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LEFT I-QUOTIENTS OF BAND OF RIGHT
CANCELLATIVE MONOIDS

N. GHRODA

ABSTRACT. Let @ be an inverse semigroup. A subsemigroup S of
Q is a left T-order in @ and @ is a semigroup of left I-quotients
of S if every element ¢ € Q can be written as ¢ = a~'b for some
a,b € S. If we insist on a and b being R-related in @), then we say
that S is straight in Q). We characterize semigroups which are left
I-quotients of left regular bands of right cancellative monoids with
certain conditions.

1. Introduction and summary

Many authors are interested in the theory of semigroups of quotients.
We recall that a subsemigroup S of a group G is a left order in G or
G is a group of left quotients of S if any element in G can be written
as a~'b where a,b € S. Ore and Dubreil 1] showed that a semigroup
S has a group of left quotients if and only if S is right reversible and
cancellative. By saying that a semigroup S is right reversible we mean
for any a,b € S,Sa N Sb # (. A different definition proposed by
Fountain and Petrich in 1985 [!] was restricted to completely O-simple
semigroups of left quotients and then shortly after to that of semigroup
of left quotients by Gould [3]. The idea is that a subsemigroup S of a
semigroup (@ is a left order in @) if every element in () can be written
as a*b where a,b € S and af is an inverse of a in a subgroup of @) and
if, in addition, every square-cancellable element of S lies in a subgroup
of Q). In this case we say that @) is a semigroup of left quotients of S.
Right orders and semigroup of right quotients are defined dually. If S
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is both a left and right order in ), then S is an order in Q) and @ is a
semagroup of quotients of S.

In the case where () is an inverse semigroup, McAlister introduced
two concepts of quotients for an inverse semigroup () with subsemi-
group S in [12]. The first one says that @) is a semigroup of strong
quotients of S if every element in () can be written as ab~'c where
a,c,b € S and b € SancS. The second one is that @) is a semigroup
of quotients of S if every element in @ can be written as ab~'c where
a,c,bes.

The author and Gould in [0] have extended the classical notion of left
orders in inverse semigroups. They introduced the following definition
of left I-orders in inverse semigroups: A subsemigroup S of an inverse
semigroup @ is a left I-order in ) and @ is a semigroup of left I-
quotients of S if every element in Q can be written as a='b where
a,b € S and a~! is the inverse of a in the sense of an inverse semigroup
theory. Right I-orders and semigroups of right I-quotients are defined
dually. If S is a left and right I-order in an inverse semigroup @, we
say that S is an l-order in ) and () is a semigroup of I-quotients of
S. Let S be a left I-order in ). Then S is straight in @) if every q € Q
can be written as a~'b where a,b € S and a R b in Q.

It is shown in [9] that a semigroup has a semilattice of groups (or a
Clifford semigroup) as its semigroup of left quotients if and only if it
is a semilattice of right reversible, cancellative semigroups. El-Qallali
[3] has been generalized this result to a left regular band of groups.
He proved that a semigroup has a left regular band of groups as its
semigroup of left quotients if and only if it is a left regular band of
right reversible, cancellative semigroups.

We remark that if a semigroup S is a left order in () in the sense of
[8, 9] (in particular @ is inverse), then it is certainly a left I-order.

Clifford [I] showed that any right cancellative monoid S with the
(LC) condition is the R-class of the identity of its inverse hull ¥(.5).
Moreover, (in our terminology) S is a left I-order in 3(S). By saying
that a semigroup S has the (LC) condition we mean for any a,b € S
there is an element ¢ € S such that Sa N Sb = Sec. Clifford established
that precisely bisimple inverse monoids can be regarded as inverse hulls
of right cancellative monoids S satisfying the (LC) condition. It is clear
that (LC) is a rather stronger condition than right reversiblity.

Gantos [10] extended the work of Clifford to semilattices of right
cancellative monoids. He considered semigroups which are semilattices
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of right cancellative monoids with certain conditions. He developed a
structure for semigroups () which are semilattices Y of bisimple inverse
monoids @),, a € Y such that the set of identities elements forms a
subsemigroup.

The author and Gould in [6] have extended Cliford’s work to a left
ample semigroup with Condition (LC). To be more precise, they proved
the following theorem.

