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QUASI-BIGRADUATIONS OF MODULES, CRITERIA
OF GENERALIZED ANALYTIC INDEPENDENCE

Y. M. DIAGANA

ABSTRACT. Let R be a ring. For a quasi-bigraduation f = I,
of R we define an f*—quasi-bigraduation of an R-module M
by a family g = (G(m,n))(m.n)e@xz)u{sc} Of subgroups of M such
that Goo = (0) and I(,,)G(r.5) € G(p4r.q+s), for all (p,q) and all
(r,8) € (N x N)U{oo}.

Here we show that r elements of R are J—independent of order
k with respect to the ftquasi-bigraduation g if and only if the
following two properties hold: they are J—independent of order
k with respect to the *quasi-bigraduation of ring fa(I( ¢y, /) and
there exists a relation of compatibility between g and gy, where
I is the sub-A—module of R constructed by these elements. We
also show that criteria of J—independence of compatible quasi-
bigraduations of module are given in terms of isomorphisms of
graded algebras.

1. INTRODUCTION

All rings are supposed to be commutative and unitary.

In 1954, D. G. Northcott and D. Rees [3] developed a theory of inte-
gral closure and reductions of ideals in a Noetherian local ring (A, 9).
In particular, they introduced two notions of analytic independence
with respect to an ideal in a local ring and they proved that the re-
duction of an ideal in such a ring is minimal if and only if it has an
analytically independent generating set.
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In 1970 one notion of independence is generalized by Valla [10] in a
Noetherian commutative ring. He showed that the maximum number
of independent elements in an ideal is bounded from above by its height.

Let f = (In),czui100) Pe a filtration of an arbitrary commutative
ring A and

R(Af)=EPLX" and R(A, f) =P LX"
neN neZ
be its Rees rings. Let k be a positive integer which may be equal to
+oo and let J be an ideal of A such that J + [, # A. Take u =
X1 Then the following numbers are known in the literature to be
extensions to filtrations of the analytic spread, the last one being due
to Y. M. Diagana [1] : the maximum number ¢;(f, k) of elements
of the ideal J which are J—independent of order k with respect to f
and the maximum number ¢% (f, k) of elements of the ideal J which
are regularly J—independent of order k with respect to f.
That work generalized results of Okon [9] concerning the analytic
spread of Noetherian filtrations and established comparisons of several
extensions.

In [5] we studied theses notions for a Tquasi-graduation of a ring R.

We recall that the family (G,,) of subgroups of R is a T quasi-graduation
of R if Gy is a subring of R, G4 = (0) and G,G, C G4y Vp,q € N.

Here we need the following concept of compatibility of a family
of subgroups of (R,+) with a given quasi-graduation (resp. Tquasi-
graduation) f and we extend this concept to quasi-bigraduations.

Definition 1.1. Let R be a ring.
1) Let f = (Ip)pEZU{Jroo} be a family of subgroups of R. We say that

f is a quasi-graduation (resp. *quasi-graduation) of R if I is a subring
of R, Io = (0) and I,I, C I,, for all p and ¢ € Z U {400} (resp.
N U {+00}).

2) Let f = ([n>n€Zu{+oo} be a quasi-graduation
(resp. Tquasi-graduation) of R and let ¢ = (G;)iczu{+o0} be a fam-
ily of subgroups of an R—module M.

We say that ¢ is an fT—quasi-graduation of M or that ¢ is a Tquasi-
graduation of M compatible with f if G, = (0) and I,G, C G, for
each p and ¢ € N.

For a ring R, the construction of rings of polynomials R [X7, ..., X,)]
of n indeterminates with coefficients in R have a critical importance to
geometrical investigations, since geometrical objects (curves, surfaces,
etc.) are described by equations in several variables.



QUASI-BIGRADUATIONS OF MODULES, CRITERIA OF INDEPENDENCE 81

Otherwise, in Database, stored values must be accessible concur-
rently but consistently by multiple users. This proves the importance
of the Cartesian product in relational Algebra used in Relational Data-
base. Hence there is an interest to replace N by N x N as set of indices.

We define the compatible *quasi-bigraduation of a ring as follow:

Definition 1.2. Let R be a ring.

1) Let f = (Limn)) (mum)e(ZX Z)U{oo) be a family of subgroups of R with
the convention that I(, ), {(c0,q) and (s ) mean the same subgroup,
denoted .

