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LEFT I-QUOTIENTS OF BAND OF RIGHT
CANCELLATIVE MONOIDS

N. GHRODA

Abstract. Let Q be an inverse semigroup. A subsemigroup S of
Q is a left I-order in Q and Q is a semigroup of left I-quotients
of S if every element q ∈ Q can be written as q = a−1b for some
a, b ∈ S. If we insist on a and b being R-related in Q, then we say
that S is straight in Q. We characterize semigroups which are left
I-quotients of left regular bands of right cancellative monoids with
certain conditions.

1. Introduction and summary

Many authors are interested in the theory of semigroups of quotients.
We recall that a subsemigroup S of a group G is a left order in G or
G is a group of left quotients of S if any element in G can be written
as a−1b where a, b ∈ S. Ore and Dubreil [1] showed that a semigroup
S has a group of left quotients if and only if S is right reversible and
cancellative. By saying that a semigroup S is right reversible we mean
for any a, b ∈ S, Sa ∩ Sb 6= ∅. A different definition proposed by
Fountain and Petrich in 1985 [4] was restricted to completely 0-simple
semigroups of left quotients and then shortly after to that of semigroup
of left quotients by Gould [8]. The idea is that a subsemigroup S of a
semigroup Q is a left order in Q if every element in Q can be written
as a]b where a, b ∈ S and a] is an inverse of a in a subgroup of Q and
if, in addition, every square-cancellable element of S lies in a subgroup
of Q. In this case we say that Q is a semigroup of left quotients of S.
Right orders and semigroup of right quotients are defined dually. If S
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is both a left and right order in Q, then S is an order in Q and Q is a
semigroup of quotients of S.

In the case where Q is an inverse semigroup, McAlister introduced
two concepts of quotients for an inverse semigroup Q with subsemi-
group S in [12]. The first one says that Q is a semigroup of strong
quotients of S if every element in Q can be written as ab−1c where
a, c, b ∈ S and b ∈ Sa ∩ cS. The second one is that Q is a semigroup
of quotients of S if every element in Q can be written as ab−1c where
a, c, b ∈ S.

The author and Gould in [6] have extended the classical notion of left
orders in inverse semigroups. They introduced the following definition
of left I-orders in inverse semigroups: A subsemigroup S of an inverse
semigroup Q is a left I-order in Q and Q is a semigroup of left I-
quotients of S if every element in Q can be written as a−1b where
a, b ∈ S and a−1 is the inverse of a in the sense of an inverse semigroup
theory. Right I-orders and semigroups of right I-quotients are defined
dually. If S is a left and right I-order in an inverse semigroup Q, we
say that S is an I-order in Q and Q is a semigroup of I-quotients of
S. Let S be a left I-order in Q. Then S is straight in Q if every q ∈ Q
can be written as a−1b where a, b ∈ S and aR b in Q.

It is shown in [9] that a semigroup has a semilattice of groups (or a
Clifford semigroup) as its semigroup of left quotients if and only if it
is a semilattice of right reversible, cancellative semigroups. El-Qallali
[3] has been generalized this result to a left regular band of groups.
He proved that a semigroup has a left regular band of groups as its
semigroup of left quotients if and only if it is a left regular band of
right reversible, cancellative semigroups.

We remark that if a semigroup S is a left order in Q in the sense of
[8, 9] (in particular Q is inverse), then it is certainly a left I-order.

Clifford [1] showed that any right cancellative monoid S with the
(LC) condition is the R-class of the identity of its inverse hull Σ(S).
Moreover, (in our terminology) S is a left I-order in Σ(S). By saying
that a semigroup S has the (LC) condition we mean for any a, b ∈ S
there is an element c ∈ S such that Sa∩ Sb = Sc. Clifford established
that precisely bisimple inverse monoids can be regarded as inverse hulls
of right cancellative monoids S satisfying the (LC) condition. It is clear
that (LC) is a rather stronger condition than right reversiblity.

Gantos [10] extended the work of Clifford to semilattices of right
cancellative monoids. He considered semigroups which are semilattices
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of right cancellative monoids with certain conditions. He developed a
structure for semigroups Q which are semilattices Y of bisimple inverse
monoids Qα, α ∈ Y such that the set of identities elements forms a
subsemigroup.