Theorem 1.1. [06] Let S be a left ample semigroup. Then SOs is a left
I-order in its inverse hull if and only if S has Condition (LC).
If Condition (LC) holds, then SOs is a union of R¥S)-classes.

The purpose of this article is to study left I-quotients of left regular
band of right cancellative monoids. Then we get a generalization of
Gantos’s result.

By sections, this work is divided as follows. Section 2 contains no-
tations and terminology. In Section 3 we characterize semigroups S
which have a semigroup @ of left I-quotients, where @) is a left regular
bands of bisimple inverse monoids.

2. Notation and terminology

In this section we introduce necessary notions and notations that are
needed in our further considerations. For the undefined notions and
notation the reader is referred to [11] and [13].

We begin by giving some elementary facts about R*; dual for L£*.
The relation R* is defined on a semigroup S by the rule that a R* b in
S if a R b in some oversemigroup 1" of S this equivalent to aR* b if and
only if

ra =ya if and only if xb = yb
for all z,y € S'. The relation £* is defined dually and H* = R* N L*.
It is clear that R € R* and £ C L£* where R and L are the usual
Green’s relations.

A semigroup S is left ample if E(S) is a semilattice, every R*-class
contains a (necessary unique) idempotent a™ and S satisfies the left
ample identity which is:

(ae)ta = ae for all a € S and e € E(S).

We can note easily that, any right cancellative monoid is left ample.
By a right cancellative semigroup we mean, a semigroup S such that
for all x,y,z € S

rz = yz implies © = y.
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Following [7], for any left ample semigroup S we can construct an
embedding of S into the symmetric inverse semigroup Zg as follows.
For each a € S we let p, € Zg be given by

dom p, = Sa™ and im p, = Sa
and for any x € dom p,.
TP, = xa.
Then the map fg : S — Zg is a (2, 1)-embedding.

The inverse hull of a left ample semigroup S is the inverse sub-
semigroup X(.5) of Zs generated by imfg. If S is a right cancellative
monoid, then for any a € S we have a™ = 1. Then p, : S — Sa is
defined by

rp, = xa for each x in S.

Hence dom p, = S = dom Ig, giving that imfs C R; where R; is the
R-class of Ig in Zg.

As in [0] we say that a (2,1)-morphism ¢ : S — T, where S and T'
are left ample semigroups with Condition (LC), is (LC)-preserving if,
for any b, c € S with SbN Sc = Sw, we have that

T(bg) NT(ch) = T(we).

Recall [1] that a semigroup B is called a band if every element in B
is an idempotent. A commutative band is called a semilattice. A band
B is said to be left regqular if it satisfies the identity 757 = ij for any
1,7 € B. By < we will denote the natural partial order on B, i.e. a
relation on B defined by j < i <= ij = ji = j (i,7 € B). We shall
define the quasiorders (that is, reflexive and transitive) <,, <; on a
band B by: for ¢, € B

jRrie=ij=j S ji=
It is clear that

Jj=pi<= (ke B)ik=j, and j X, i <= (Ik € B)ki = j.
Clearly, <,==;=< concide if B is a semilattice. In a left regular band,
if j <. 7and ¢ =<, j, then ¢+ = iji = ij = j. It follows that a left
regular band B is partially ordered with respect to <,. We call this

partial order the R-order on B. It is easy to see that the relation =
is reflexive and transitive, but not necessarily antisymmetric.

A semigroup S is a band of right cancellative monoids if S = [J(S,, a €
B) where S, is a right cancellative monoid, S, NSz =0 if a # 3, B is
a band and 5,53 C Su3.
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3. Left I-orders

El-Qallai [3] starts with a left regular band B of right reversible
cancellative semigroups S,, for every a € B, lets G, be the group of

left quotients of S,, and on @ = |J G, defines a multiplication which
aeB
makes it a semigroup of left quotients of S. In this section we are

concerned with a semigroup of left I-quotients of a semigroup S which
is a left regular band B of right cancellative monoids S,, o € B such
that each S, has the (LC) condition. We start with the following useful
lemma.