We say that f is a quasi-bigraduation (resp. Tquasi-bigraduation
) of R if ](070) is a Subring of R, IOO = (O) and I(pﬂ)](hs) g I(p+7“,q+s)
V(p,q) and
(r,s) € (Z x Z) U{oo}. (resp. (N x N)U {oco}).

2) Let f = (I(m»")>(m,n)e(zxz)u{oo} be a quasi-bigraduation (resp.

*quasi-bigraduation) of R.

Let us construct the family (S,,) ; as following :

meZU{+oo

VYm 2 O, Sm = Z ](n,m—n)a
—m<n<2m
Vm <0, S, =Aand S, = (0).
We have
SpS; C Spry Vp,q € NU{+00}

Therefore, (Sm)mGZU{ too) S @ *Tquasi-graduation of R; it is called the
*quasi-graduation of R deduced from f.

In this paper we have two objectives :

To extend the notion of generalized analytic independence to com-
patible Tquasi-bigraduations of a module and to establish some char-
acterizations of this notion by the mean of isomorphisms of graded
algebras.

We will also extend the study to globally compatible quasi-bigraduations.

2. COMPATIBLE QUASI-BIGRADUATIONS OF MODULE

We define the compatible Tquasi-bigraduation of a module as follow:
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2.1. Compatible quasi-bigraduations of module.

Definition 2.1. Let A be the abelian monoid Z? U {oco} (resp. N? U
{oo}).

Let R be a ring and M be an R-module. Let f = (I(m,n))(m neA be

a tquasi-bigraduation of R.
Let H = (G(ivj))(z‘,j)eA be a family of subgroups of M with the

convention that G, ), G(se,g) and G o) mean the same subgroup,
denoted G..

We say that H = (G(i,j)) is an f—quasi-bigraduation (resp. an
ft—quasi- bigraduation) of M or that H is a quasi-graduation
(resp. a Tquasi-graduation) over A of M compatible with f if
Goo = (0) and ()G ) € Gpymogin) for each (m,n) and (p,q) € A.

2.2. Globally compatible quasi-bigraduations of module.
Let R be a ring, A be a subring of R and M be an R-module.
Let H = (G(Z"j))(i Hea Pea family of sub-.A-modules of M such that
Gpg) = Go,0) Y, q verifying p + ¢ < 0 and G = (0).
Let us construct the family (NV.,)mezuf+oo) Of sub-A-modules of M as
following:

Ym Z O, Nm = Z G(n,mfn)a
—m<n<2m
Vm <0, N, =G, and N, = (0).
Definition 2.2. Let R be a ring and M be an R-module.
Let f = (I(s4))(s)ea be a Tquasi-bigraduation of R.
Let A= I and H = (G(ivj))(i,j)eA be a family of sub-.A-modules
of M.
Suppose that I, ) = A Vp, g verifying p+q < 0 and S = (Si), ez 100}
is the quasi-graduation deduced from f (see 2) of Definition 1.2 ).

We say that H is a Tquasi-bigraduation of M globally compatible
with f or that H is a global f™—quasi-bigraduation of M if G, =

(0) and SN, C N,y for each p and ¢ € N.

Remark 2.3. If H = (Gy,),,cn is an f*—quasi-bigraduation of M, then
H is a Tquasi-bigraduation of M globally compatible with f.

Indeed, we have

Vp.q €N, SN, = ( > f(n,pm) < > G(z,qo) :

—p<n<2p —q<I<2q
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Therefore,

Squ - Z ( Z I(n,p—n)G(l,q—l))
—p<n<2p \—q<I<2q
and SN, C Z Ghp+a—t) = Np+q-

—p—q<h<2(p+q)

Hence (Np)mezug+oo} 18 @ ST—quasi-graduation of M.
One denotes QG(H) = (Nm)mezuftoo} Which is called the S*—quasi-
graduation of M deduced from H.

3. COMPATIBLE QUASI-BIGRADUATIONS OF MODULE AND
GENERALIZED ANALYTIC INDEPENDENCE

3.1. Generalized analytic independence.

Definition 3.1. Let R be a ring, A be a subring of R and M be an
R-module.
Let aq,...,a, be elements of R. Let I be the sub-A-module of R gen-

erated by ay,...,a,.
Let fa (A, I) be the Tquasi-bigraduation (Z(, ) of R such that

Timpny =A ifm+n<0
Zoo = (0) and
Loy =1 ifm+n=d>0.

