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GOOD STRONGLY REGULAR RELATIONS ON WEAK
I-(SEMI)HYPERGROUPS

T. ZARE, M. JAFARPOUR *, AND H. AGHABOZORGI

ABSTRACT. In this paper first we introduce the notion of weak
I'-(semi)hypergroups, next some classes of equivalence relations
which are called good regular and strongly good regular relations
are defined. Then we investigate some properties of this kind of
relations on weak I'-(semi)hypergroups.

1. INTRODUCTION

The algebraic hyperstructure notion was introduced in 1934 by a
French mathematician F. Marty [10], at the 8th Congress of Scan-
dinavian Mathematicians. He published some notes on hypergroups,
using them in different contexts: algebraic functions, rational frac-
tions, non-commutative groups. Algebraic hyperstructures are a suit-
able generalization of classical algebraic structures. In a classical alge-
braic structure, the composition of two elements is an element, while
in an algebraic hyperstructure, the composition of two elements is a
set. Around the 40’s, the general aspects of the theory, the connec-
tions with groups and various applications in geometry were studied.
The theory knew an important progress starting with the 70’s, when
its research area enlarged. A book on hyperstructures [1] points out
on their applications in cryptography, codes, automata, probability,
geometry, lattices, binary relations, graphs and hypergraphs. Many
authors studied different aspects of semihypergroups, for instance, P.
Bonansinga and P. Corsini [1, 3], Davvaz [5], Freni [0], Leoreanu [9]
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and Onipchuk [12]. In 1986, Sen and Saha [17] defined the notion of a
['-semigroup as a generalization of a semigroup. Many classical notions
of semigroups have been extended to I'- semigroups and a lot of results
on I'-semigroups are published by a lot of mathematicians, for instance
[7 ) ) ) ) ) ) }

In this research first we introduce the notion of weak I'-(semi) hyper-
group as a generalization of T'-(semi)hypergroups. Using the class of
weak I'-(semi)hypergroups we introduce the associated semihypergroup
(S,or) of a weak I'-(semi)hypergroup (S,I"). We introduce good reg-
ular and strongly good regular relations in weak I'-(semi)hypergroups
and we obtain some properties of these kind of relations in weak I'-
(semi)hypergroups. Finally, we generalize the notion of left and right
[-hyperideal. For a weak I'-semihypergroup S we introduce a weak
left(right) I-hyperideal of S.

2. PRELIMINARIES

We recall here some basic notions of hypergroup theory and we fix the
notations used in this note. We encourage the readers to the following
fundamental book Corsini [2].

Let H be a non-empty set and P*(H) denote the set of all non-
empty subsets of H. Let o be a hyperoperation (or join operation) on
H, that is, a function from the cartesian product H x H into P*(H).
The image of the pair (a,b) € H x H under the hyperoperation o in
P*(H) is denoted by a o b. The join operation can be extended in a
natural way to subsets of H as follows: for non-empty subsets A, B of
H, define Ao B = U{aob | a € Abe B}. The notation a o A is
used for {a} o A and A oa for Ao {a}. Generally, the singleton {a}
is identified with its element a. The hyperstructure (H, o) is called a
semihypergroup if a o (boc¢) = (aob) o c for every a,b,c € H, which

means that
U uoz = U X O.

ucxroy vEYoZz
A semihypergroup (H, o) is called complete if, for every natural num-
bers n,m > 2 and all tuples (21, xo,...,2,) € H" and (Y1, Y2, - -, Ym) €
H™ we have the following implication:

]i[xifﬂ[lgﬁ #3®:$:IIZQ ::I]ﬁh7
i=1 j=1 i=1 j=1

m
where [[ z; = xj0x90 -0z, and [[ y; = y10y20---0y,,. In practice,
i=1 j=1
the next characterization is more useful.
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Theorem 2.1. ([2]) A (semi)hypergroup (H, o) is complete if it can be
written as the union H = | A of its subsets, where S and Ay satisfy
ses
the conditions:
(1) (S,-) is a (semi)group;
(2) for every (s,t) € S?, where s # t, we have As() Ay = 0;
(3) if (a,b) € Ay x Ay, then aob = Ag,y.

A semihypergroup (H, o) is called a hypergroup if the reproduction
law holds: ao H = Hoa = H, for every a € H.