Lemma 3.1. Let S be a left reqular band 'Y of right cancellative monoids
Sy, €Y. Let e, denote the identity of Sy, € Y. Then

(1) egaa = €pa

(1) €eatpa = €ap;

(1ii) E(S) ={ea:a €Y} isaleft reqular band;

(i) A0€pa = €apla;

(v) for any a,b € S, aR*b in S if and only if a,b € S, for some «
m'Y;

(vi) S satisfies the left ample identity.

Proof. (i) Let e, € S, be the identitie of S,. Since egaen € Spa We
have

(€gata)(€gata) = [(€gaca)epalea = (€gata)ea = €ga(€ata) = €gata-
Hence egqé€, is an idempotent in Sg,. But there is only one idempotent

in Sga, so that egaeq = €sq.
(17) Let e, € S, be the identitie of S,. From (i) we have

(eata)(€atpa) = €a(€8a€n)€sa = €a€saCa = €a(€Bata) = €a€aa-
Hence (€a€sa)* = €a€sa € Sap, that is, e,e5, is an idempotent in S,p.
Since eg is only one idempotent of S, g, we conclude that e,esq = €qp.

(i7i) Let e, € S, and eg € Sp for some o, f € Y. Then e eg € Syp
and from (ii) we have that

eats = (€0€3)€as = €a(€s€as) = €a€pa = €ap-

Similarly, ege, = g, so that E(S) is a band. Using (i¢) we have

esats = €3(€a€s) = €3€05 = €305 = €80 = €3Eaq.
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(iv) Let ego € Spa and a, € S, for some a, f € Y. Then

a€CBa = (aaea)ega

Ao (€atpa)

Aaq€ap

= €ap(aatap)

= (eaﬂaa)eaﬁzeaﬁaa

(v) Suppose that a R*bin S where a € S, and b € Sg. Then e,a = a
and so e,b = b. Thus af = 3, that is § <, a. Dually, o <, 5 and
hence o = ; clearly, a R*b in S,.

Conversely, suppose that b € S, and xb = yb for some x,y € S
where x € Sz and y € §,. Then fa = ya and so aff = affa = aya =
ay. Thus zbeg, = ybeg, so that from (iv) we get we,sb = yeqpd,
and so eqreqsb = eayeqasb. Now e,x,eqy, eqsb all lie in S, = Say
which is right cancellative, so that e,z = e,y. Hence egox = ege,x =
egeay = €pay, by (iii). From (iv) again we have xe,3 = ye,s. From
(17i) we have ze,eg = yeaes and so (we,)(egesn) = (yea)(egepa). As
Ty, €380, Yo € Spo Which is right cancellative, so that ze, = ye,.
Also, if zb = b, that is, b = e,b, then xze, = e e, = €,. Thus bR* e,
in S. Hence for any a € S, we have that a R* b in S as required.

(vi) From (v) we deduce that each R*-class contains an idempotent
which must be unique. Notice that if a € S,, then a* = e,. To see
that S satisfies the left ample identity, let a € S, and eg € Sz so that
aepg € Sap . Using (4i7) and (iv) we have

(aeg)Ta = eqpa
= aeépq
= (aeq)esa
= aleqtpa)
= AC€up
= (aea)es
= aeg
as required. O
In the case where Y is a semilattice we have

Lemma 3.2. (¢f. [5]) Let S be a semilattice Y of right cancellative
monoids Sy, € Y. Let e, denote the identity of S,,« € Y. Then

(i) egao = anep if @ > f;

(11) entap = €ap Where ey, eqp are the identities of S, and S,z Te-
spectively;

(i13) E(S) is a semilattice;

(1v) the idempotents are central;
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(v) for any a,b € S, aR*b in S if and only if a,b € S, for some «
mY;
(vi) S is a left ample semigroup.
Lemma 3.3. Let S be a left reqular band 'Y of right cancellative monoids
Se with the (LC) condition. Suppose that (C) holds, where (C): when-
ever 8 =2y a, if SaaNSaba = SaCa (Au,ba, Ca € Sa), then SgaaNSsb, =
Sgco. Then S has (LC).
Proof. Suppose that S,a, N Saby = Sac, implies Sga, N Sgby = Sacy
for all g <, a.
Let a € S, and b € S for some o, B € Y. Then eypa,e.pb € Sap 50
that as S,s has (LC) we know that
Sap(€apa) N Sap(€asb) = Sapc
for some ¢ € S,5. Now, let d € Sa N Sb, say d € S, so that v =; o8
and d = ua = vb for some u,v € S where v € S,, and v € S;. Then
5, (eapa) N S, (canb) = Sy
by (C). Hence
Syey(eqpa) NS ey (eqpb) = S, c.
Since yaf3 = v we have e,e.3 = €443 = €, by Lemma 3.1. Thus
SyeqaNSyeb=5S,aMS,b=S,c.