Let (S,,) be the Tquasi-graduation of R deduced from f5 (A, I). We
have
Vm >0,58,= > Inmun =1" S =(0)and Ym <0, S,, =

—m<n<2m
A.

Let H = (G(i,j)) be a *Tquasi-bigraduation of M globally compatible
with (f2 (A, 1)) (i.e., for all m € N, NV,, is a sub-A-module of M and
I (Ny) S Noya)-

Suppose that JG g0y + Nk N Go,0) # Go,0)-

The elements a4, ..., a, of R are said to be J— independent of order k
with respect to ‘H if for any homogeneous polynomial F of degree d in r
indeterminates with coefficients in G ), the relation F (a1, ..., a,) €
JNg 4+ Nayi, implies that F has all of its coefficients in JG g0y + Np.

Remark 3.2. Elements a4, ...,a, of R are J— independent of order k
with respect to H if they are J— independent of order k with respect
to the ST —quasi-graduation (Np,)mezuf+oo} defined in section 1.2.



84 DIAGANA

Proposition 3.3. Let R be a ring, A be a subring of R and M be
an R-module. Let ay,...,a, be elements of R and I be the sub-
A-module of R that they generate. Let H = (G,) be a global

(f2 (A, )" —quasi-bigraduation of M.

Let J be an ideal of A, k € N* such that JG0,0) +NeNG(0,0) # G(o,0)-
Suppose that aq,...,a, are J—independent of order k with respect to

H

(i) If JGo 2 NipN Gy, then the elements ai,...,a, are
J—independent (of order +0c0) with respect to H and with respect to

f2 (Go), I) and to f (Gop), 1) = (Z;).
(i) If there exists i such that a; € J + S N A, then
(I"G.0) NGo) = (5Gon) NGy SN NG

and Np N G(Qyo) g JG(070) + Nk N G(Qo) Vp Z 1.

Proof. (i) Let = F (a4,...,a,), where F' is a homogeneous polyno-
mial of degree s in r indeterminates and with coefficients in G g ).

Suppose that JGg ) contains N NG o) and put I,,, = I"™. We have

[m =0(JN,) orz=0 (JISG(QO))} =z JN,+ Nypp =

F e (JG(&O) + NN G(QO)) [Xl, - ,XT] .
Furthermore, JGg,0)+NxNGo,0) = JGo,0) thus the elements a4, . .., a,
are J—independent (of order +o00) with respect to H and with respect
to fg (G(U,O)7 I) .

(ii) If a; € J+SkN.A, then for each p > 1 and for each y € N,NG )
we have

neA

yal € (J+ S, NA)N, C (JN, +Npii) -
The elements aq, ..., a, being J—independent of order k£ with respect
to H, we have

Y € (J(Gr(o,o) + Nk) N G(O,O) = JG(QO) + NN G(op)
therefore
Np N G(0,0) - JG(070) + NN G(Qo)
and we have
(I"G00) NG00 = (5G0.0)NG0.0) € NpNGo) € TG00+ NeNG(op)
Vp > 1.
O

Proposition 3.4. Let R be a ring, A be a subring of R and M be an
R-module. Let k € N* and J be an ideal of A, aq,...,a, be elements
of R and I be the sub-A-module of R that they generate.
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Let H = (G(i7j))(i fea be a global (f (A, I))" —quasi-bigraduation of
M. Suppose that JG ) +Ni N Go,0) # Go,0), (./\/'Z-Jrk)i20 is decreasing
and that ay,...,a, are J—independent of order k with respect to H.

IfNeNGop C JGo,0) +NpNGooy, then the elements af,. .., aP are
J—independent of order k with respect to the fo(A,IP)" —quasi-
bigraduation H®) = (G pn)) for each p > 1.

Proof. This is the consequence of the fact that under the hypotheses
we have

Vn Z 0 Jan _'_Np(n—l—k) Q Jan +an+k
and

JG(QO) + Nk N G(Qp) - JG(Q()) + Npk N G((),O)

Indeed, let ' be a homogeneous polynomial of degree n in r indeter-
minates and with coefficients in Gq,).

