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THE k-th SPECTRAL MOMENT OF SIGNED
COMPLETE GRAPHS

S. DALVANDI, F. HEYDARI ∗, AND M. MAGHASEDI

Abstract. Let Γ = (G, σ) be a signed graph, where G is the un-
derlying simple graph with at least one edge and σ : E(G) −→
{−,+} is the sign function on the edges of G. In this paper, we
study the k-th spectral moment of (Kn, σ), for a signature σ. Also,
we obtain the number of negative cycles in a signed complete graph
whose negative edges induce the disjoint union of two distinct com-
plete bipartite graphs.

1. Introduction

Let G = (V (G), E(G)) be a simple graph with the vertex set V (G)
and the edge set E(G) where |E(G)| ≥ 1. The order of G is defined to
be |V (G)| and if the degree of a vertex u of G is 1, then u is called a
pendant vertex. A paw graph is a triangle with a pendant vertex. Let
Kn denote the complete graph of order n. A complete bipartite graph
with parts of sizes r and s is denoted by Kr,s.

A signed graph Γ is an ordered pair (G, σ), where G = (V (G), E(G))
is a simple graph (called the underlying graph), and let σ : E(G) −→
{−,+} be a mapping defined on the edge set of G. Signed graphs were
introduced by Harary [6] in connection with the study of theory of social
balance in social psychology proposed by Heider [7]. Let (Kn, H

−) be a
signed complete graph whose negative edges induce a subgraph H. If H
is the disjoint union of two graphs G1 and G2, then we denote (Kn, H

−)
by (Kn, G

−
1 ∪G−2 ). A walk of length k in a signed graph Γ is a sequence
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v0, v1, . . . , vk of vertices which consecutive terms are adjacent. A walk
is closed if its end points coincide. A walk is called positive if it contains
an even number of negative edges, otherwise it is called negative. Let
w+
i,j(k) be the number of positive walks of length k from vi to vj and let

w−i,j(k) be the number of negative walks. A cycle of length k is called a
k-cycle and denoted by Ck. Let t+r (resp., t−r ) be the number of positive
(resp., negative) r-cycles in a signed graph Γ. A signed graph is called
balanced if all of its cycles are positive; otherwise, it is unbalanced. The
number of negative cycles in a signed complete graph have been studied
extensively by many authors, see [9, 11]. The adjacency matrix of a
signed graph Γ = (G, σ) is a square matrix A(Γ) = A(G, σ) = (aσij),
where aσij = σ(vivj)aij and A(G) = (aij) is the adjacency matrix of
G. The nullity of a graph is the nullity of its adjacency matrix and
we use null(G) for the nullity of graph G. If Γ is a signed graph, then
ϕ(Γ, λ) is the characteristic polynomial of A(Γ) which referred to as
the characteristic polynomial of Γ. The eigenvalues of the adjacency
matrix of a graph are often referred to as the eigenvalues of the graph.
The spectrum of a signed graph Γ is the set of all eigenvalues of Γ along
with their multiplicities. The spectrum of graphs, in particular, signed
graphs has been studied by many authors, for instance see [1, 3, 4]. If
the distinct eigenvalues of Γ are λ1 > · · · > λs, and their multiplicities
are m(λ1), . . . ,m(λs), then we write

Spec (Γ) =

(
λ1 . . . λs

m(λ1) . . . m(λs)

)
.

Let tr(Ak(Γ)) =
∑n

i=1 λ
k
i (k = 0, 1, 2, . . .) be the k-th spectral mo-

ment of a signed graph Γ with n vertices. In this paper, we study the
k-th spectral moment of (Kn, σ), for a signature σ. Also, the number of
negative cycles and the k-th spectral moment of (Kn, K

−
n1,n2

∪K−n3,n4
)

are investigated.

