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ON THE FITTING IDEALS OF A
COMULTIPLICATION MODULE

S. KARIMZADEH * AND S. HADJIREZAEI

ABSTRACT. Let R be a commutative ring. In this paper we assert
some properties of finitely generated comultiplication modules and
Fitting ideals of them.

1. INTRODUCTION

Let R be a commutative ring with identity and M be a finitely

generated R-module. For a set {z1,...,x,} of generators of M there
is an exact sequence 0 N R~ M 0 where R" is a
free R-module with the set {eq, ..., e,} of basis, the R-homomorphism

¢ is defined by ¢(e;) = z; and N is the kernel of ¢. Let N be generated
by uy = ajne; + ... + apren, with X in some index set A. Let Fitt;(M)
be the ideal of R generated by the minors of size n — ¢ of the matrix
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Ap)

For i > n, Fitt;(M) is defined to be R, and for i < 0, Fitt;(M) is
defined to be the zero ideal. It is known that Fitt;(M) is an invariant
ideal determined by M, that is, it is determined uniquely by M and it
does not depend on the choice of the set of generators of M [10]. The
ideal Fitt;(M) will be called the i-th Fitting ideal of the module M.
It follows from the definition of Fitt;(M) that Fitt;(M) C Fitt; 1 (M).

MSC(2010): Primary: 13C05; Secondary: 13C99
Keywords: Fitting ideals, comultiplication module, simple module.
Received: 11 January 2015, Accepted: 18 April 2015.
xCorresponding author.

31



32 KARIMZADEH AND HADJIREZAEI

Moreover, it is shown that Fitto(M) C Anng(M) and (Anng(M))" C
Fitto(M) (M is generated by n elements) and Fitt;(M)p = Fitt;(Mp),
for every prime ideal P of R [9]. The most important Fitting ideal of
M is the first of the Fitt;(M) that is nonzero. We shall denote this
Fitting ideal by I(M). Note that if I(M) contains a nonzerodivisor,
then I(Mp) = I(M)p for every prime ideal P of R. Fitting ideals are
strong tools to identify properties of modules and sometimes to charac-
terize modules. For example Buchsbaum and Eisenbud have shown in
[3] that for a finitely generated R-module M, I(M) = R if and only if
M is a projective of constant rank module. A lemma of Lipman asserts
that if R is a local ring and M = R™/K and I(M) is the (m — ¢)th
Fitting ideal of M, then I(M) is a regular principal ideal if and only if
K is finitely generated free and M /T (M) is free of rank m — ¢ ([11]).

Finally it is shown in [11] that if M is a finitely generated module over
a Noetherian local UFD (R, P), then I(M) = P if and only if
1. M is isomorphic to R"/ < (ay,...,a,)" >, where P =< ay,...,a, >

and n is a positive integer if M is torsionfree, and

2. M is isomorphic to R" & R/P, for some positive integer n if M is
not torsionfree.

An R-module M is said to be a comultiplication module if for any sub-
module N of M there exists an ideal I of R such that N = (0 :ps I) [5].
Ansari-Toroghy and Farshadifar have shown in [5] that an R-module
M is a comultiplication module if and only if for each submodule N
of M, N = (0 :py Anng(N)). An R-module M satisfies the double
annihilator conditions (DAC for short) if for each ideal I of R, we have
I = Anng(0:p I). M is said to be a strong comultiplication module if
M is a comultiplication R-module which satisfies the double annihilator
conditions [1].

1.1. Comultiplication Module.

Lemma 1.1. Let R be an integral domain. If R is a comultiplication
R-module, then R s a field.

Proof. Let I be a nonzero ideal of R. Since R is a domain, Anng(/) = 0.
Since R is a comultiplication R-module, I = (0 :g Anng([)) = R. So
R is a field.

Lemma 1.2. Let M be a finitely generated comultiplication R-module.
If there exists a submodule N of M such that Anng(N) = Anng(M),
then N = M.

Proof. [3, Proposition 3.2] O
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Theorem 1.3. Let M be a finitely generated comultiplication R-module.
If R is an integral domain, then I(M) = Fitty(M) or M = R.
Proof. Let M be generated by {z1,...,z,}. Consider the exact se-

quence 0 N R M 0, where ¢(e;) = z; and N =
Ker(p). Let r; € Anng(x;) for i = 1,...,n. Consider the matrix

(&1 0 0
0 ro ... 0
0O ... 0 7,

Since each column of this matrix belongs to /N, so we have

Anng(zy)...Anng(z,) C Fitte(M). If Anng(x;)...Anng(z,) # 0, then
Fitto(M) = I(M). If there is an integer i, 1 < i < n, such that
Anng(x;) =0, then Anng(M) = N, Anng(z;) = Anng(x;) = 0. Thus
by Lemma 1.2, M = Rx; = R. 0J

An R-module M is said to be a prime module if Anng(N) = Anng(M),
for every non-zero submodule N of M [17].