F(d},...,a?) € (JNon + Nouiny) = G (a1, -, a,) € (JNpn + Ny

where G (Xy,...,X,) = F(X7,...,XP) is homogeneous of degree
np.

Thus G (a1, ..., a;) € JNp+Npnipr) C JNp+Nopik. Therefore G
and F' have their coefficients in JGo,9)+N. F has all of its coefficients
in

(JG(O,O) + Nk) N G(O,O) = JG(QO) + NN G(O,O) - JG(O’O) —i—./\/;,k N G(070).
O

3.2. Criteria of J—independence :
Let R be a ring, A be a subring of R, and M be an R-module.

3.2.1. Preliminaries.
Let (I,) and (J,,) be two families of subgroups of R such that

1€l
InIm g [n+m
InJm g Jn—l—m

Let (P,) and (K,) be two families of subgroups of M such that

Vm,n € Z (resp. N).

Kn g ]Pn
(%) L,P,CP,im VYm,n € Z (resp. N).
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Pm . ]n .
Thus the group direct sum € K sa graded @ J——module with

m m n n

(an + Jn) (Ym + Ki) = (anym + Kpwn)  for each a,, € I,, and each y,,

€ P,.
Let P=@ P, X™ and K= P K, X™.

They are graded F'—modules, where F' = @ [, X™ and we have

P, X"
p D

K @KXmE@K_m

3.2.2. Construction of morphisms relating to class of elements of a
Ting.
We define the product for a subgroup I of R and an R—module N/

by
= {Zaixi:ai cl, biENandseN*}.
i=1

Let f = (In),cz0100) D€ @ quasi-graduation of R and A = I.

Let J be an ideal of A and J,, = I,, N (JI,, + I,,4x) for all n.

Denote f x f the quasi-bigraduation (Ui,j)(i 1)e(ZxZ)U{oo} of R such
that

Uiy = Iy, for each (m,n) € Z x Z and U, = (0).

Let aq,...,a, be elements of R and I be the sub-A-module of R
that they generate. Put I,, = I" for alln > 0 and I,, = A for all n < 0.

I,
Thus Iy is a subring of R and the group direct sum Q;(f, k) = A
nezZ Jn
is a graded ring.
Put si:ai—l—Jl V?;Il,...,r
Condition (x) of 3.2.1 is satisfied.
Hence as in [5] there exists an isomorphism
I, R(A,I)
(AW — = such that
n>0 Jn ( ) ((uka ) ( ))
Vii(si) = @ X + R(A, )N ((u¥, J) R (A, 1)) and 9y () = a for a
A
€ —.
J+IFNnA

Furthermore, the products which follow are well defined :
Forall« € A and b,, € I,,, if m =iy +--- + 1, then

stoeesim = (aft - alr 4+ Jp) and (by + ) (a4 Jo) = bpa+ I

r
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Hence s --- s (a+ Jo) = al' - aira + J,p,.
Let V; = ¢1,k(si) Vi = 1, o, T
Since I JoX™ C R(A,I)N ((uk, J) R (A, I)), we have the products:
ool =att a7 XM+ R(A T N (W, ) R (A, 1)) and
ot ol (a4 Jo) = aft - -araX™ 4+ R(A, I N (v, J) R (A T))

and we have the following commutative diagram:

A oL «4
X .« . X — SJ(I7k) 81,... _—
01 1 LRGN
A
Vi(Z, k)= A [V1,. .., 0]
0

3.2.3. Surjective morphisms relating to a global (f x )" —quasi-
bigraduation of module.

1) Let H = (G(ifj))(i,j)e(ZXZ)U{oo} be a global (f x f)"-quasi-
bigraduation of M and P = (Pn),,cz01100) Pe @ f *—quasi-graduation
of R with IP)O = G(()’()) and ]P)m Q SmG(070), Km = Pmﬂ(JNm + Nm+k;> , J
=P, N (JSmG((),o) + SerkG(o,o)) VYm > 0 where S = (Sm)mEZU{JrOO} =
QG (f x f) is the Tquasi-graduation of R deduced from f x f and
(N mezogioy = QG (H) is the ST —quasi-graduation of M deduced
from H.