The author and Gould in [6] have extended Cliford’s work to a left
ample semigroup with Condition (LC). To be more precise, they proved
the following theorem.

Theorem 1.1. [6] Let S be a left ample semigroup. Then SθS is a left
I-order in its inverse hull if and only if S has Condition (LC).

If Condition (LC) holds, then SθS is a union of RΣ(S)-classes.

The purpose of this article is to study left I-quotients of left regular
band of right cancellative monoids. Then we get a generalization of
Gantos’s result.

By sections, this work is divided as follows. Section 2 contains no-
tations and terminology. In Section 3 we characterize semigroups S
which have a semigroup Q of left I-quotients, where Q is a left regular
bands of bisimple inverse monoids.

2. Notation and terminology

In this section we introduce necessary notions and notations that are
needed in our further considerations. For the undefined notions and
notation the reader is referred to [11] and [13].

We begin by giving some elementary facts about R∗; dual for L∗.
The relation R∗ is defined on a semigroup S by the rule that aR∗ b in
S if aR b in some oversemigroup T of S this equivalent to aR∗ b if and
only if

xa = ya if and only if xb = yb

for all x, y ∈ S1. The relation L∗ is defined dually and H∗ = R∗ ∩ L∗.
It is clear that R ⊆ R∗ and L ⊆ L∗ where R and L are the usual
Green’s relations.

A semigroup S is left ample if E(S) is a semilattice, every R∗-class
contains a (necessary unique) idempotent a+ and S satisfies the left
ample identity which is:

(ae)+a = ae for all a ∈ S and e ∈ E(S).

We can note easily that, any right cancellative monoid is left ample.
By a right cancellative semigroup we mean, a semigroup S such that
for all x, y, z ∈ S

xz = yz implies x = y.
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Following [7], for any left ample semigroup S we can construct an
embedding of S into the symmetric inverse semigroup IS as follows.
For each a ∈ S we let ρa ∈ IS be given by

dom ρa = Sa+ and im ρa = Sa

and for any x ∈ dom ρa.

xρa = xa.

Then the map θS : S → IS is a (2, 1)-embedding.

The inverse hull of a left ample semigroup S is the inverse sub-
semigroup Σ(S) of IS generated by im θS. If S is a right cancellative
monoid, then for any a ∈ S we have a+ = 1. Then ρa : S −→ Sa is
defined by

xρa = xa for each x in S.

Hence dom ρa = S = dom IS, giving that im θS ⊆ R1 where R1 is the
R-class of IS in IS.

As in [6] we say that a (2, 1)-morphism φ : S → T , where S and T
are left ample semigroups with Condition (LC), is (LC)-preserving if,
for any b, c ∈ S with Sb ∩ Sc = Sw, we have that

T (bφ) ∩ T (cφ) = T (wφ).

Recall [1] that a semigroup B is called a band if every element in B
is an idempotent. A commutative band is called a semilattice. A band
B is said to be left regular if it satisfies the identity iji = ij for any
i, j ∈ B. By ≤ we will denote the natural partial order on B, i.e. a
relation on B defined by j ≤ i ⇐⇒ ij = ji = j (i, j ∈ B). We shall
define the quasiorders (that is, reflexive and transitive) �r, �l on a
band B by: for i, j ∈ B

j �r i⇐⇒ ij = j, j �l i⇐⇒ ji = j.

It is clear that

j �r i⇐⇒ (∃k ∈ B)ik = j, and j �l i⇐⇒ (∃k ∈ B)ki = j.

Clearly, �r=�l=≤ concide if B is a semilattice. In a left regular band,
if j �r i and i �r j, then i = iji = ij = j. It follows that a left
regular band B is partially ordered with respect to �r. We call this
partial order the R-order on B. It is easy to see that the relation �l
is reflexive and transitive, but not necessarily antisymmetric.

A semigroup S is a band of right cancellative monoids if S =
⋃

(Sα, α ∈
B) where Sα is a right cancellative monoid, Sα ∩ Sβ = ∅ if α 6= β, B is
a band and SαSβ ⊆ Sαβ.
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3. Left I-orders

El-Qallai [3] starts with a left regular band B of right reversible
cancellative semigroups Sα, for every α ∈ B, lets Gα be the group of
left quotients of Sα, and on Q =

⋃
α∈B

Gα defines a multiplication which

makes it a semigroup of left quotients of S. In this section we are
concerned with a semigroup of left I-quotients of a semigroup S which
is a left regular band B of right cancellative monoids Sα, α ∈ B such
that each Sα has the (LC) condition. We start with the following useful
lemma.