2. Negative Cycles in (Kn, K
−
n1,n2

∪K−n3,n4
)

In this section, we investigate the k-th spectral moment of (Kn, σ),
for a signature σ. Also, we study some properties of (Kn, K

−
n1,n2

∪
K−n3,n4

). First of all we recall certain necessary results:

Lemma 2.1. [10, Theorem II.1] Let Γ be a signed graph. Then the
(i, j)-entry of the matrix Ak(Γ) is w+

i,j(k)− w−i.j(k).

Lemma 2.2. [4, Corollary 3.3] Let Γ be a signed graph with n vertices
and m edges. Then tr(A2(Γ)) = 2m and tr(A3(Γ)) = 6(t+3 − t−3 ).
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Lemma 2.3. [2, Lemma 1] Let Γ = (Kn, σ) be a signed complete graph.
Then

tr(A4(Γ)) = 8(t+4 − t−4 ) + n(n− 1)(2n− 3).

Lemma 2.4. [3, Theorem 1] Let (Kn, H
−) be a signed complete graph

and |V (H)| = k < n. Then m(−1) = n− k − 1 + null(H).

Our first result on the 5-th spectral moment of (Kn, σ) is:

Theorem 2.5. Let Γ = (Kn, σ) be a signed complete graph. Then

tr(A5(Γ)) = 10(t+5 − t−5 ) + 30(n− 2)(t+3 − t−3 ).

Proof. By Lemma 2.1, we get

tr(A5(Γ)) =
i=n∑
i=1

(
w+
i,i(5)− w−i.i(5)

)
.

There are three different types of closed walks of length 5 in Γ as
follows:

Type 1. The 5-cycles: the walks of length 5 from the vertex vi to
the vertex vi in a 5-cycle are as follows: vivjvkvlvmvi or vivmvlvkvjvi,
see Fig. 1. Thus the number of positive (resp., negative) closed walks
of length 5 of this kind is 10t+5 (resp., 10t−5 ).

Figure 1. The 5-cycle.

Type 2. The triangles: the walks of length 5 from the vertex vi
to the vertex vi in a triangle are as follows: vivjvkvivkvi; vivkvjvivjvi;
vivjvivjvkvi; vivkvivkvjvi; vivjvkvjvkvi; vivkvjvkvjvi; vivjvkvivjvi; vivkvj
vivkvi; vivjvivkvjvi or vivkvivjvkvi, see Fig. 2. Hence the number of
positive (resp., negative) closed walks of length 5 of this kind is 30t+3
(resp., 30t−3 ).

Figure 2. The triangle.
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Type 3. The paw graphs: the closed walks of length 5 in a paw graph
are as follows: vivjvkvlvjvi; vivjvlvkvjvi; vjvkvlvjvivj; vjvlvkvjvivj; vjvivj
vlvkvj; vjvivjvkvlvj; vlvjvivjvkvl; vlvkvjvivjvl; vkvlvjvivjvk or vkvjvivjvlvk,
see Fig. 3. Since the number of balanced (resp., unbalanced) paw
graphs in Γ is 3(n− 3)t+3 (resp., 3(n− 3)t−3 ), one can see that the num-
ber of positive (resp., negative) closed walks of length 5 of this kind is
30(n− 3)t+3 (resp., 30(n− 3)t−3 ).

Figure 3. The paw graph.

Therefore, the following holds:
i=n∑
i=1

(
w+
i,i(5)−w−i.i(5)

)
= 10(t+5 − t−5 ) + 30(n− 3)(t+3 − t−3 ) + 30(t+3 − t−3 ),

as desired. �

Let (Kn, H
+) be a signed complete graph whose positive edges induce

a subgraph H. We have the following example.