Consider J = @I, X", T = D SiGonX? N = PN, X? and
m d d

Q. (H, k) the graded Q ;(f, k)—module > ]E—m, where Q;(f, k) = P

m =Em

J_
Thus we have

ImG(O,O (JS G + Sm+kG 00)) C J C IED C S G (0,0)
[mG(O,O) N (JNm +Nm+k’) CK,, =P,Nn (JNm +Nm+k) cP, C Nm
and

1:G0,0) N (JNim + Ninik) € InGo0) € P € SnGoo,0) € Non.

Conditions (%) and (xx) of 3.2.1 are satisfied for (I,,), (J,), ( -)
and (K,), (resp. (I,,), (J,), (P,) and (J,)). Hence we have u*N =
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B NyX94F and (uF, J) N = @ Ny X+ P @ TN X

d>0 d>0 d>0
(uk, J) N = [/\/OX—’f Prx ... @Nk_lx—l] PP (JNg+ Nyy) X4
d>0
T = @ SaGo0 X * and (ub, 1) T = @ SuG0 X" D e]a JS4G 0,0y X
d>0 d>0

(w5 7) T = G0 X @Sle(o,o)xl—k@...@Sk,lG(O,O) B[ (w ) Tr

where [ (u*, J) 7']+ = @D (JSi+ Sark) G X%  From (2.2.1) we
d>0

have
P P,X™

g B m>0 N @ Py,
K N @ []Pm N (JNm +Nm+k:)] Xm m>0 ]P)m N (JNm ‘I'Nm-I—k)

m>0

@ P,X™

~P -
7§>BO [P N ((JSa+ Sasr) Gog))] X™ mzo Em ((JSa+ Sasr) Go)
2) Suppose that for each m > 0, I,, = I"™ and that JGg) + Ny N
G0 # Goo (resp. JGop) + (SkG(O,O)) N G # G ), where
( m)meZu{+oo} QG (H) is the ST—quasi-graduation of M deduced
from H. Thus, for m > 0 we have
Pm = ImG(070), Sm = I™ and Jm = ]mG(o,g)m(JImG(o,o) + Im+kG(070))
Ky, = I"G(0,0) (JNp4+Npix) and Q s (M, k) is the graded Q ;(f, k) —module

> ~ 09 " Hence we have
m>0 Km

P
J

b I"G 0)X m
m>0 00 N @ I G(o 0)

m>0

(resp.

@ I"GopX™
m>0 0.0 ~ @ I G(OO)
@D [I"Go0) N (JI™ + IMHF) G g 0)] X™ ImG o0y N ((JI™ 4+ I™HF) G )

m>0

Put R (G(o,o), I) the graded A-module @ I"Gg 0 X". We have

n>0

)

R (G0, 1) N [(u5, 1) N = R(Gpo. 1) N [(u", 7))
- @ [IdG(O,O) N (JNd +Nd+k)} Xd = @KdXd

d>0 d>0



QUASI-BIGRADUATIONS OF MODULES, CRITERIA OF INDEPENDENCE 89
Jr
(resp. R (G(O,O)ﬂ I)ﬂ [(Uk, J) R (G((),()), I)] =R (G(()’()), I)ﬂ |:<Uk, J) R (G(O,O)ﬂ I):|

=P [1%G o) N ((JT* + T) Go)) ] X = €D JaX?).
d>0 d>0

3) Let us define the products as follows :
For all o € Gop) and by, € I, if m =41 + -+ + 1, then

S’il e Si" = (aill . e a[i’" + Jm) and (bm + Jm) (OZ + JO) - bma _I_ Jm
where (J + ]k) G,0) = JGo,0) + NN Go,0)-
Hence
sst (o + Kg) = calra+ Ky,
Furthermore,
vt vl = alt e an XM R(ALT) N ((uF, ) R (A, D)) and
'Uil e fUi’" (Oé + J0> = a,’il oo CLffOsz‘i‘R(G(O,O), I)m((uk, J) §R (G((LO), [)) .

Properties (x) and (xx) of 3.2.1 show that the previous products are
well defined.

4) Suppose that Ny N Go0) € JGo0) + (1xG(0,0)) N G(o,0)- Then
Ko = Jo, I™KoX™ = I"JoX™ C R(Gqo), 1) N ((u*,J) R (Go0), 1))
and the next product is well defined: for a € G
vt ol (@ + Ko) = aft - alraX ™+ R(Go o), DN (uF, T) R (Go0, 1))
R(Goo). 1) N ((u*, ) R (Go0). 1)) € R (G, I) N [(u*, T) N

G G
Put S; (H, k) = 0.0 [s1,...,8:] and V; (H, k) = 0.9 [V1, ...y,
K Ko

0
Let 1% = @15 (H, k) be the graded morphism of graded modules

G

from H(g’o) [X1,...,X,] onto Sy (H,k) such that ¢ ,(aX;) =as; for
0

each 7 and ¢ ,(a@) = @ for o € G(p) and @ = a + K.