Lemma 3.1. Let S be a left regular band Y of right cancellative monoids
Sα, α ∈ Y . Let eα denote the identity of Sα, α ∈ Y . Then

(i) eβαeα = eβα
(ii) eαeβα = eαβ;
(iii) E(S) = {eα : α ∈ Y } is a left regular band;
(iv) aαeβα = eαβaα;
(v) for any a, b ∈ S, aR∗ b in S if and only if a, b ∈ Sα for some α

in Y ;
(vi) S satisfies the left ample identity.

Proof. (i) Let eα ∈ Sα be the identitie of Sα. Since eβαeα ∈ Sβα we
have

(eβαeα)(eβαeα) = [(eβαeα)eβα]eα = (eβαeα)eα = eβα(eαeα) = eβαeα.

Hence eβαeα is an idempotent in Sβα. But there is only one idempotent
in Sβα, so that eβαeα = eβα.

(ii) Let eα ∈ Sα be the identitie of Sα. From (i) we have

(eαeβα)(eαeβα) = eα(eβαeα)eβα = eαeβαeα = eα(eβαeα) = eαeβα.

Hence (eαeβα)2 = eαeβα ∈ Sαβ, that is, eαeβα is an idempotent in Sαβ.
Since eαβ is only one idempotent of Sαβ, we conclude that eαeβα = eαβ.

(iii) Let eα ∈ Sα and eβ ∈ Sβ for some α, β ∈ Y . Then eαeβ ∈ Sαβ
and from (ii) we have that

eαeβ = (eαeβ)eαβ = eα(eβeαβ) = eαeβα = eαβ.

Similarly, eβeα = eβα so that E(S) is a band. Using (ii) we have

eβeαeβ = eβ(eαeβ) = eβeαβ = eβαβ = eβα = eβeα.
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(iv) Let eβα ∈ Sβα and aα ∈ Sα for some α, β ∈ Y . Then

aαeβα = (aαeα)eβα
= aα(eαeβα)
= aαeαβ
= eαβ(aαeαβ)
= (eαβaα)eαβ = eαβaα

(v) Suppose that aR∗ b in S where a ∈ Sα and b ∈ Sβ. Then eαa = a
and so eαb = b. Thus αβ = β, that is β �r α. Dually, α �r β and
hence α = β; clearly, aR∗ b in Sα.

Conversely, suppose that b ∈ Sα and xb = yb for some x, y ∈ S
where x ∈ Sβ and y ∈ Sγ. Then βα = γα and so αβ = αβα = αγα =
αγ. Thus xbeβα = ybeβα so that from (iv) we get xeαβb = yeαβb,
and so eαxeαβb = eαyeαβb. Now eαx, eαy, eαβb all lie in Sαβ = Sαγ
which is right cancellative, so that eαx = eαy. Hence eβαx = eβeαx =
eβeαy = eβαy, by (iii). From (iv) again we have xeαβ = yeαβ. From
(iii) we have xeαeβ = yeαeβ and so (xeα)(eβeβα) = (yeα)(eβeβα). As
xeα, eβeβα, yeα ∈ Sβα which is right cancellative, so that xeα = yeα.
Also, if xb = b, that is, xb = eαb, then xeα = eαeα = eα. Thus bR∗ eα
in S. Hence for any a ∈ Sα we have that aR∗ b in S as required.

(vi) From (v) we deduce that each R∗-class contains an idempotent
which must be unique. Notice that if a ∈ Sα, then a+ = eα. To see
that S satisfies the left ample identity, let a ∈ Sα and eβ ∈ Sβ so that
aeβ ∈ Sαβ . Using (iii) and (iv) we have

(aeβ)+a = eαβa
= aeβα
= (aeα)eβα
= a(eαeβα)
= aeαβ
= (aeα)eβ
= aeβ

as required. �

In the case where Y is a semilattice we have

Lemma 3.2. (cf. [5]) Let S be a semilattice Y of right cancellative
monoids Sα, α ∈ Y . Let eα denote the identity of Sα, α ∈ Y . Then

(i) eβaα = aαeβ if α ≥ β;
(ii) eαeαβ = eαβ where eα, eαβ are the identities of Sα and Sαβ re-

spectively;
(iii) E(S) is a semilattice;
(iv) the idempotents are central;
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(v) for any a, b ∈ S, aR∗ b in S if and only if a, b ∈ Sα for some α
in Y ;

(vi) S is a left ample semigroup.