Example 2.6. Let (K5, σ) be a signed complete graph. Then, by con-
sidering the results of [8] we have seven switching classes for (K5, σ)
with the following spectrums:

(1) Spec (K5, C
−
5 ) =

(√
5 0 −

√
5

2 1 2

)
,

(2) Spec (K5, K
−
1,2) =

(
3

√
17−1
2

−1 −
√
17+1
2

1 1 2 1

)
,

(3) Spec (K5, K
+
1,2) =

(√
17+1
2

1 1−
√
17

2
−3

1 2 1 1

)
,

(4) Spec (K5, K
−
1,1) =

(√
33+1
2

1 −1 1−
√
33

2
1 1 2 1

)
,

(5) Spec (K5, K
+
1,1) =

(√
33−1
2

1 −1 −
√
33+1
2

1 2 1 1

)
,

and for two cases (K5,+) and (K5,−), the spectrums are well-known.
We would like to obtain t−5 in (K5, σ). By Theorem 2.5 and Lemma 2.2
we conclude that t−5 = 12, 8, 6, 6, 6, 4, 0 in (K5,−), (K5, K

−
1,2), (K5, C

−
5 ),

(K5, K
−
1,1), (K5, K

+
1,1), (K5, K

+
1,2) and (K5,+), respectively.
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Here, we need to introduce an additional notation. An (n1, . . . , nk)-
choice of X1, . . . , Xk is the subset Si ⊆ Xi, i = 1, . . . , k such that
|Si| = ni, i = 1, . . . , k. Now, we would like to obtain t−3 , t−4 and t−5 in
(Kn, K

−
n1,n2

∪K−n3,n4
). Our second main result is:

Theorem 2.7. Let (Kn, K
−
n1,n2

∪ K−n3,n4
) be a signed complete graph.

Then the following statements hold:

(1) t−3 = A+mB,

(2) t−4 = (n− 3)(A+mB)− 4C,

(3) t−5 = (n2 − 7n+ 12)(A+mB)− 4(n+m− 4)C,

where A =
∑

1≤i<j<l≤4 ninjnl, B = n1n2 + n3n4, C =
∏4

i=1 ni and

m = n−
∑4

i=1 ni.

Proof. Let Γ = (Kn, K
−
n1,n2

∪K−n3,n4
). Suppose that the set of vertices

of Kn1,n2 and Kn3,n4 are partitioned into the parts X, Y and Z, W ,

respectively. Let m = n−
∑4

i=1 ni, and

U = V (Kn) \ (X ∪ Y ∪ Z ∪W ).

Now, we determine the number of negative 3-cycles in Γ. It is not
hard to see that Γ has no negative 3-cycle with exactly 3 negative edges.
In the sequel we determine the number of negative 3-cycles in Γ with
exactly one negative edge. The negative edges are between X, Y or
between Z,W . Therefore,

t−3 = n1n2(m+ n3 + n4) + n3n4(m+ n1 + n2) = A+mB,

where A =
∑

1≤i<j<l≤4 ninjnl, B = n1n2 + n3n4.

For the determination of t−4 , one can choose four vertices of V (Kn)
and consider the signed graph K4 induced by them and then find its
number of negative 4-cycles. The partitions of 4 are 1 + 1 + 1 + 1,
2 + 1 + 1, 2 + 2, 3 + 1 and 4. So we have the following cases:

(1) 1 + 1 + 1 + 1: We choose one vertex from U and consider a
(1, 1)−choice of X, Y or Z,W and one remaining vertex from
the other parts. Thus the number of (K4, K

−
1,1) induced by them

is mn1n2(n3 + n4) +mn3n4(n1 + n2).
The other choices contain no negative 4-cycle.
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(2) 2 + 1 + 1: Consider a (1, 1)−choice of X, Y or Z,W and two
remaining vertices from one of the other parts. So the number

of (K4, K
−
1,1) induced by them is n1n2

((
n3

2

)
+
(
n4

2

)
+
(
m
2

))
+

n3n4

((
n1

2

)
+
(
n2

2

)
+
(
m
2

))
.

Also, consider a (2, 1)−choice of X, Y ; Y,X; Z,W or W,Z,
and one remaining vertex from the other parts. Hence the num-

ber of (K4, K
−
1,2) induced by them is (n3 + n4 + m)

((
n1

2

)
n2 +(

n2

2

)
n1

)
+ (n1 + n2 +m)

((
n3

2

)
n4 +

(
n4

2

)
n3

)
.