Since Y is a left regular band and v = na = (8 we have v = yn = (.
Then

d=wua=vb=(equ)a = (e,v)b € Sy,anS,b=5,c
as eyu,e,v € Sy. Then d € S,c € Sc. Thus San Sb C Sc. Also,
c € Sepa € Sa and ¢ € Sogb € Sb . Thus ¢ € Sa N Sb. Hence
Sc C San Sb and we get Sc = Sa N Sh. O

Corollary 3.4. Let S be a semilattice Y of right cancellative monoids
Se with the (LC) condition and S has (C). Then S has (LC).

Now, we state the following two lemmas, which will be used to prove
the main result of this section.

Lemma 3.5. (¢f. [2, Lemma4.1]) Let T' be a right cancellative monoid.
Then for a,b € T we have

a Lb if and only if a = ub,
for some unit u of T.

The proof of the following is entirely routine, but we provide it for
completeness.
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Lemma 3.6. Let (Q be an inverse monoid with identity 1 and let Ry,
the R-class of 1. Let a,b,c,d € Ry. Then

a'b=c'd if and only if a =wuc and b= ud
for some unit u.

Proof. Suppose that a='b = ¢ 'd where a,b,c,d € Ry. It is clear that
a'Ra'hand ¢c ' Rc'd. Then

a'Rab=c'dRc in Q.

Then a Lc in Q. Since aR b, it follows that b = aa™'b = ac™'d. We
claim that ac™! is a unit. As aLc, it follows that ac™* Lec™t = 1.
Since a ! R ¢! we have that 1 = aa ! Rac™! and hence v = ac™! is
a unit, and we obtain b = ud. Since u = ac™! and a L c we have that
1

uc = ac” ¢ = a. The converse is clear. O

Let 3(5) be the inverse hull of left I-quotents of a right cancellative
monoid S with (LC). In the rest of this section we identify S with Sfg,
where g is the embedding of S into Zg. We write a~'b short for the
element p;'p, of X(S) where a,b € S.

We thus are able to prove our main result.

Theorem 3.7. Let S be a left regular band Y of right cancellative
monoids S, with identity e,, such that each S,, has (LC). Suppose in
addition that (C) holds. For each o € Y, let ¥, be the inverse hull of
Sa. Then S is a left I-order in QQ where Q) is a left reqular band Y of
bisimple inverse monoids ¥, with identity e,, such that {e, : a € Y}
1 a subsemigroup of Q).

Proof. By Corollary 3.11 of [(], for each a € Y, S, is a left I-order
in X, where S, is the R-class of the identity of ¥,. We may assume
that X, NXg = 0 for any o, € YV, a # B. Put Q = U, ey Za-
Notice that if b € S, and ¢ € S, then bc € S,p. As Y is a left
regular band we have beb € S,p. Since S, has (LC), there exist
T,y € Sap with ybc = &bcb = £. Putting x = £bc,y = yb one sees
that yc = b and z,y € S,p. Clearly, for any a € S,,d € Sz we have
20 € Sopa = Sap, Yd € Saps = Sap and so (za)~'(yd) exists in Xops.

Define a product - on () by
a'b-ctd = (za) " (yd)
where S,3b N Sapc = Sppw and b = yc = w for some x,y € Sys.