Lemma 3.3. Let S be a left regular band Y of right cancellative monoids
Sα with the (LC) condition. Suppose that (C) holds, where (C): when-
ever β �l α, if Sαaα∩Sαbα = Sαcα (aα, bα, cα ∈ Sα), then Sβaα∩Sβbα =
Sβcα. Then S has (LC).

Proof. Suppose that Sαaα ∩ Sαbα = Sαcα implies Sβaα ∩ Sβbα = Sβcα
for all β �l α.
Let a ∈ Sα and b ∈ Sβ for some α, β ∈ Y . Then eαβa, eαβb ∈ Sαβ so
that as Sαβ has (LC) we know that

Sαβ(eαβa) ∩ Sαβ(eαβb) = Sαβc

for some c ∈ Sαβ. Now, let d ∈ Sa ∩ Sb, say d ∈ Sγ so that γ �l αβ
and d = ua = vb for some u, v ∈ S where u ∈ Sη and v ∈ Sζ . Then

Sγ(eαβa) ∩ Sγ(eαβb) = Sγc,

by (C). Hence
Sγeγ(eαβa) ∩ Sγeγ(eαβb) = Sγc.

Since γαβ = γ we have eγeαβ = eγαβ = eγ, by Lemma 3.1. Thus

Sγeγa ∩ Sγeγb = Sγa ∩ Sγb = Sγc.

Since Y is a left regular band and γ = ηα = ζβ we have γ = γη = γζ.
Then

d = ua = vb = (eγu)a = (eγv)b ∈ Sγa ∩ Sγb = Sγc

as eγu, eγv ∈ Sγ. Then d ∈ Sγc ⊆ Sc. Thus Sa ∩ Sb ⊆ Sc. Also,
c ∈ Sαβa ⊆ Sa and c ∈ Sαβb ⊆ Sb . Thus c ∈ Sa ∩ Sb. Hence
Sc ⊆ Sa ∩ Sb and we get Sc = Sa ∩ Sb. �

Corollary 3.4. Let S be a semilattice Y of right cancellative monoids
Sα with the (LC) condition and S has (C). Then S has (LC).

Now, we state the following two lemmas, which will be used to prove
the main result of this section.

Lemma 3.5. (cf. [2, Lemma 4.1]) Let T be a right cancellative monoid.
Then for a, b ∈ T we have

aL b if and only if a = ub,

for some unit u of T .

The proof of the following is entirely routine, but we provide it for
completeness.
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Lemma 3.6. Let Q be an inverse monoid with identity 1 and let R1,
the R-class of 1. Let a, b, c, d ∈ R1. Then

a−1b = c−1d if and only if a = uc and b = ud

for some unit u.

Proof. Suppose that a−1b = c−1d where a, b, c, d ∈ R1. It is clear that
a−1R a−1b and c−1R c−1d. Then

a−1R a−1b = c−1dR c−1 in Q.

Then aL c in Q. Since aR b, it follows that b = aa−1b = ac−1d. We
claim that ac−1 is a unit. As aL c, it follows that ac−1 L cc−1 = 1.
Since a−1R c−1 we have that 1 = aa−1R ac−1 and hence u = ac−1 is
a unit, and we obtain b = ud. Since u = ac−1 and aL c we have that
uc = ac−1c = a. The converse is clear. �

Let Σ(S) be the inverse hull of left I-quotents of a right cancellative
monoid S with (LC). In the rest of this section we identify S with SθS,
where θS is the embedding of S into IS. We write a−1b short for the
element ρ−1

a ρb of Σ(S) where a, b ∈ S.

We thus are able to prove our main result.