Note that the cases 2 + 2, 3 + 1 and 4 contain no negative 4-cycle.
The number of negative 4-cycles in (K4, K

−
1,1) and (K4, K

−
1,2) are 2.

Therefore, one can conclude that

t−4 = (n− 3)(A+mB)− 4C,

where C =
∏4

i=1 ni.

Similarly, for the determination of t−5 , we can choose five vertices of
V (Kn) and consider the signed graph K5 induced by them and then find
its number of negative 5-cycles. The partitions of 5 are 1+1+1+1+1,
2 + 1 + 1 + 1, 2 + 2 + 1, 3 + 1 + 1, 3 + 2, 4 + 1, 5. Thus we have the
following cases:

(1) 1 + 1 + 1 + 1 + 1: Consider all signed graphs K5 obtained by
choosing one vertex from each parts X, Y, Z,W and U . Thus we
have mC signed complete graphs with two non-adjacent nega-
tive edges which they are switching equivalent of (K5, K

+
1,2).

(2) 2 + 1 + 1 + 1: We have 4 cases:

Case 1. Consider a (2, 1, 1, 1)−choice ofX, Y, Z,W ; Y,X,Z,W ;
Z,X, Y,W or W,X, Y, Z. Hence we have

∑
1≤i<j<l≤4

(
ns

2

)
ninjnl,

(s 6= i, j, l; 1 ≤ s ≤ 4), signed complete graphs which they are
switching equivalent of (K5, K

+
1,1).

Case 2. Choose two vertices from U and consider a (1, 1, 1)−choice
of X, Y, Z; X, Y,W ; X,Z,W or Y, Z,W . Then the number of
(K5, K

−
1,1) induced by them is

(
m
2

)∑
1≤i<j<l≤4 ninjnl.

Case 3. Choose one vertex from U and consider a (2, 1)−choice
of X, Y ; Y,X; Z,W or W,Z and the last vertex from the
other parts. So the number of (K5, K

−
1,2) induced by them is
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m(n3 + n4)
((

n1

2

)
n2 +

(
n2

2

)
n1

)
+m(n1 + n2)

((
n3

2

)
n4 +

(
n4

2

)
n3

)
.

Case 4. Choose one vertex from U and consider a (1, 1)−choice
of X, Y or Z,W and two remaining vertices from one of the
other parts. Thus the number of (K5, K

−
1,1) induced by them is

mn3n4

((
n1

2

)
+
(
n2

2

))
+mn1n2

((
n3

2

)
+
(
n4

2

))
.

(3) 2 + 2 + 1: We have 3 cases:

Case 1. Choose two vertices from X or Y and two vertices
from Z or W and the last vertex from the other parts ex-
pect U . Hence the number of (K5, K

−
1,2) induced by them is(

n3

2

)((
n1

2

)
(n2+n4)+

(
n2

2

)
(n1+n4)

)
+
(
n4

2

)((
n1

2

)
(n2+n3)+

(
n2

2

)
(n1+

n3)
)

.

Case 2. Choose two vertices from U and consider a (2, 1)−choice
of X, Y ; Y,X; Z,W or W,Z. Then the number of (K5, K

−
1,2)

induced by them is
(
m
2

)((
n1

2

)
n2 +

(
n2

2

)
n1 +

(
n3

2

)
n4 +

(
n4

2

)
n3

)
.

Case 3. Consider a (2, 2)−choice of X, Y or Z,W and the last
vertex from the other parts. So we have

(
n1

2

)(
n2

2

)
(n3+n4+m)+(

n3

2

)(
n4

2

)
(n1 + n2 + m), signed complete graphs which they are

switching equivalent of (K5, K
−
1,2).

The other choices contain no negative 5-cycle.

