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THE UNIVERSAL AIR- COMPACTIFICATION OF A
SEMIGROUP

A. SAHLEH ∗ AND L. NAJARPISHEH

Abstract. In this paper we establish a characterization of abelian
compact Hausdorff semigroups with unique idempotent and ideal
retraction property. We also introduce a function algebra on a
semitopological semigroup whose associated semigroup compacti-
fication is universal with respect to these properties.

1. Introduction and preliminaries

Throughout this paper S is a semitopological semigroup. A semi-
group compactification of S is a pair (ψ,X), where X is a compact,
Hausdorff, right topological semigroup and ψ : S −→ X is a continuous
homomorphism such that ψ(S) = X and ψ(S) ⊂ Λ(X) := {t ∈ X :
the function s 7−→ ts : X −→ X is continuous}.

The C∗-algebra of all continuous bounded complex-valued functions
on S is denoted by C(S). For C(S), left and right translations Ls
and Rt are defined for all s, t ∈ S and f ∈ C(S) by (Lsf)(t) =
f(st) = (Rtf)(s). A translation invariant C∗-subalgebra F of C(S) (i.e.
Lsf ∈ F and Rsf ∈ F for all s ∈ S and f ∈ F) containing the constant
functions is called m-admissible if the function s 7→ (Tµf)(s) = µ(Lsf)
is in F for all f ∈ F and µ ∈ SF (=the spectrum of F); then the
product of µ, ν ∈ SF can be defined by µν = µ ◦ Tν and the Gelfand
topology on SF makes (ε, SF) a semigroup compactification (called the
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F -compactification) of S, where ε : S −→ SF is the evaluation map-
ping. Conversely, if (ψ,X) is a compactification of S, then ψ∗(C(X))
is an m-admissible subalgebra of C(S), where ψ∗ is the dual mapping
of ψ, and this correspondence between compactifications of S and m-
admissible subalgebras of C(S) is one-to-one up to isomorphism(see [3,
Theorem 3.1.7 ]). Some of the usual m-admissible subalgebras of C(S),
that we need in the rest of this paper, are the following:
LMC(S) = {f ∈ C(S) : Rsf is relatively compact in C(S) in the topol-
ogy of pointwise convergence on S},
WAP(S) = {f ∈ C(S) : f is weakly almost periodic function on S},
D(S) = {f ∈ LMC(S) : µην(f) = µν(f) for µ, ν, η ∈ SLMC with
η2 = η},
MD(S) = {f ∈ D(S) : ηµ(f) = µ(f) for µ, η ∈ SLMC with η2 = η},
SD(S) = {f ∈ D(S) : µη(f) = µ(f) for µ, η ∈ SLMC with η2 = η},
GP(S) =MD(S) ∩ SD(S) [3].
We also write AB for {f ∈ WAP(S) : f(st) = f(ts), and f(stu) =
f(sut) for all s, t, u ∈ S} [4].

A P -compactification (ψ,X) of S, that is an extension of other P -
compactification of S is called a universal P -compactification of S.
That is for any other compactification (ϕ, Y ), having the property P ,
there exists a homomorphism π : (ψ,X) −→ (ϕ, Y ), where π is a
continuous mapping from X onto Y with πoψ = ϕ, or equivalently,
ϕ∗(C(Y )) ⊆ ψ∗(C(X)) (see [3, Theorem 3.1.9 ]). The LMC,WAP
and D-compactifications are universal with respect to the properties of
being a (right topological) semigroup, a semitoplogical semigroup and
an inflation of a rectangular group, respectively [3], [6]. The reader
is referred to [3] for more information about compactifications of S
,m-admissible subalgebras of C(S) and universal P -compactifications.

A left ideal (respectively, right ideal, ideal) of a semigroup S is said
to be minimal if it properly contains no left ideal (respectively, right
ideal , ideal) of S. An idempotent e in a semigroup S is said to be
minimal if it satisfies the following equivalent conditions :

(i) Se is a minimal left ideal.
(ii) eS is a minimal right ideal.
(iii) eSe(= eS ∩ Se) is a group.

Let S be a compact, Hausdorff, right topological semigroup. Then S
has a minimal idempotent [3, Theorem 1.3.11 ].The intersection of all
ideals of a semigroup S is denoted by K(S). For a semigroup S with
a minimal idempotent, S has a unique minimal ideal K := K(S) and
K = ∪{Se : e ∈ E(K)} = ∪{eS : e ∈ E(K)} = ∪{eSe : e ∈ E(K)} [3,
Theorem 1.2.12 ].
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A semigroups has the ideal retraction property if each of its ideals
is the image of some idempotent endomorphism. Aucoin et al. [1], [2]
initiated the study of semigroup with ideal retraction property.