Proposition 1.4. Let M be a finitely generated comultiplication R-
module. If M is a prime module, then M 1is a simple R-module.

Proof. |3, Proposition 3.18] O

Corollary 1.5. Let M be a finitely generated faithful comultiplication
R-module. If R is an integral domain, then R is a field and M = R.

Proof. [3, Theorem 3.3] O

Proposition 1.6. Let M be a finitely generated comultiplication mod-
ule over an integral domain R. If I(M) is a prime ideal of R, then M
18 a simple R-module.

Proof. Let M = (z1,...,x,). By Theorem 1.3, we have M = R or
I(M) =Fitto(M) . If M = R, then by Corollary 1.5, R is a field and
hence M is simple. If I(M) =Fitto(M), then as the proof of Theorem
1.3, we can conclude that Anng(x;)...Anng(z,) CFitto(M). So there
exists some z;, 1 < ¢ < n, such that Anng(z;) C Fitto(M). Since
Anng(z;) C Fitto(M) C Anng(M) C Anng(x;), [(M) = Anng(M) =
Anng(x;). Thus by Lemma 1.2, M = Rz;. Let N be a nonzero
submodule of M and 0 # n € N. So there exists a € R such
that n = ax;. Suppose that r € Anng(N), 0 = rn = raz;. Thus
ra € Anng(M). Since Anng(M) is a prime ideal of R, r € Anng(M)
or a € Anng(M). Since n is a nonzero element of N, r € Anng(M).
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Hence Anng(N) = Anng(M). So M is a prime module. Therefore by
Proposition 1.4, M is simple. 0

Proposition 1.7. Every finitely generated comultiplication module over
a valuation ring is cyclic.

Proof. Let M = (x1,...,z,). Since R is a valuation ring, there exists
a positive integer i, 1 < i < n, such that Anng(z;) C Anng(z;) for
all 1 < j < n. Hence Anng(M) = Anng(z;). Thus by Lemma 1.2,

Lemma 1.8. Let M be a finitely generated comultiplication R-module.
If R is a Dedekind domain, then M is cyclic.

Proof. Let M = (xq,...,x,) and P be a maximal ideal of R. By [I,
Corollary 2.6], Mp is a comultiplcation module. Since Rp is a valuation
ring, by Proposition 1.7, Mp is a cyclic module. So by [0, Perposition
5], M is a multiplication module. By [I, Corollary 2.2], R/Anng(M)
is a semi- local ring. Therefore by [0, Proposition 4], M is a cyclic. O

Lemma 1.9. Let M be a finitely generated comultiplication R-module.
If M = (z1,...,x,) and N]_;Rx; = 0, then Fitt, (M) = R.
Proof. Consider the exact sequence 0 N R M 0,
where p(e;) = z; and N = Ker(p). Let r; € Anng(z;) fori =1, ..., n.
Consider the matrix

T 0 0
0 ro ... 0
0O ... 0 7,

Since each column of this matrix belongs to IV, so we have ¥ Anng(z;) C
Fitt,—1(M). By [1, lemma 2.3], £ ; Anng(x;) = R. Thus Fitt,,_ (M) =
R. O

Lemma 1.10. Let M be a comultiplication R-module generated by n
elements. If M is a decomposable R-module, then Fitt, (M) = R.

Proof. Let M be a decomposable R-module. Since M is a finitely gen-
erated decomposable module, there exist finitely generated submod-
ules Ni,..., Ny of M such that M = @ | N; and N; = (231, ..., 2in,),
for some elements ;7 € M, 1 < j < 4,,1 < ¢ < k. By [l,
Lemma 2.3, ZleAnnR(Ni) = R. So M = (Z11, ..., T1ny, T21,s ooy Thny ) -
Put n = ny + ... + ny. Therefore ¥; jAnng(z,;;) C Fitt,_;(M). Since

Ef:lAnnR<Ni) g Zi,jAnnR(xij), Flttn_1<M) = R. ]
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Proposition 1.11. Let M be a decomposable comultiplication module.
If M is generated by two elements, then Fitty(M) = Anng(M).