3. WEAK T['-SEMIHYPERGROUPS

In this section, we introduce a generalization of the notion of I'-(semi)
hypergroup by the notion of weak I'-(semi)hypergroup. Using the class
of weak I'-(semi)hypergroups we introduce the associated semihyper-
group (5, or) of a weak I'-(semi)hypergroup (5,T").

Definition 3.1. (see [11]) Let S and I' be two non-empty sets. S is
called a I'-semihypergroup if for every v € T' is a hyperoperation on
S, ie. xyy C S, for every x,y € S, and for every (o, 3) € I'* and
(z,9,2) € 83, we have (ray)Bz = za(yBz).

The I'-semihypergroup Sr is called non-cover if for every z,y € S
and v € I' we have zyy # S.
From now on we show the (semi)hypergroup (5,7) with S,. If every
~v € I' is an operation, then S is a I'-semigroup. If S, is a hypergroup
for every v € I', then S is called a I'-hypergroup.

Definition 3.2. Let S and I' be two non-empty sets. S is called a
weak ['-semihypergroup if for every v € I' is a hyperoperation on S,
ie. ayy C S, for every z,y € S, and for every (a,3) € I'? and
(x,y,2) € S3, we have

[(zay)B2] U [(2Py)az] = [za(yBz)] U [24(yaz)].

Moreover, S is called a weak ['-hypergroup if for every v € I', we have
aySy = Syya = S5, for every a € S,

Let (S,T") be a weak I'-hypergroup. We define the hyperoperation
or on S as follows:

vory=|Jzw
vyel

for every (z,y) € S2.
Example 3.3. Let n,t € N, 2 <n and (Z,,+) be the cyclic group of

order n. Consider the operation a4,b=a +b+t, for every a,b € Z,.
Now let ' = {+ | k € K C N} then (Z,,T") is a weak I'-group.
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Proposition 3.4. If (S,I") be a weak I'-semihypergroup then (S, or) is
a semihypergroup.

Proof. Let (x,y,z) € S* and a € (x or y) or z. Then there exists
(a, B) € T? such that a € (zay)Bz so a € za(yBz) or a € zf(yaz).
Hence a € xor(yorz). Therefore (zory)orz C xor(yorz). Similarly we
have zor (yorz) C (zory)orz. Thus (S, or) is a semihypergroup. O

From now on we call (S, or) is the associated (semi)hypergroup of
(S.T).

Example 3.5. Suppose that in Example 3.3, n = 3 and K = {1, 3}.
Then the associated hypergroup is as follow:

op‘(_) 1 2
001 1.2 0.2
1112 02 01
20,2 0,1 1,2

4. GOOD RELATIONS ON WEAK I'-(SEMI)HYPERGROUPS

In this section we introduce good regular and strongly good regular
relations in weak I'-(semi)hypergroups. Also we obtain some properties
of these kind of relations in weak I'-(semi)hypergroups.

Definition 4.1. Let S be weak I' -(semi)hypergroup and R be an
equivalence relation on S, we set

ARB < aRb, (Ya € A,3b € B)&(Vb € B,3a € A),

AR B & aRb,Ya € AYb e B,
for every pairs (A, B) of non-empty subsets of S2.

(1) The relation R is called regular on the left (on the right, respec-
tively) if xRy = ayxRayy ( xRy = xyaRy~ya, respectively),
for every (z,y,a) € S* and v € T'. Moreover, R is called reqular
if it is regular on the right and on the left.

(2) The relation R is called strongly regular on the left (on the right,
respectively) if xRy = ayx R ayy ( xRy = x7ya R y7ya, respec-
tively), for every (z,y,a) € S® and v € I". Moreover, R is called

strongly regular if it is strongly regular on the right and on the
left.

Definition 4.2. A regular relation R is called good regular ( strongly
regular relation R is called good strongly regular, resp.) if it satisfies

(1) (zay)BzR(zBy)az, ((zay)Bz R (z8y)az);
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(2) wa(yBz)ReBlyaz), (ra(ysz) R vB(yaz)):
for every (z,y,2) € S3, (o, 8) € T2

Definition 4.3. Let S be weak I' -(semi)hypergroup and R be an
equivalence relation on S. Let R(a) be the equivalence class of a with

S
respect to R and let 7= {R(a) | a € S}. For every v € I" we define

S
J on — as follows:

R R
R(a)=R(b) = {R(z) | z € ayb}.