2. Ideal retraction property on compact abelian
semitopological semigroup

In this section we characterize the equivalent condition with the ideal
retraction property for a compact abelian semitopological semigroup.
It is easy to see that every group has the ideal retraction property. We
notice that groups have a unique idempotent.

The following example presents a semigroup S with a unique idem-
potent enjoying the ideal retraction property, while S is not a group.

Example 2.1. Let S = {a, b, c} be the semigroup with the following
multiplication table:

a b c
a a a a
b a b a
c a a c

Then S is an abelian semigroup with unique minimal idempotent a.
Moreover S has ideal retraction property, while S is not group.

In the following example we introduce an abelian semigroup with
unique idempotent that has not ideal retraction property.

Example 2.2. Let S = {a, b, c} be the semigroup with the following
multiplication table:

a b c
a a a a
b a a a
c a a b

Finally the following semigroup is a compact abelian semigroup with
a unique idempotent while it is not simple.

Example 2.3. Let S = {a, b, c} be the semigroup with the following
multiplication table:

Then a is unique minimal idempotent of S. Moreover S has ideal
retraction property and K(S) = {a, c} = S2. we notice that S is not
group.

The previous examples lead us to the following theorem.
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a b c
a a c c
b c a a
c c a a

Theorem 2.4. Let S be an abelian compact Hausdorff semigroup with
unique idempotent e. Then the following statements are equivalent:
(i) K(S) = S2;
(ii) S has the ideal retraction property.

Proof. First we notice that since S is compact, e is a minimal idempo-
tent and K(S) = Se = eS = eSe. So K(S) ⊆ S2.
(i) =⇒ (ii) : Suppose that S has ideal retraction property, and s, t ∈ S.
Then there exists a homomorphic retraction φ : S −→ (st)2S1. Then
s2t2 = (st)2 = φ((st)2) = φ(st)φ(st), so there exists u ∈ S1 such that

s2t2 = ((st)2u)((st)2u) = s4t4u2. So (s2t2u2)
2

= s4t4u4 = (s4t4u2)u2 =
(s2t2)u2 = s2t2u2. Hence s2t2u2 is an idempotent and we conclude
that s2t2u2 = e and s2t2 = s4t4u2 = (s2t2)(s2t2u2) = s2t2e. So
s2t2 ∈ K(S). Now for ideal stS1 there exists a homomorphic retraction
ϕ : S −→ stS1. Thus st = ϕ(st) = ϕ(s)ϕ(t), so there exists v, w ∈ S1

such that st = (stv)(stw) = (s2t2)(vw) ∈ K(S)S ⊆ K(S) and this
implies that S2 ⊆ K(S).
(ii) =⇒ (i) : Let K(S) = S2 and I be an ideal of S. Define φ : S −→ I
by

φ(s) =

{
s s ∈ I
se s /∈ I.

It is easy to see that φ |I= 1I . To see that φ is homomorphism let
s, t ∈ S. Then st ∈ S2 = K(S) ⊆ I, so φ(st) = st. Moreover since
st ∈ K(S) = Se, there exists some u ∈ S such that st = ue, thus
ste = uee = ue = st. So if s, t ∈ I or s ∈ I, t /∈ I or s, t /∈ I we
conclude that φ(st) = φ(s)φ(t) and this completes the proof. �

The compactification (ψ,X) of S is called theAIR- compactification
of S, if X is an abelian semigroup with unique idempotent and ideal
retraction property.

In the following lemma, we provide essential condition for existness
of universal AIR- compactification in the next theorem.

Lemma 2.5. The AIR- property of compactifications is invariant un-
der subdirect products.

Proof. Let (ψ,X) = ∨{(ψi, Xi) : i ∈ I}, where, for each i ∈ I, (ψi, Xi)
is a compactification of S with AIR- property. If (φ, Y ) denote the
universal compactification of S, then there exist onto homomorphisms
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π : (φ, Y ) −→ (ψ,X) and πi : (φ, Y ) −→ (ψi, Xi), i ∈ I, such that
π(y) = (πi(y)), y ∈ Y . Now by Theorem 2.2 and [3, Theorem 1.3.16]
we have K(X) = π(K(Y )) = π(Y 2) = π(Y )2 = X2. Therefore (ψ,X)
has AIR- property, as claimed. �

Theorem 2.6. Let S be a semitopological semigroup, then S has a
universal AIR- compactification.