Proof. By Lemma 1.10, Fitt; (M) = R. By [9, Proposition 20.7],
Anng(M)Fitty (M) C Fitto(M). So Fittg(M) = Anng(M). O

Theorem 1.12. Let M be a finitely generated R-module.

(1) If I(M) is a prime ideal of R, then Anng(M) C I(M).

(13) If (M) = @Q4...Q,, such that Q; are distinct maximal ideals of R,
then Anng(M) C I(M).

(1ii) If Anng(M) = Q", for some mazimal ideal Q of R and positive
integer n, then I(M) = R or I(M) is a Q-primary ideal of R.

Proof. Let M be generated by n elements.

(i) By [9, Proposition 20.7], (Anng(M))" C Fitte(M) C I(M). So
Anng(M) C I(M).

(77) We shall show that Anng(M) C @, for all i = 1,...,n. Assume
that Anng(M) € Q;, for some i = 1,...,n. So Anng(M) + Q; = R.
Hence there is a ¢ € Q; such that 1 —¢ € Anng(M). By [9, Proposition
20.7], (Anng(M))™ C Fitto(M) C I(M). So (1 —¢q)" € I(M) C Q;.
Therefore 1 —q € @Q;, a contradiction. Thus Anng(M) C @Q1N...NQ, =
(i7i) By [9, Proposition 20.7], (Anng(M))™ = Q" C Fitte(M) C
I(M). So Q C /I(M). Since @ is a maximal ideal of R, \/I(M) = Q
or \/I(M) = R. This implies that [(M) is a primary ideal or I(M) =
R. O

Proposition 1.13. Let M be a comultiplication R-module. If M 1is
a decomposable module and M = (xy,...,1,), then (Anng(M))"~1 C

Fitty(M).

Proof. By Lemma 1.10, Fitt,_;(M) = R. Hence by [9, Proposition
20.7], (Anng(M))"~! C Fitte(M). O

Theorem 1.14. Let M be a finitely generated comultiplication module.
If Anng(M) = Q1...Qn, where Q;, 1 < i < n, are distinct mazimal
ideals of R, then M = R/Q1 & ... & R/Q..

Proof. Assume that (0 : ;) = 0, for some 1 < j < n. By [I, Lemma
2].], QJM = M. So H?:leM = H?:leM = 0. Hence H?:lQi -
i#j i#]
Anng(M) C Q; which is a contradiction since Qq, ..., Q);, are distinct
maximal ideals of R. Therefore by [I, Lemma 2.1], (0 :p; @;) is a simple
module for all i = 1, ...,n. Hence for all 2 = 1, ..., n there exists x; € M

such that (0 :p; ;) = Rx;. We shall show that ijﬂEi;lei = 0 for all
i#]
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j=1,...,n. Assume that Ra:]ﬂEl 1Ra:l # 0 for some j = 1,...,n. Since

Rax; is snnple Rx; N EzileZ = Rx] So, Rx; C Ezilel and hence
J

Q; = Anng(Rx;) 2 AnnR(EZ 1Rx ) 2 II7 ,@;. This implies that there

exists i # j, 1 < i < n, such that @; = @; which is a contradiction
since 1, ..., ), are dlstmct maximal ideals of R. Therefore N = Rz ®
.. ® Rz, is a submodule of M and Anng(N) = Anng(M). Since M
is a comultiplication module, by Lemma 1.2, N = M. Hence M =
Rty @ ... & R, Z R/Q1 D ... ® R/Q,. O

Von Neumann regular ring is a ring R such that for every a € R
there exists an element b € R such that a = aba.

Proposition 1.15. Let M be a finitely generated comultiplication R-
module. If R is a von Neumann regular ring, then I(M) = @Q1...Q,,
where Q; are mazximal ideals of R, 1 <1 < n.

Proof. By [2, Corollary 1.7], M is a semisimple module. Hence there
exist maximal ideals @1, ..., @, of R such that M =2 R/Q1®...®R/Q,.

So I(M) = Q1...Qn. 0

Theorem 1.16. Let M be a finitely generated comultiplication module.
If Fitto(M) = @Q1...Qn, where Q;, 1 < i < n, are distinct mazximal ideals
of R, then M is a semisimple module.