There exists an isomorphism {/;Lk of graded modules from S; (H, k)
R (Go), 1)
R (G, 1) N [(uk, J) R (G0, 1)]

zzl,k(asi) = &vi = OCOJZ'X—.—R (G(O,O)u I)ﬂ [(Uk, J) R (G(0,0)7 [)], @Zlyk(a) =
a for a € G and @ = a + K.

onto Vjy(H,k) = such that

Hence the following diagram commutes:



90 DIAGANA

> G
% [Xb .. 7X7“] L ]12)70) [ 1 787“]
0 0
0y
01
R<G(O,O)7 I)
R(G), I) N (uF, J)R(Go,0), 1)

Proposition 3.5.
Suppose that Ni; N G o0y € JGo0) + (]kG(O,O)) N Go,0)-
The following statements are equivalent :
(i) a1, ..., a, are J—independent of order k with respect to fo (G(o,o), I)

G G
H(g(;o) [(X1,...,X,] over 11%0) [S15- .., 5]

Go,0)

0

(11) 1.k is an isomorphism of

(iii) élk is an isomorphism of (X1, ..., X,] over

R (G(070)7 ])
R (G(()’o), I) N (uk, J) R (G((),()), ])

G
(iv) The elements si,...,s, are algebraically independent over 200
0
. . G(o,0)
(v) The elements vy, ..., v, are algebraically independent over ———.
0

Proof. See Theorem 2.3.1 of [0].

5) With the assumption that Nj N G, € JG,0 + (IkG(oyo)) N
G(0,0) # G(o,0) put the canonical morphisms

R (G, 1) g R (G0, 1)
R (Go0),I) N [(uF, J)R (Go,0), )] R (G0),1) N [(uk, J)N]

and (Sk = 52,k o} TZl,k-

Vi (H, k) =

With v; = ¥y x(s:) = ;X + (R(A, 1) N ((u*, J) R (A, 1)) we have

’Uia = CZZ'CKX + R(G((),O), [) N ((Uk, J) r (G(070), [)) = 1#1,;6(316) for
a € G and o = a + K.
Thus _
0o (V@) = a;aX + R (Gop), 1) N (u*, J) N
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Put
G ) 4
Sy (Ha k) = H(g;)) [517 R ST‘] = Z (ail7---7i7' + KO) Slll T S:j DOy € G(0,0)
P yenin
We have
R (G 1) _ Gy

= Vlyevo, Upl.
R(G(OKJ)’I)m(uk>J)§R(G(0,o)>I) Ko [ ]

Put @14 = @15 (H, k) and gl,lc = @Zl,k 0 Q1 k-

The following diagram commutes:

G @1,k G = ImG((w)
(0,0) ©0,0) ;. ,
TO[Xlw-er} Ko (81, 8] - Ko,
G(o,0) v o] R(G,0, 1) 02,1 R(G,0,1)
Ko =00 = R(Go,0), 1) N (u*, J)R(Go,0), 1) R(G0), 1) N (uF, J)N

3.2.4. Properties of independence.
Under the previous hypotheses we show the following theorem as in [6] and

[7]:

Theorem 3.6. Under the notations and hypotheses of 2.2.3 and with the
assumption that N N G oy € JGg ) + (IkG(Oyo)) N Go,0) the following
assertions are equivalent:

(i) The elements aq,...,a, are J—independent of order k with respect to H.