Theorem 3.7. Let S be a left regular band Y of right cancellative
monoids Sα with identity eα, such that each Sα, has (LC). Suppose in
addition that (C) holds. For each α ∈ Y , let Σα be the inverse hull of
Sα. Then S is a left I-order in Q where Q is a left regular band Y of
bisimple inverse monoids Σα with identity eα, such that {eα : α ∈ Y }
is a subsemigroup of Q.

Proof. By Corollary 3.11 of [6], for each α ∈ Y , Sα is a left I-order
in Σα where Sα is the R-class of the identity of Σα. We may assume
that Σα ∩ Σβ = ∅ for any α, β ∈ Y , α 6= β. Put Q =

⋃
α∈Y Σα.

Notice that if b ∈ Sα and c ∈ Sβ, then bc ∈ Sαβ. As Y is a left
regular band we have bcb ∈ Sαβ. Since Sαβ has (LC), there exist
x́, ý ∈ Sαβ with ýbc = x́bcb = ź. Putting x = x́bc, y = ýb one sees
that yc = xb and x, y ∈ Sαβ. Clearly, for any a ∈ Sα, d ∈ Sβ we have
xa ∈ Sαβα = Sαβ, yd ∈ Sαββ = Sαβ and so (xa)−1(yd) exists in Σαβ.

Define a product · on Q by

a−1b · c−1d = (xa)−1(yd)

where Sαβb ∩ Sαβc = Sαβw and xb = yc = w for some x, y ∈ Sαβ.

Lemma 3.8. This product is well-defined.
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Proof. Suppose that we have elements a1, b1, a2, b2 of Sα, c1, d1, c2, d2 of
Sβ such that

a−1
1 b1 = a2

−1b2 in Σα and c−1
1 d1 = c2

−1d2 in Σβ.

By Lemma 3.6,
a1 = u1a2, b1 = u1b2

for some unit u1 ∈ Sα and

c1 = v1c2, d1 = v1d2

for some unit v1 ∈ Sβ. By definition,

a−1
1 b1 · c1

−1d1 = (t1a1)−1(r1d1)

where
Sαβb1 ∩ Sαβc1 = Sαβw1 and t1b1 = r1c1 = w1

for some t1, r1, w1 ∈ Sαβ. Also,

a−1
2 b2 · c2

−1d2 = (t2a2)−1(r2d2)

where
Sαβb2 ∩ Sαβc2 = Sαβw2 and t2b2 = r2c2 = w2

for some t2, r2, w2 ∈ Sαβ.
We have to show that a−1

1 b1 · c1
−1d1 = a−1

2 b2 · c2
−1d2, that is,

(t1a1)−1(r1d1) = (t2a2)−1(r2d2)

and to do this we need to prove that

t1a1 = ut2a2 and r1d1 = ur2d2

for some unit u in Sαβ, using Lemma 3.6. We aim to prove that Sαβw1 =
Sαβw2. We get this if we prove that Sαβb1 = Sαβb2 and Sαβc1 = Sαβc2.
Since b1 = u1b2, we have that

eαβb1 = b1eβα = u1b2eβα = u1eαβb2 = (u1eαβ)(eαβb2),

by Lemma 3.1 and as b2 = u−1
1 b1, we have eαβb2 = (eαβu

−1
1 )(eαβb1).

Then
Sαβb1 = Sαβeαβb1 = Sαβeαβb2 = Sαβb2.

Similarly, Sαβc1 = Sαβc2. Hence Sαβw1 = Sαβw2 so that w1 Lw2 in
Sαβ. By Lemma 3.5, w1 = lw2 for some unit l in Sαβ. Then

w1 = t1b1 = lw2 = l(t2b2) = lt2(u−1
1 b1).

But, by Lemma 3.1 a1R∗ b1 in S, it follows that t1a1 = lt2u
−1
1 a1 = lt2a2.

Since
w1 = r1c1 = lw2 = lr2c2 = lr2v

−1
1 c1
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and c1R∗ d1 in S, again using Lemma 3.1 we have

r1d1 = lr2v
−1
1 d1 = lr2v

−1
1 v1d2 = lr2d2

as required. �

In order to prove the associative law we need to introduce subsidiary
lemmas. The proof of the next lemma is depends only on the fact that
Sα is right cancellative and the proof can be found in [10].