I gl
N t —=1{= el'}.
ow we set - {R\fy }

Theorem 4.4. Let S be a weak I' -(semi)hypergroup and R be an
equivalence relation on S. The following conditions are equivalent :

(1) R is regular relation,

(2) = is a weak = -(semi)hypergroup.

Proof. (1 = 2). We need to prove that for every v € I' the hyperop-
eration % is well defined. Let v € " and 2,y € S. If 2’ € R(x) and

y € R(y), we prove that R(x)%R(y) = R(a:/)%R(y'). We have 2’ Rz,

y' Ry, and R is regular so zyyRxyy and 2yy Rx'vy . Hence, for every
w € x7yy, there exists u € vy such that wRu and for every v € zvyy
there exists z € 2’y such that zRv. Thus, for every w € zyy there ex-

ists z € o'y such that wRz. Therefore, for every R(w) € R(I)%R(y)
there exists z € 2/yy’ such that R(w) = R(z) € R(w’)%R(y’), that is

)

Also we have

R - R
a g T
Now we want to prove that, for every R € = and R(z), R(y), R(z) €
S
Ea
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(1R() % R S R(:)) U (R() R ()
Let Rluw) € (R(x) S [R() S RE)DURE) (R
R()

(R(x) % [Rl) 5 RE)) or Bw) € (R(),
[R(y)
exists R(v) € R(y )gR( ) such that R(w) € R(x

of generality suppose that R(w) € (R(x)
)
suppose that v € yfz and w € za(yfz)UzS(yaz)

ZR()).

R(z)]) then R(w) €

SRS
:uT@

D:JIQ

)
R(z)]). Without loss
)

R(z)]). Then there

:UIQ

R(v). Hence we can
(my)ﬁzU(fEﬁy)aZ

o
R
i

e [R) % R SR()

then w € (zay)Bzorw € (xfy)az. Hence R(w) €

or R(w) € [R(:L’)%R(y)}%}%(z)) Hence
(R(a) S[R() S RE) U (B@) 2 [R() SR)) ©
Q 15} 15} «
(IR) SR 2 RE) U (RE) S RE) SR(E)
In a similar way we obtain
(IR@) SR 2 RE) U (R Rw) SR(:) ©
Q 16 16 Q
(R(a) S[R() 2 RED U (RE) 2 [R() S RE))

(2 = 1). Let xRz’ then R(x) = R(z') and so for every 4 € S, we

have R(m)%R(y’) = R(x’)%R(y’). Now let u € zvy’. Then R(u) €

R(x)}l%R(y’) = R(m’)%R(y’) and so there exists v € z'vy’ such that

R(v) = R(u). In the same way, for every z € 2'vyy' there exists w € zvyy'
such that R(w) = R(z). Therefore, vy’ Rz'vy' and so R is regular on
the right. Similarly it is regular on the left and so it is regular. U

Proposition 4.5. If (S,T") is a weak I'-(semi)hypergroup and R is a
good relation on S, then = 5 a E—(semi)hypergroup

Proof. We have R is a good regular relation on S, so (vay)BzR(xBy)az
and za(yfz)RxS(yaz), for every (z,vy,z) € s, (o, §) € T2
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p

R(y))ER(z) Then there exists R(v) € R(x)%R(y)

R(z). Hence we can suppose that v € zay

Let R(w) € (R(x)

= e

such that R(w) € R(v)%

and w € vBz then w € (vay)Bz, so there exists w' € (vBy)az such
that R(w) = R(w'), therefor R(w) € ([R(x)éR(y)]gR(z)). Then

AW
(1R() SR R() € (R@) TR0 SRE).
In a similar way, we obtain
3 o] o 8
(IR 2 RWISRE) € (RE) SR A(E)
Therefore
s « B B a
[R(ﬁ)}—%R(y)]}—%R(Z) = R(x)}—%[R(y)}—%R(Z)L
for every g c }% and R(z), R(y), R(2) € % 0

Example 4.6. Suppose that S = {e,a,b,c} and ' = {a, f}. Consider
the semihypergroups S, and Sg, where the hyperoperations o and 3 are
defined on S by the following tables:

a\eabc B‘eabc
ele a b c ele a b ¢
ala b c e ala e ¢ b
blb c e a blb ¢ e a
clc e a b clec b a e

