(yp) for
all 2 € H. Now suppose that 7= awb ¢ go(max min) for some a,b € H.
Then ¢~ (b) > max{¢ (a), ¢~ (a ~ b)} or 7 (b) < min{p™*(a), p*(a ~
b)}. Hence a € ¢(s,t) and a ~» b € ¢(s,t) but b ¢ ¢(s,t) for s :=
max{¢ (a),p (a ~ b)} and ¢ := min{p*(a), " (a ~ b)}. This is a
contradiction, and so m € p(max, min) for all ,y € H. For every
z,y € H,let ¢*(2) = ap, 0% (1 ~ y) = ay, (x) = @ and G(x ~ ) = b.
If we take o := a, Na, and & := rmin{a, b}, then z € %, N @ and
x ~y € N s Hence y € ¢, N ¢z which implies that

©*(y) 2 a=a,Nay, =¢*(x) N’ (z ~ y)

and
@(y) = & = rmin{a, b} = rmin{p(z), G(z ~ y)}.
Therefore Dok, := (¢, ¢°, ¢) is a Dokdo filter of H by Theorem 3.8. [

4. CONCLUSION

A bipolar fuzzy set is proposed as an extension of a classical fuzzy set
to solve a particular class of decision-making problems. Soft set theory
is a generalization of fuzzy set theory proposed by Molodtsov in 1999 to
deal with uncertainty in a parametric way. An interval value fuzzy set
is proposed to express the conjugation concept based on the normal for-
mat in which the variable is assumed to be fuzzy as well as the language
connection. Bipolar fuzzy set, soft set and interval value fuzzy set are
all useful tools for dealing with uncertainty. Uncertainty may contain
a number of factors. To deal with uncertainty involving more than
one factor, we feel the need for a hybrid structure. Based on this, Jun
introduced the so-called Dokdo structure which is one of hybrid struc-
ture. A hoop is a a partially ordered commutative residuated integral
monoid, and it is a particular class of algebraic structures. For the pur-
pose of using Dokdo structure to study sub-hoops and filters in hoops,
we introduced the concepts of Dokdo sub-hoops and Dokdo filters and
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examined various related properties. We discussed the relationship be-
tween Dokdo sub-hoops and Dokdo filters. In general, characterization
is the process through which an author reveals a character’s person-
ality. So it’s an important task to find characterizations of a concept
that appears in mathematics. This is because when using mathemati-
cal concepts in pure and applied science, using the characterization of
concepts can make research easier. So we established characterizations
of Dokdo sub-hoops and Dokdo filters. Against the backdrop of the
ideas and results obtained in this paper, we will conduct other sub-
structures in hoops, such as (positive) implicative filter, fantastic filter
etc., and further use them for related algebraic systems, for example,
MV-algebras, EQ-algebras, equality algebras, BL-algebras, etc.
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