Lemma 3.9. (Sαaα∩Sαbα)cα = Sαaαcα∩Sαbαcα for all aα, bα, cα ∈ Sα.

Lemma 3.10. Let a−1b, a−1eα ∈ Σα and c−1d, eβd ∈ Σβ where a, b ∈
Sα, c, d ∈ Sβ and eα, eβ are the identities elements in Sα and Sβ respec-
tively. Then

(i) a−1b · eβd = (eαβa)−1(bd);
(ii) a−1eα · c−1d = (eαβca)−1(eαβd).

Proof. (i) We have that Sαβeβ ∩ Sαβb = Sαβ ∩ Sαβb = Sαβb and

eαβb = beβα = b(eβαeβ) = (beβα)eβ = (eαβb)eβ,

using Lemma 3.1. We have

(a−1b) · (eβd) = (a−1b) · (e−1
β d)

= (eαβa)−1(eαβbd)
= (eαβa)−1(bd).

(ii) Let a−1eα and c−1d be as in the hypothesis. Then

a−1eα · c−1d = (xa)−1(yd)

where Sαβw = Sαβeα ∩ Sαβc and xeα = yc = w for some x, y ∈ Sαβ.
Usiny Lemma 3.1,

Sαβw = Sαβeαβeα∩Sαβeαβc = Sαβeαβ∩Sαβeαβc = Sαβ∩Sαβeαβc = Sαβeαβc

and so eαβcLw = yc in Sαβ. Thus, yeαβc = yc = ueαβc for some unit
u in Sαβ, by Lemma 3.5. Since Sαβ is right cancellative we have y = u,
that is, y is a unit. Then

a−1eα · c−1d = (xa)−1(yd) sincexa = x(eαa) = (xeα)a = yca
= (yca)−1(yd)
= (yeαβca)−1(yd) as y = yeαβ
= (eαβca)−1y−1(yd) as y, eαβca, yd ∈ Sαβ ⊆ Σαβ

= (eαβca)−1(y−1yd)
= (eαβca)−1(eαβd).

�
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Lemma 3.11. Let a−1b ∈ Σα, eβd, d
−1eβ ∈ Σβ and x−1y ∈ Σγ where eβ

is the identity element in Sβ where a, b ∈ Sα, eβ, d ∈ Sβ and x, y ∈ Sγ.
Then

(i) (a−1b · eβd) · x−1y = a−1b · (eβd · x−1y);
(ii) (a−1b · d−1eβ) · x−1y = a−1b · (d−1eβ · x−1y).

Proof. (i) Let a−1b, eβd, x
−1y be as in the hypothesis. Then

(a−1b · eβd) · x−1y = (eαβa)−1(bd) · x−1y by Lemma 3.10,
= (t1eαβa)−1(r1y)
= (t1eαβγeαβa)−1(r1y) as t1 = t1eαβγ
= (t1eαβγa)−1(r1y) by Lemma 3.1
= (t1a)−1(r1y).

where t1bd = r1x = w1 and

Sαβγbd ∩ Sαβγx = Sαβγw1

for some t1, r1, w1 ∈ Sαβγ.
On the other hand, by definition of multiplication,

a−1b · (eβd · x−1y) = a−1b · (t2eβ)−1(r2y)
= a−1b · (t2eβγeβ)−1(r2y) as t2 = t2eβγ
= a−1b · (t2(eβγeβ))−1(r2y)
= a−1b · (t2eβγ)−1(r2y) by Lemma 3.1
= a−1b · t−1

2 (r2y) as t2eβγ = t2
= (t3a)−1(r3r2y)

where t2d = r2x = w2 with

Sβγd ∩ Sβγx = Sβγw2 (3.1)

for some t2, r2, w2 ∈ Sβγ and t3b = r3t2 = w3 with

Sαβγb ∩ Sαβγt2 = Sαβγw3 (3.2)

for some t3, r3, w3 ∈ Sαβγ. Since αβγ �l βγ we have

Sαβγd ∩ Sαβγx = Sαβγw2, (3.3)

by (C) and (3.1).
We must show that (t1a)−1(r1y) = (t3a)−1(r3r2y). By using Lemma 3.6,
we have to show that t1a = ut3a and r1y = ur3r2y for some unit u in
Sαβγ.
Once we show that w1 Lw3d in Sαβγ, we have that w1 = hw3d for
some unit h in Sαβγ, by Lemma 3.5. Hence t1bd = ht3bd so that
t1eαβγbd = ht3eαβγbd. Since t1, ht3 and eαβγbd are in Sαβγ, which is
right cancellative we obtain t1 = ht3 so that t1a = ht3a.
Now,

w1 = r1x = t1bd = ht3bd = hr3t2d = hr3r2x.
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As r1, hr3r2 and eαβγx are in Sαβγ again by right cancellativity in Sαβγ
we have that r1 = hr3r2 and so r1y = hr3r2y.