a) The elements ay,...,a, are J — independent of order k
(ii) with respect to fo (G(O’O),I) and

b) IpG(O,O) N (JNp +Np+k) = J[pG(070) + (Ierk N [p) G(O,O) Vp >0

G 0,0

(iii) a) The family {s1,...,s:} is algebraically free over and
0
b) R (Gop), 1) N [(u*, J)N] = R(G). 1) N (u*, J) R (G, 1) -
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( ~ . . . G(o,o)
a) 01 is an isomorphism fromT [X1,...,X,] onto
0
R (G0, 1)
- and
. R (Go), 1) N (uF, J)R (Go,0), )
() ~ ‘ ‘ R (G,0), 1)
b) O 1 is an isomorphism from - onto
R (G(O,O)v I) N (U y J) % (G(O,O)’ I)
R (G 1)
R (G(O,O)’ I) n [(uk7 J) m]
a) Pk is an isomorphism from Gﬁ(%(;o) [X1,...,X,] onto
G
%0)[51,...,&]
(v) and
. . . G(0,0) R(Go,0).1)
b) 6k, is an isomorphism from —g= [s1,...,s;] onto F(G1o01) | (k- T]01
PO . . G(o,0)
(vi) O = b1 0 01 ) is an isomorphism from x. [X1,...,Xy] onto
0
R (G(Ovo)’ I)
R (G, 1) N, J)N
Proof. (ii) < (iil) < (iv)& (v)
By Proposition 3.5, the elements aq,...,a, are J—independent of order k
with respect to fo (G(QO),I) iff the family {s1,...,s,} is algebraically free
G -
over %. It is equivalent to the fact that 6; ; (resp. ¢1 ) is an isomor-
0
phism.

Moreover, IpG(O,O) N (JNp +Np+k) = JIpG(O,O) + (Ierk N Ip) G(O,O) Vp >0
if and only if R (G g0y, I) N [(u*, ) M| = R (G0, 1) N (u¥, J) R (G .0, 1)
if and only if gg,k (resp. 0 ) is a graded ring isomorphism.

(iv) < (vi)

We have: 51’k and 527k are surjective and 5k. = 527,C o 517;6. Therefore gk is
an isomorphism if and only if both 517k and 52,;C are isomorphisms.

(i) & (vi) As in Theorem 2.3.1 of [(],

[the elements a1, ...,a, are J—independent of order k with respect to H|
iff
O = 021, 0 01 1 is an isomorphism from G]%%(’)O) [X1,...,X,] onto
R (G0, 1)

g

R (G(0,0)7I) N [(uk, J) ‘ﬁ] .

Corollary 3.7. Under the notations and hypotheses of 2.2.8 and with the
assumption that Ny, N Gy € JGo) + (IkG(o,o)) N G,y the following
assertions are equivalent :

(i) ai,...,a, are J—independent of order k with respect to 'H
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b) 0k is an isomorphism of

a) ai,...,a, are J — independent of order k with respect to fo (G(Qo),I)
(it)

Go0) R (G0 1)
—2=[s1,...,8:] over .
Ko R (G(O,O)aj) N [(’U, 7J) m]

G G
a) @1 is an isomorphism of % [X1,...,X,] over ]1(30) [S1y-.., 8]
0 0
(i) - G R (Goo), 1)

(0,0) (0,0)

b) Ok is an isomorphism of — == [s1,...,s,] over .
Ko R (G(O,O)7 I) N [(u ) J) m]

( ~ G
a) 61y is an isomorphism of % [X1,...,Xy] over
R (Gyo0), 1)

. R (Go0), 1) N (uF, J) R (Go,0),1)
(i) R (Gp). 1)

b) gng is an isomorphism of
R (G(0,0), I) N (Uk, J) §R (G(070), I)

R (G0, 1)
R (G(0,0)7 I) n [(ukv J) m]

over

G
{ a) The elements si,...,s, are algebraically independent over (0,0

0
b) R (G, I) N [(u¥,J)N] = R (G, 1) N (u¥,J) R (G0, 1)

G
(vi) { a) The elements vi,...,v, are algebraically independent over H(g’o)
0
b) R(Gop), 1) N [(u", 1) N] = R (Gog), 1) N (u, ]) R (G o), 1)
Applying this result to case k = co we have the following Corollary:

Corollary 3.8. Suppose that k = +o0o. Under the notations and hypotheses
of 2.2.3 the following assertions are equivalent :

(i) The elements ay,...,a, are J—independent (of order +o00) with respect
to H

The elements ai,...,a, are J — independent (of order co)
with respect to fo (G(O’O),I)
(i) and
IpG(O,O) N (JNp) = JIPG(O,O) fOT all P >0
G
The family {s1,..., sy} is algebraically free over J(GELO)
(0,0)
(iii) and
R (Go,0),1) N [JN] = JR (G, 1)
. . ) G(o,0)
The family {v1,...,v,} is algebraically free over G :
(i) and oo