Lemma 3.8. This product is well-defined.
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Proof. Suppose that we have elements a1, by, as, by of Sy, ¢1,dy, co, do of
Ss such that
aflbl = ay 'by in 2, and cfldl = ¢y 'dsy in 23.
By Lemma 3.6,
a; = uiag, by = uiby
for some unit u; € S, and
c1 = v1Cg, dy = v1dy
for some unit v; € Sz. By definition,
al_lbl . Cl_ldl = (tlal)_l(rldl)
where
Saﬁbl N Saﬁcl = Sag’wl and tlbl =T1C1 = W1
for some t1, 71, w1 € Sap. Also,
G;le . CgildQ = (tgag)il(’r'ng)
where
Sagbg N SagCQ = Saﬁwz and thQ = T9Cy = W2

for some ty, 79, Wy € Sap.
We have to show that aj'b; - ¢;~'dy = ay by - o~ 'dy, that is,

(tra1) " (r1dy) = (taaz) ™" (rady)
and to do this we need to prove that
tlal = thCLQ and Tldl = U,’f’gdg

for some unit v in S, g, using Lemma 3.6. We aim to prove that S,sw, =
Sapwz. We get this if we prove that S,b; = Sabs and Sysc; = Sapca.
Since by = u1by, we have that

eapbr = brega = Urboegy = Urenpbs = (Ur€ns)(€apba),
by Lemma 3.1 and as by = uy 'by, we have eqsby = (eapty")(€asbr).
Then
Sagbl = Sageagbl = Sageagbg = Sagbz.
Similarly, Sapc1 = Sapce. Hence S,pw; = Sypws so that wy Lwsy in
Sap. By Lemma 3.5, w; = lw, for some unit [ in S,g. Then
w1 = tlbl = lwg = l(tzbg) = ltz(uflbl)

But, by Lemma 3.1 a; R* by in S, it follows that tya; = ltgul_lal = [tyas.
Since
wy = 1161 = lwy = lrecy = lrgvflcl
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and ¢; R*dy in S, again using Lemma 3.1 we have
ridy = lryvy tdy = lrgvy 'oydy = radsy
as required. O

In order to prove the associative law we need to introduce subsidiary
lemmas. The proof of the next lemma is depends only on the fact that
Se is right cancellative and the proof can be found in [10].

Lemma 3.9. (S,a0,NS000)Ca = SataCaNSabaca for all ay, by, co € Sa.

Lemma 3.10. Let a™'b,a e, € ¥, and ¢ *d,egd € X where a,b €
Sa,c,d € Sg and ey, eg are the identities elements in S, and Sg respec-
tively. Then

(i) a™'b - egd = (eqpa) ' (bd);

(ii) a 'eq - cld = (eqpca) " (eapd).

Proof. (i) We have that Syses N Sapb = Sap N Sasb = Sapb and
€apb = bega = b(egaes) = (bega)es = (eapb)es,
using Lemma 3.1. We have
(a™'b) - (epd) = (a='b)- (e5'd)

= (eapa) " (eapbd)
= (eapa)~"(bd).

(i1) Let a~'e, and c¢~'d be as in the hypothesis. Then
ateq ¢ td = (za)(yd)

where Sysw = Sapeq N Sapc and ze, = yc = w for some z,y € Syp.
Usiny Lemma 3.1,

Sagw = Sageageaﬂsageagc = SaﬂeagﬂSageagc = SaﬁﬂSaﬁeagc = Saﬁeaﬁc

and so epgc Lw = ye in Sap. Thus, yeqsc = yc = ueqpe for some unit
win S,g, by Lemma 3.5. Since S,p is right cancellative we have y = u,
that is, y is a unit. Then

a ey ctd = (za)"(yd) sincera = x(eqa) = (rey)a = yca
(yca) ™ (yd)

Eyeaaca)‘l(yd) aS8Y = YCas
(

(

eaﬁca)_ly_l(yd) asy, €apCa, yd € Sozﬂ - Eaﬂ
emsca) My~ yd)
)~ (eapd).

€apCa €ap
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Lemma 3.11. Leta b € ¥, epd,d 'es € X and ™'y € 3., where eg

is the identity element in Sz where a,b € Sy, eg,d € Sg and x,y € S,,.
Then

(1) (a™b-egd) -z ly =a"'b- (epd - x7'y);
(i) (a™'b-dteg) -z ly=a7tb- (dtes - 27 1y).