Proof. Similar to the proof of Theorem 1.14, (0 :3; @;) are simple
modules for all ¢ = 1,...,n and for all 1 < j <mn, Rz; N E@lexi =0,
i#j

where Rx; = (0 :p @Q;) forall1 <i¢<mn. Put N = Rz ®...® Rx,,. We
have @;...Q, = Fitto(M) C Anng(M) C Anng(N) = Q;...Q,. Thus
by Lemma 1.2, M = N. O

Lemma 1.17. Let M be a finitely generated module. If Anng(M) =
(€), where e is a non-zero idempotent element of R, then I(M) =
Anng(M).

Proof. Let M = (xq,...,x,). By [9, Proposition 20.7], (Anng(M))" C
Fitto(M). So e = e™ € Fitto(M). Hence Fitto(M) = (e). O

Theorem 1.18. Let M be a finitely generated comultiplicatin module.
If there is a submodule N of M such that Anng(N) = (e), where e is
an idempotent element of R, then N s a direct summand of M and

I(M) C (e).

Proof. Assume that N is a proper submodule of M and Anng(N) = (e).
Put K = {m € M : (1 —re)m = 0 for somer € R}. It is clear
that K is a submodule of M and N N K = 0. For m € M we have
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m=(1—-em+emandem € K, (1—eym € N. So M = N & K.
By [7, p.174], I(M) = I(N)I(K) and by Lemma 1.17, I(N) = (e), so
I(M) C (e). O

Corollary 1.19. Let M be a finitely generated strong comultiplication
R-module. If e is an idempotent element of R, then e € Anng(M) or
1 —ee Anng(M).

Proof. Let e be an idempotent element of R. If (0 :j; ) = M, then
e € Anng(M). If (0 :py €) = 0, then (0 :py 1 —e) = M. Hence
1 —e € Anng(M). If (0 :pr €) is neither M nor 0, then by Theorem
118, M = (0 :pr €)® L where L = {m : (1—re)m = 0 for some r € R}.
If m € L, then there is some r € R such that m = rem. So em =
r(e)*m = rem = m. Hence 1 — e € Anng(L). Thus L C (0 :3y 1 —e).
It’s clear that (0 :); 1 —e) C L. Since M is a strong comultiplication,
Anng(L) = (1—e) and Anng(0 :ps €) = (e). By Theorem 1.18, I(M) C
(e) and I(M) C (1 —e). So I(M) =0 and it’s contradiction. O

Proposition 1.20. Let M be a finitely generated module over a Priifer
domain R and Q) be a maximal ideal of R. Then Anng(M) = Q", for
some positive integer n if and only if Fitty(M) = Q*, for some k € N.

Proof. Let M be generated by m elements. By [9, Proposition 20.7],
Q" = Anng(M)™ C Fittg(M). So Fitte(M) is a Q-primary ideal
of R. By [13, Proposition 6.9], there exists some k € N such that
Fitto(M) = Q*. Hence Fitto(M) = Q*. Conversely, suppose that
Fitto(M) = QF, for some k € N. Since QF = Fitto(M) C Anng(M),
Anng(M) is a Q-primary ideal of R. Hence By [13, Proposition 6.9],
there exists some n € N such that Anng(M) = Q™. O

Theorem 1.21. Let M be a finitely generated comultiplicatin module
over a Priifer domain R. If Fitty(M) = Q", where Q) is a mazximal
ideal of R and n is a positive integer, then M is cyclic.

Proof. Let M = (x1,...,x,). Since Q" = Fittg(M) C Anng(M) C
Anng(z;), Anng(z;) is a @Q-primary ideal of R . By [13, Proposition
6.9], there exist some k; € N, 1 <4 < n, such that Anng(z;) = Q.
Put k = max{ky,...,k,}. Let Anng(z;) = QF, for some 1 < j < n.
So Anng(z;) € Anng(x;) for all 1 < i < n. Hence Rz; C Rz, for all
1 <7 <n. This implies that M = Rz;. O

Theorem 1.22. Let M be a finitely generated comultiplicatin module.
Then R/ Fitty(M) is a semilocal ring.

Proof. Let M be generated by n elements. By [9, Proposition 20.7],
Anng(M)™ C Fitte(M). If @ is a maximal ideal of R such that
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Fitto(M) C @, then Anng(M) C Q. Since R/Anng(M) is a semilocal
ring, R/Fitto(M) is a semilocal ring. O

Corollary 1.23. Let M be a finitely generated comultiplicatin module.
If R is not a semilocal ring, then (M) = Fitty(M).
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