We show that w1 Lw3d in Sαβγ. We have

Sαβγw1 = Sαβγbd ∩ Sαβγx
= Sαβγbd ∩ Sαβγd ∩ Sαβγx as Sαβγbd ⊆ Sαβγd
= Sαβγbd ∩ Sαβγw2 by (3.3)
= Sαβγbd ∩ Sαβγt2d
= Sαβγeαβγ(bd) ∩ Sαβγeαβγ(t2d)
= Sαβγ(eαβγb)d ∩ Sαβγ(eαβγt2)d
= Sαβγ(eαβγb)eαβγd ∩ Sαβγ(eαβγt2)eαβγd
= (Sαβγeαβγb ∩ Sαβγeαβγt2)eαβγd by Lemma 3.9
= (Sαβγb ∩ Sαβγt2)eαβγd
= Sαβγw3eαβγd by (3.2)
= Sαβγw3d.

Hence w1 Lw3d in Sαβγ.
The proof of (ii) is similar.

�

Lemma 3.12. The multiplication introduced above is associative.

Proof. Suppose that a−1b ∈ Σα, c
−1d ∈ Σβ and s−1t ∈ Σγ where a, b ∈

Sα, c, d ∈ Sβ and s, t ∈ Sγ. From Lemma 3.11, we have that

a−1b · [c−1d · s−1t] = a−1b · [(c−1eβeβd).s−1t]
= a−1b · [(c−1eβ.eβd) · s−1t]
= a−1b · [c−1eβ · (eβd.s−1t)]
= (a−1b · c−1eβ) · (eβd.s−1t)
= [(a−1b · c−1eβ).eβd] · s−1t
= [a−1b · (c−1eβ.eβd)] · s−1t
= [a−1b · c−1d] · s−1t.

�

To see that S is a subsemigroup of Q we need only to show that the
multiplication on Q extends the multiplication on S. Let a ∈ Sα and
b ∈ Sβ for some α, β ∈ Y . By Lemmas 3.1 and 3.10 ,

eαaeβb = e−1
α a · e−1

β b
= (eαβeα)(ab)
= eαβ(ab) = ab.

and we get the following lemma;

Lemma 3.13. The multiplication on Q extends the multiplication on
S.
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It is clear that Q is an inverse semigroup. Hence S is a left I-order
in Q =

⋃
α∈Y Σα. By Lemma 3.1, {eα : α ∈ Y } is a subsemigroup of

S. It is easy to see that {eα : α ∈ Y } is a subsemigroup of Q. This
concludes the proof of Theorem 3.7.

�

The following corollary is immediate.

Corollary 3.14. With the notation in Theorem 3.7 S is a straight left
I-order in Q.

We aim now to prove the converse of Theorem 3.7. Let Q be a
left regular band Y of bisimple inverse monoids Qα, (with identity eα)
such that {eα : α ∈ Y } is a subsemigroup of Q. Let Sα be the R-class
of the identity eα in Qα. By Theorem 3.1 of [2], Sα is a right can-
cellative monoid with (LC). Put S =

⋃
α∈Y Sα. It is clear that S is a

left regular band Y of right cancellative monoids Sα, α ∈ Y . We show
that whenever β �l α, if Sαaα∩Sαbα = Sαcα, then Sβaα∩Sβbα = Sβcα.

The following easy lemmas will be useful.

Lemma 3.15. Let α, β ∈ Y . Then eαeβ = eαβ and eαβqα = qαeβ for
any qα ∈ Qα.

Proof. Since {eα : α ∈ Y } is a subsemigroup of Q and eαeβ ∈ Qαβ, it
follows that eαeβ is the identity element of Qαβ. Thus eαeβ = eαβ.