R (G(O,O)a-[) N [J‘ﬁ] - JR (G(070),I) .
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Example 3.9. Let R = R[X, Y] be the ring of polynomials of two indeter-
minates X and Y with coefficients in R, A =Z[X,Y] and M =iQ[X,Y]

Let f = (Iim,n)), where I, ) = (X"Y™)Z[X,Y] for all m,n € N.
Let H = (G(pyq)) such that G, o) = (XPY4)iQ[X, Y] for all p,q € N x N.

f is a quasi-bigraduation of R and a bifiltration of R.
H is an fT—quasi-bigraduation of M.

Let ay = X and a2 =Y, J = (X,Y)Z[X,Y]. We have
Nd (Xd dely Xd72y2 ) Q[ ]
M =(X,Y)iQ[X,Y] and Ng = G0 = ’LQ [(X,Y]

Oéi’jEA Z[X Y] Putk‘——FOO
1) Let F = Y «;;XiX5 € A[X1, X5] a homogeneous polynomial of de-

i+j=d
gree d o
f(al,ag) = Z Oéi,jXZYJ S JNd =
i+j=d

> i XY e (X,Y) (X4, XY, X422 L YY) iQ[X, Y] =
it+j=d
Qij € N1 = (X7 Y) iQ [X7 Y] = (Xv Y) i [Xa Y]Q[Xv Y] = JG(O,O)
Thus «; ; € (JNo) N G(O,O) = JG(070).
Therefore, X and Y are J—independent with respect to H.
We have:
X2 and Y? are J—independent with respect to H.
2) Put a3 = XY and F (X1, X2) =Y X] —iXy = a1 X7 + as X9 where
o1 =1Y and ag = —i € A. Let F =Y X| —iXs € N [Xl,XQ] .
F is a homogeneous polynomial of degree 1 and
]:(al,ag) =iYa;—taz3 =1 Y X—1 XY =0¢€ JNl But as = —i ¢ JG((]’O).
Therefore, X and XY aren’t J—independent with respect to H.

Example 3.10. Let R =Z and let p > 1 and ¢ > 1 be two integers.

Let (I(mvn))(m,n)eA be the family such that

* Ly = (P™q") Z for all (m,n) € Nx N

* Ly = (") Z for all (m,n) € Z x Z withm <0 andn >0

* Ly = (pP™) Z for all (m,n) € Z x Z with n <0 and m > 0.

Put (I,,,) the family such that for m > 0 I,, = (p"™)Z = (pZ)™ and for
m < 0 I, = Z and (J,,) the family such that for n > 0 J,, = (¢") Z = (¢Z)"
and for n < 0 J, = Z.

We have (I,,) = fr where I = pZ , (J,) = f; where J = ¢Z and

Inny = ImJpn. Thus the family ( (m ))( N is the bifiltration f; x f;.

* Put Gpny = () for all (m,n) € A.

The family H = (G( mn ))(m,n)e A Is a f—quasi-bigraduation of the R-
module M =iZ. Ny= > Gn,d—n)t > Gn,d—n)t > Gn,d—n)

—d<n<-1 0<n<d d+1<n<2d

Ny =i (¢"Z+pq®'Z+ -+ pqZ +pIZ) = z Gn,d—n)-
0<n<
No = Go0) = iZ and Ny = i (pZ + qZ) = 6iZ where 5 = ged (p, q).
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Let r > 1 be an integer which is prime with p = lem(p, ¢) and J = rZ. We
have
1) a = p and b = q aren’t J—independent of order +o00 (with respect to H).
In fact, JNo = riZ # G ), qia — pib = 0 € JN1; but qi ¢ JNy = riZ.
2) If k € N* then p and ¢ aren’t J—independent of order k (with respect to
In fact, uAr =1 = A7 = 1 and JNy+ Ny, = riZ+6FiZ = iZ = G =
No.
3) a = p is J—independent of order k (with respect to H)
In fact, for A € Ny, Aa € JNy = \p? € rZid?Z = ré%Z = 3t € Z such
that
A\p? = rté%i. Put s = p/d. We have Ns? = rt where N = —i)

As uAr =1, we have u A s = 1; so r divide N and \ € riZ = JNy C
JNO+Nk.
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