Proof. (i) Let a™1b, eﬁd 7'y be as in the hypothesis. Then

(ab-egd) -7y = (eqpa)” 1( d)-z7'y by Lemma 3.10,
= (heaga) ™ (ny)
(tleaﬂweaﬁa) Yry)  asty = tieapy
(tleoéﬁ7 a)~(ry) by Lemma 3.1
= (tia)™(ry).

where t1bd = rix = w; and
Sag,ybd N Saﬁyx = Samwl

for some t1, 71, w1 € Sapy-
On the other hand, by definition of multiplication,

atb-(epd-x7y) = a tb- (taep) t(ray)

= a b (taegyep) (r2y) asty = taeg,
= a b~ (ta2(eprep)) " (r2y)

= a'b- (taepy) t(ray) by Lemma 3.1
= a7 bty (roy) astoegy = to

= (tsa) '(rsray)
where tod = rox = we with

Spyd N Spyx = Spyws (3.1)
for some ty, 79, wy € Sy and t3b = r3ty = ws with
Sapyb N Sapyts = Sapyws (3.2)
for some t3,73, w3 € Sapy. Since affy =; By we have
Sapyd N Sapy® = SapyWe, (3.3)

by (C) and (3.1).
We must show that (t;a) 7! (r1y) = (t3a) ' (rsrey). By using Lemma 3.6,
we have to show that t1a = utsa and riy = ursroy for some unit u in
Sapy-
Once we show that w; Lwsd in S,g,, we have that w; = hwsd for
some unit ~ in Sy, by Lemma 3.5. Hence t1bd = hisbd so that
tieapybd = htszeqapybd. Since ¢y, hts and e,3,bd are in S,g,, which is
right cancellative we obtain t; = hts so that tja = htsa.
Now,

wp = Mr = tlbd = htgbd = h?"gtgd = h’l“37”217.
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As 1, hrsry and eqp,@ are in S,p, again by right cancellativity in S,
we have that ry = hrsry and so riy = hrsray.

We show that wy Lwsd in Sa,. We have

Samwl = Sagybd N Sag,yx
= Sagybd N Sag,yd N SQBA/I as Salg,ybd Q Salgfyd
= Sag,ybd N Sa57w2 by (33)
= Sopybd N Sopytad

= SapyCapy(bd) N Sapyeasy(t2d)
Sapy(€apyb)d N Sapy(€apytz)d
Sapr(€apyb)eapyd N Sapy(€apylz)eapyd

= (Sapr€apyb N Sapy€apyta)easyd by Lemma 3.9
= (Sapyb N Sapyta)easyd

= SapyWseapyd by (3.2)

= Saﬁngd.

Hence wy Lwsd in Syp,.
The proof of (i7) is similar.

Lemma 3.12. The multiplication introduced above is associative.

Proof. Suppose that a™'b € 3,,c¢'d € 35 and s~ 't € X, where a,b €
Sa,c,d € Sg and s,t € S,. From Lemma 3.11, we have that

atb-[cld-s7H] = a7'b- [(cegesd). s
= a'b-[(cles.epd) - s
= a'b-[cles - (epd.st)]
= (a7'b-ctep) - (epd.s't)
= [(a™'b-cteg).epd] - st

= [a7'b- (cteg.epd)] - st

= [a7 -] s

0

To see that S is a subsemigroup of ) we need only to show that the
multiplication on () extends the multiplication on S. Let a € S, and
b € Sz for some o, 8 € Y. By Lemmas 3.1 and 3.10 ,

categh = ejla-e;'h

= (apea)(ab)
= eqp(ab) = ab.

and we get the following lemma;

Lemma 3.13. The multiplication on () extends the multiplication on

S.
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It is clear that @ is an inverse semigroup. Hence S is a left I-order
in @ = Uuey Xa- By Lemma 3.1, {e, : @ € Y} is a subsemigroup of
S. It is easy to see that {e, : @ € Y} is a subsemigroup of ). This
concludes the proof of Theorem 3.7.

O

The following corollary is immediate.

Corollary 3.14. With the notation in Theorem 5.7 S is a straight left
I-order in Q).

We aim now to prove the converse of Theorem 3.7. Let () be a
left regular band Y of bisimple inverse monoids Q,, (with identity e,)
such that {e, : @ € Y} is a subsemigroup of Q). Let S, be the R-class
of the identity e, in Q,. By Theorem 3.1 of [2], S, is a right can-
cellative monoid with (LC). Put S = |J,cy Sa. It is clear that S is a
left regular band Y of right cancellative monoids S, a € Y. We show
that whenever 8 =; «, if SqaqNSaba = Saca, then Sga,NSgby = Sscy.