Since eαβqα ∈ Qαβ and eαβ = eαeβ is the identity of Qαβ we have

eαβqα = (eαβqα)eαβ = eαβ(qαeαβ) = qαeαβ
= qα(eαeβ) = (qαeα)eβ = qαeβ.

�

Lemma 3.16. (cf. [13, Lemma X.1.3]) Let Q be a bisimple inverse
monoid and let R be the R-class of the identity. For any a, b, c ∈ R,

Ra ∩Rb = Rc if and only if a−1ab−1b = c−1c.

Returning to our argument before Lemma 3.15. Let Sαa ∩ Sαb =
Sαc where a, b, c ∈ Sα. Then, we have that a−1ab−1b = c−1c, by
Lemma 3.16. We claim that (eβa)−1(eβa)(eβb)

−1(eβb) = (eβc) where
β �l α. It is clear that eβa, eβb, eβc ∈ Sβ. Using Lemmas 3.15 and 3.16
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we have

(eβa)−1(eβa)(eβb)
−1(eβb) = a−1eβeβab

−1eβeβb
= a−1eβab

−1eβb
= eαβa

−1aeαβb
−1b

= eαβa
−1ab−1b

= eαβc
−1c

= c−1eβc = (eβc)
−1(eβc).

Hence our claim is established. By the above lemma Sβeβa∩Sβeβb =
Sβeβc where β �l α, so that Sβa ∩ Sβb = Sβc, as required.

Theorem 3.17. Let Q be a left regular band Y of bisimple inverse
monoids Qα, (with identity eα) such that {eα : α ∈ Y } is a subsemi-
group of Q. Then there is a subsemigroup S of Q which is a left regular
band of right cancellative monoids Sα where Sα is the RQα-class of eα
and for any β �l α, if Sαaα ∩ Sαbα = Sαcα, then Sβaα ∩ Sβbα = Sβcα.
Moreover, S is a left I-order in Q.

Combining Theorems 3.7, 3.17 and Lemma 3.3 , we get the following
corollary.

Corollary 3.18. Let S be a left regular band Y of right cancellative
monoids Sα with identity eα, such that each Sα has the (LC) condition,
satisfying (C). For each α ∈ Y , let Qα be the inverse hull of Sα, so that
Qα is a bisimple inverse monoid, and Sα is the RQα-class of eα. Then
S is a left I-order in Q where Q is a left regular band Y of bisimple
inverse semigroups.

Conversely, let Q be a left regular band Y of bisimple inverse monoids
Qα, with identity eα, such that {eα : α ∈ Y } is a subsemigroup. Then
there is a subsemigroup S of Q with the (LC) condition which is a left
regular band of right cancellative monoids, such that S is a left I-order
in Q.

Corollary 3.19. [6] (cf. [10, Main Theorem]) Let S = S
(
Y ;Sα

)
be

a semilattice Y of right cancellative monoids Sα with identity eα, such
that each Sα has (LC). Suppose in addition that for any α ≥ β, if
Sαaα ∩ Sαbα = Sαcα, then Sβaα ∩ Sβbα = Sβcα. For each α ∈ Y , let
Qα be the inverse hull of Sα, so that Qα is a bisimple inverse monoid,
and Sα is the RQα-class of eα. Then Q = S

(
Y ;Qα

)
is a semigroup of

left I-quotients of S, such that E = {eα : α ∈ Y } is a subsemigroup.
Conversely, let Q = S

(
Y ;Qα

)
be a semilattice Y of bisimple inverse

monoids Qα, with identity eα, such that E = {eα : α ∈ Y } is a sub-
semigroup. Then S = S

(
Y ;Reα

)
is a semilattice of right cancellative

monoids Reα, such that each Reα has (LC) and for any α ≥ β, if
Reαaα ∩Reαbα = Reαcα, then Reβaα ∩Reβbα = Reβcα.
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As mentioned in section 2, any right cancellative monoid is a left
ample semigroup. Hence, using Lemma 4.1 and Theorem 4.3 of [6] and
Corollary 3.4 we have

Corollary 3.20. With the notation in Corollary 3.19, S has the (LC)
condition and Q is isomorphic to the inverse hull of S .
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