Let R = {(e,e),(a,a),(b,b),(c,c), (e, b),(b,e),(a,c), (c,a)}. It is easy

to see that R is a good relation and a_ %, where

R
= | B(e) R()
R(e) | R(e) R(a)
(a) | R(a) R(e)

Theorem 4.7. Let S be a weak I'-(semi)hypergroup and R be an equiv-
alence relation on S. The following conditions are equivalent:

(1) R is a strongly regular relation,
(2) if z1Ry1 and xoRyy then x1yxs R Y170
(3) I is a weak E—(semi)gmup.
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Proof. (1 < 2) is clear.
(1 =3). Let x,y € S and v € I". Since R is strongly regular, then for

every u,v € xyy we have R(u) = R(v) and so R(z)%R(y) is singleton.
Now, by Theorem 4.5, the proof is completed.

(3= 1). Let zRy,a € S and v € I, since R(x)%R(a) ={R(2) | z €
rya}, R(y)lR(a) = {R(t) | t € yya} are singleton, then for every

R
z € zya and t € yya. we have zRt and so R is strongly regular to the

right and the same way implies that R is strongly regular to the left.
Therefore, R is strongly regular. O

Theorem 4.8. Let S be a weak T' -(semi)hypergroup and R be an
equivalence good relation on S. The following conditions are equivalent:

(1) R is a strongly good regular relation,
r
(2) = is a 7 -(semi)group

Proof. The proof follows Theorem 4.7 and Proposition 4.5. O

5. '-HYPERIDEALS OF WEAK [-SEMIHYPERGROUPS

In this section, we generalize the notion of left and right I'-hyperideal.
For a weak I'-semihypergroup S we introduce a weak left(right) I'-
hyperideal of S.

Definition 5.1. (see [7]) A non-empty subset I of a I'-semihypergroup
S is called a left(right) I-hyperideal of S, if ST'I C I(IT'S C I).

Definition 5.2. A non-empty subset [/ of a weak I'-semihypergroup(
or a weak ['-semigroup) S is called a weak left(right) [-hyperideal(or
a weak left(right) T-ideal) of S, if STINT # O(ITSN T # ().

Example 5.3. Suppose that S = {e,a,b,c} and ' = {a, f}. Consider
the semihypergroups S, and Sg, where the hyperoperations o and 3 are
defined on S by the following tables:

oz‘e a b 5‘6 a b c
ele a b elS S S S
ala a S c alS S S S
b|b eab b bc b|sS S S S
cle ac ¢ S c|S § S S

In this case (S,T") is a weak I'-hypergroup and I = {e,a} is weak left I'-
hyperideal of S which is not a weak right I'-hyperideal, indeed, accNI =
0.
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Example 5.4. Consider I = {a,b,c} in Example 5.3, I is a weak
I'-hyperideal which is not an I'-hyperideal of S.

Definition 5.5. Let (S,I") be a I'-semihypergroup and « € I'. Then
subset A of S, is called

(i) a-complete if the following implication valid:
HaﬂﬁA%@#Hai QA,
i=1 i=1

n
where n > 1, (aq, a9, ...,a,) € S™ and [[ a; = a1aasa - - - aay;
i=1
(ii) I-complete if it is y-complete, for every v € I'.

Proposition 5.6. Let (S,T") be a I'-complete semihypergroup and I a
non- empty subset of S. Then I is a weak left(right) I'-hyperideal of S
if and only if it is an left(right) T'-hyperideal of S.

Proof. The proof is straightforward. 0

Proposition 5.7. Let (S,T') be a weak T'-semihypergroup and I be a
weak left(right) T'-hyperideal of S. If R be a regular relation on S.

1 r r
Then — is a weak left(right) E-hypem’deal of the E-(semz’)hypergmup

R
S
7
: SsrI1 1
Proof. First we prove that EER N = # (. From STINI # () we
conclude that there exist x € S,a € I and vy € T', such that zyanIl # 0.
1 rr I

rl[‘hllﬂlsSR(x)I}l%R(a) N = # () and so %}_%E N 7 # (). Similarly we have
———=N= . O
RRR " R 70

Proposition 5.8. Let (S,T") be a weak I'-semihypergroup and I be a
weak left(right) T-hyperideal of S. If R be a strongly regular relation

I r r
on S. Then 0 is a weak left(right) E—ideal of the E—(semi)gmup %
Proof. The proof is straightforward. O
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