(4) 3 + 1 + 1: Consider a (3, 1)−choice of X, Y ; Y,X; Z,W or
W,Z and the last vertex from the other parts. Hence we have

(n3+n4+m)
((

n1

3

)
n2+

(
n2

3

)
n1

)
+(n1+n2+m)

((
n3

3

)
n4+

(
n4

3

)
n3

)
,

signed complete graphs which they are switching equivalent of
(K5, K

−
1,1).

Also we can consider a (1, 1)−choice of X, Y or Z,W and
three vertices from one of the other parts. Thus the number

of (K5, K
−
1,1) induced by them is n1n2

((
n3

3

)
+
(
n4

3

)
+
(
m
3

))
+

n3n4

((
n1

3

)
+
(
n2

3

)
+
(
m
3

))
.

Obviously, in this case the other choices contain no negative
5-cycle.

The cases 3+2, 4+1 and 5 contain no negative 5-cycle. By Example
2.6, we get the number of negative 5-cycles of (K5, σ). Therefore, one
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may deduce that

t−5 = (n2 − 7n+ 12)(A+mB)− 4(n+m− 4)C.

This completes the proof. �

Corollary 2.8. Let Γ = (Kn, K
−
n1,n2

∪ K−n3,n4
) be a signed complete

graph. Then the k-th spectral moment of Γ for k = 3, 4, 5 are as fol-
lows:

(1) tr(A3(Γ)) = (n− 1)3 − 12(A+mB)− (n− 1),

(2) tr(A4(Γ)) = (n− 1)4 − 16(n− 3)(A+mB) + 64C + (n− 1),

(3) tr(A5(Γ)) = (n− 1)5 − 20(n2 − 4n+ 6)(A+mB) + 80(n+m−
4)C − (n− 1),

where A =
∑

1≤i<j<l≤4 ninjnl, B = n1n2 + n3n4, C =
∏4

i=1 ni and

m = n−
∑4

i=1 ni.

Now, we have the following immediate result.

Corollary 2.9. Let Γ = (Kn, K
−
n1,n2

∪ K−n3,n4
) be a signed complete

graph. Then

ϕ(Γ, λ) = (λ+1)n−5
(
λ5+(5−n)λ4+(10−4n)λ3+(4A+4mB+10−6n)λ2+

(8A+ 8mB − 16C + 5− 4n)λ+ 4(A+mB)− 16(m+ 1)C + 1− n
)
,

where A =
∑

1≤i<j<l≤4 ninjnl, B = n1n2 + n3n4, C =
∏4

i=1 ni and

m = n−
∑4

i=1 ni.

Proof. Let Γ = (Kn, K
−
n1,n2

∪ K−n3,n4
). By Lemma 2.4 if n >

∑4
i=1 ni,

then we have m(−1) = n− 5. If n =
∑4

i=1 ni, then two signed graphs
Γ and (Kn, K

−
n1,n2,n3

) are switching equivalent. Since null(Kn1,n2,n3) =
n1+n2+n3−3, (see [5]) then by the Lemma 2.4 we get m(−1) = n−4.
Hence m(−1) ≥ n − 5. Now, we obtain five remaining eigenvalues of
Γ, say λ1, λ2, λ3, λ4 and λ5. Hence Corollary 2.8, implies that

5∑
i=1

λ2i = (n− 1)2 + 4,

5∑
i=1

λ3i = (n− 1)3 − 12(A+mB)− 4,
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5∑
i=1

λ4i = (n− 1)4 − 16(n− 3)(A+mB) + 64C + 4,

5∑
i=1

λ5i = (n− 1)5 − 20(n2 − 4n+ 6)(A+mB) + 80(n+m− 4)C − 4.

Since
∑5

i=1 λi = n− 5, it is not hard to see that λ1, λ2, λ3, λ4 and λ5
are the roots of the polynomial

λ5 + (5− n)λ4 + (10− 4n)λ3 + (4A+ 4mB + 10− 6n)λ2+

(8A+ 8mB − 16C + 5− 4n)λ+ 4(A+mB)− 16(m+ 1)C + 1− n.
This completes the proof. �
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