The following easy lemmas will be useful.

Lemma 3.15. Let o, € Y. Then eqeg = €qp and enpqa = qa€p for
any go € Qa.

Proof. Since {e, : a € Y} is a subsemigroup of () and eyes € Qqp, it
follows that eyeg is the identity element of QQng. Thus ejep = €qp.

Since e,3qn € Qap and eqs = eqe5 is the identity of ),z we have

€apfla = (eaﬂQa)eaB - eaﬁ(Qaeaﬁ) = (a€ap
= dalCats) = (data)es = dats.
U
Lemma 3.16. (¢f. [13, Lemma X.1.3]) Let Q) be a bisimple inverse

monoid and let R be the R-class of the identity. For any a,b,c € R,
RaN Rb = Rcif and only ifa tab™'b = ¢ 'c.

Returning to our argument before Lemma 3.15. Let S,a N S,b =
S.c where a,b,c € S,. Then, we have that a 'ab='b = c !¢, by
Lemma 3.16. We claim that (ega)™*(ega)(esb)*(esb) = (esc) where
B =i a. It is clear that ega, egh, egc € Sg. Using Lemmas 3.15 and 3.16
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we have
(ega) " (epa)(esb)t(egh) = ategegabegesh
= alegablegh
= eapa taeq,sb7th
= eqpatab™'h
= eagc_lc
= clege = (egc) (ege).
Hence our claim is established. By the above lemma SgeganSzegh =
Sgepe where 3 < «, so that Sga N Sgb = Sae, as required.

Theorem 3.17. Let (Q be a left reqular band Y of bisimple inverse
monoids Q, (with identity e, ) such that {e, : a € Y} is a subsemi-
group of Q). Then there is a subsemigroup S of QQ which is a left reqular
band of right cancellative monoids S, where S, is the R9-class of eq
and for any B =i o, if Sqaa N Sabs = Saca, then Sga, N Sgby = Sacy.
Moreover, S is a left I-order in Q).

Combining Theorems 3.7, 3.17 and Lemma 3.3 , we get the following
corollary.

Corollary 3.18. Let S be a left reqular band Y of right cancellative
monoids S, with identity e, such that each S, has the (LC) condition,
satisfying (C). For each o € Y, let Q,, be the inverse hull of S, so that
Q. is a bisimple inverse monoid, and S, is the R%-class of eo. Then
S is a left I-order in QQ where Q) is a left regular band Y of bisimple
INVETSe SEmMigroups.

Conversely, let Q) be a left reqular band Y of bisimple inverse monoids

Qa, with identity ey, such that {e, : o € Y} is a subsemigroup. Then
there is a subsemigroup S of Q with the (LC) condition which is a left
reqular band of right cancellative monoids, such that S is a left I-order
mn Q.
Corollary 3.19. [0] (¢f. [10, Main Theorem]) Let S = S(Y;S,) be
a semilattice Y of right cancellative monoids S, with identity e, such
that each S, has (LC). Suppose in addition that for any o > B, if
Sata N Sabe = Saca, then Sgan N Sgby = Spcy. For each o € Y, let
Q. be the inverse hull of S, so that Q. is a bisimple inverse monoid,
and Sy, is the R9-class of eo. Then Q = S(Y; Qa) s a semigroup of
left I-quotients of S, such that E = {e, : « € Y'} is a subsemigroup.

Conversely, let Q) = S(Y; Qa) be a semilattice Y of bisimple inverse
monoids Q., with identity e,, such that E = {e, : « € Y} is a sub-
semigroup. Then S = S(Y;Rea) 18 a semilattice of right cancellative
monoids R, such that each R., has (LC) and for any o > (3, if
Re a0 N Re by = Re Co, then Rejaq N Reyby = Reycq.
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As mentioned in section 2, any right cancellative monoid is a left

ample semigroup. Hence, using Lemma 4.1 and Theorem 4.3 of [6] and
Corollary 3.4 we have

Corollary 3.20. With the notation in Corollary 3.19, S has the (LC)
condition and Q) is isomorphic to the inverse hull of S .
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