Proof. In the previous lemma, we proved that the AIR- property of
compactifications of a semitopological semigroup S is invariant under
subdirect products. Moreover in the similar way AIR- property is in-
variant under isomorphisms, so by [3, Theorem 3.3.4 ] S has a universal
AIR- compactification. �

Let (ψ,X) be the universal AIR- compactification of S. Then
ψ∗(C(X)) is an m- admissible subalgebra of C(S). We denote ψ∗(C(X))
by AIR(S) and the canonical AIR(S)- compactification of S by
(ε, SAIR).

3. Algebra of functions on a semitopological semigroup

In this section we study the relation between AIR- compactifica-
tion of a semitopoligical semigroup S and its corresponding algebra of
functions. The next lemma characterizes AB and D in terms of the
elements of SWAP and SLMC, respectively.

Lemma 3.1. Let S be a semitopological semigroup.
(i) A function f ∈ WAP(S) is in AB(S) if and only if µν(f) =

νµ(f) and Tµνf = Tνµf for all µ, ν ∈ SWAP [4, Lemma 3.1 ].
(ii) A function f ∈ LMC(S) is in D(S) if and only if µην(f) =

µν(f) for all µ, ν ∈ SLMC and η ∈ E(SLMC) [3, Lemma 4.6.2 ].

Lemma 3.2. Let S be a semitopological semigroup.
(i) (ε, SD) is the semigroup compactification of S which is universal

among compactifications (ψ,X) with the property that xey = xy(x, y ∈
X, e ∈ E(X)) [3, Theorem 4.6.5 ].

(ii) (ε, SAB) is the semigroup compactification of S which is universal
among compactifications (ψ,X) with the property that xy = yx(x, y ∈
X)[4, Theorem 3.2 ].

For a semitopological semigroup S, we write ABD for AB ∩ D. By
the above lemmas, a function f ∈ WAP(S) is in ABD(S) if and
only if µν(f) = νµ(f), Tµνf = Tνµf for all µ, ν ∈ SWAP and for
all idempotent η ∈ SLMC such that µην(f) = µν(f), moreover ABD is
an m-admissible subalgebra of C(S).
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Lemma 3.3. Let S be a semitopological semigroup, then SABD has the
AIR- property.

Proof. Let X = SABD and f ∈ ABD(S), Then X is a compact Haus-
dorff right topological semigroup. Moreover since µν(f) = νµ(f) for all
µ, ν ∈ X, X is abelian. Now we should prove that X has a unique idem-
potent and K(X) = X2. Let η ∈ E(SLMC). So µν(f) = µην(f) =
µνη(f), for all µ, ν ∈ X. Therefore µν = µνη ∈ Xη. So we have
X2 ⊆ ∪{Xη : η ∈ E(X)} = K(X) and this implies that X2 = K(X).
Moreover since X is abelian semigroup and K(X) 6= ∅, by [3, Corollary
1.2.14 ] K(X) is a group and X has an unique minimal idempotent.
Thus X has the AIR- property, as required. �

The previous lemma implies that ABD(S) ⊆ AIR(S). In the fol-
lowing theorem we prove the converse of this relation.

Theorem 3.4. Let S be a semitopological semigroup. Then ABD(S) =
AIR(S).

Proof. By Lemma 3.3, ABD(S) ⊆ AIR(S). Suppose that (ψ,X) =
(ε, SAIR) and f ∈ AIR(S). So there exists g ∈ C(X) such that f =
ψ∗(g) ∈ WAP and

µν(f) = µν(ψ∗(g)) = g(π(µν)) = g(π(νµ)) = νµ(f),

µην(f) = µην(ψ∗(g)) = g(π(µην)) = g(π(µν)) = µν(f),

where π : (ε, SWAP) −→ (ψ,X) is the canonical homomorphism whose
existence is guaranteed by the universal property of (ε, SWAP). Hence
f = ψ∗(g) ∈ ABD(S), as claimed. �

Corollary 3.5. Let S be a semitopological semigroup. Then (ε, SAIR)
is the semigroup compactification of S which is universal among com-
pactifications (ψ,X) with the property that xey = xy and xy = yx,
(x, y ∈ X, e ∈ E(X)).

4. Reductive compactifications and E-algebras

An action of a semigroup S on a topological space X is a mapping
σ : S ×X −→ X such that

(i) σ(S, .) : X −→ X is continuous for each s ∈ S, and
(ii) σ(st, x) = σ(s, σ(t, x) for all s, t ∈ S and x ∈ X.

A flow is a triple (S,X, σ), where S is a semigroup, X is a nonempty,
compact, Hausdorff, topological space, and σ is an action of S on X.
Let (ψ,X) be a compactification of S, then the mapping σ : S×X −→
X, defined by σ(s, x) = ψ(s)x, is separately continuous and so (S,X, σ)
is a flow. If ΣX denotes the enveloping semigroup of the flow (S,X, σ)
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(i.e., the pointwise closure of semigroup {σ(s, .) : s ∈ S} in XX) and
the mapping σX : S −→ ΣX is defined by σX(s) = σ(s, .) for all s ∈ S,
then (σX ,ΣX) is a compactification of S (see [3, Proposition 1.6.5 ]).

A semigroup S is called right reductive if for each u, v ∈ S, ut = vt
for all t ∈ S implies u = v. One can easily verify that ΣX = {λx :
x ∈ X}, where λx(y) = xy for each y ∈ X. If we define the mapping
θ : X −→ ΣX by θ(x) = λx, then θ is a continuous homomorphism
with the property that θoψ = σX . So (σX ,ΣX) is a factor of (ψ,X),
that is (ψ,X) ≥ (σX ,ΣX). By definition, θ is one-to-one if and only if
X is right reductive.

Proposition 4.1. Let S be a semitopological semigroup and Let X =
SAIR. Then ΣX is right reductive.

Proof. Let x1, x2 ∈ X, λx1λy = λx2λy for all y ∈ X. Since X =
SAIR, X is is an abelian semigroup with unique idempotent and ideal
retraction property. Let e be a unique minimal idempotent of X, So e
is identity for X2. Thus for z ∈ X and y = e we have

λx1(z) = x1ze = x1ez = λx1λe(z) = λx2λe(z) = x2ez = x2ze = λx2(z).

Hence λx1 = λx2 , as claimed. �

Proposition 4.2. [5, Proposition 2.1] Let (ψ,X) be a compactification
of S. Then (σX ,ΣX) ∼= (ψ,X) if and only if X is right reductive.

Corollary 4.3. Let S be a semitopological semigroup and Let X =
SAIR. Then (σΣX

,ΣΣX
) ∼= (σX ,ΣX).

Proof. By Proposition 4.1 and Proposition 4.2, the proof is clear. �

Proposition 4.4. Let S be a semitopological semigroup and Let X =
SAIR. Then ΣX is an abelian group.

Proof. Let e be a unique minimal idempotent of X, so e is identity for
X2. First we notice that λe is identity for ΣX , because for all x, y ∈ x
we have

λxλe(y) = λxe(y) = xey = yxe = yx = xy = λx(y).

So λxλe = λx. similarly, we have λeλx = λx. Also, since xe ∈ X2 =
K(X) and e is identity for the group X2, there exists y ∈ X such that
(xe)(ye) = e. Now for z ∈ X we have

λxλy = λxeλye = λxeye = λe.

Thus every element of ΣX is invertible. Finally

λxλy(z) = λxy(z) = xyz = yxz = λyx(z) = λyλx(z).

Hence ΣX is an abelian and this completes the proof. �
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Example 4.5. Let S be the presented semigroup in Example 2.3. Then
a is unique minimal idempotent of S. Moreover S has ideal retraction
property and K(S) = {a, c} = S2. So by Proposition 4.4, since ΣS is
an abelian group, ΣS is right reductive. We notice that for all s ∈ S
we have bs = cs, while b 6= c. Thus S is not right reductive.

An m-admissible subalgebra F of C(S) is called an E-algebra if there
is a compactification (ψ,X) such that (σX ,ΣX) ∼= (ε, SF). In this
setting (ψ,X) is called an EF -compactification of S [7, Definition
1.6.5 ].

Theorem 4.6. Let S be a semitopological semigroup. Then (ε, SAIR)
is an EAB ∩ GP-compactification of S.

Proof. Let X = SAIR and e be the unique minimal idempotent of X.
For (σX ,ΣX) ∼= (ε, SAB∩GP), we prove that σX

∗(C(ΣX)) = AB ∩ GP .
Since (ε, SAB∩GP) is the universal abeleian group compactification of
S, σX

∗(C(ΣX)) ⊆ AB ∩ GP . For the convese, let f ∈ AB ∩ GP . We
define the mapping g : ΣX −→ C by g(λx) = x(f). We show that g
is well-define, bounded and continuos. for this goal, let λx = λy. So
for all z ∈ X we have zx = zy. By setting z = e, ex = ey. Thus for
f ∈ GP , ex(f) = ey(f), hence x(f) = y(f). Simillarly g is continuous.
We notice that goσX = f as claimed. �
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