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THE k-th SPECTRAL MOMENT OF SIGNED
COMPLETE GRAPHS

S. DALVANDI, F. HEYDARI *, AND M. MAGHASEDI

ABSTRACT. Let T' = (G, o) be a signed graph, where G is the un-
derlying simple graph with at least one edge and ¢ : E(G) —
{—=,+} is the sign function on the edges of G. In this paper, we
study the k-th spectral moment of (K, o), for a signature o. Also,
we obtain the number of negative cycles in a signed complete graph
whose negative edges induce the disjoint union of two distinct com-
plete bipartite graphs.

1. INTRODUCTION

Let G = (V(G), E(G)) be a simple graph with the vertex set V(G)
and the edge set F(G) where |E(G)| > 1. The order of G is defined to
be |V (G)| and if the degree of a vertex u of G is 1, then u is called a
pendant vertexr. A paw graph is a triangle with a pendant vertex. Let
K,, denote the complete graph of order n. A complete bipartite graph
with parts of sizes r and s is denoted by K, ;.

A signed graph T is an ordered pair (G, o), where G = (V(G), E(G))
is a simple graph (called the underlying graph), and let o : E(G) —
{—,+} be a mapping defined on the edge set of G. Signed graphs were
introduced by Harary [0] in connection with the study of theory of social
balance in social psychology proposed by Heider [7]. Let (K,, H™) be a
signed complete graph whose negative edges induce a subgraph H. If H
is the disjoint union of two graphs G; and G, then we denote (K, H™)
by (K, Gy UG5 ). A walk of length k in a signed graph I is a sequence
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Vo, V1, . ..,V Of vertices which consecutive terms are adjacent. A walk
is closed if its end points coincide. A walk is called positive if it contains
an even number of negative edges, otherwise it is called negative. Let
w;’; (k) be the number of positive walks of length & from v; to v; and let
w; (k) be the number of negative walks. A cycle of length £ is called a
k-cycle and denoted by Cy. Let ¢, (resp., t,7) be the number of positive
(resp., negative) r-cycles in a signed graph I'. A signed graph is called
balanced if all of its cycles are positive; otherwise, it is unbalanced. The
number of negative cycles in a signed complete graph have been studied
extensively by many authors, see [0, 11]. The adjacency matriz of a
signed graph I' = (G, 0) is a square matrix A(I') = A(G,0) = (af)),
where af; = o(vivj)a;; and A(G) = (ay) is the adjacency matrix of
G. The nullity of a graph is the nullity of its adjacency matrix and
we use null(G) for the nullity of graph G. If T is a signed graph, then
©(I', A) is the characteristic polynomial of A(I") which referred to as
the characteristic polynomial of I'. The eigenvalues of the adjacency
matrix of a graph are often referred to as the eigenvalues of the graph.
The spectrum of a signed graph I' is the set of all eigenvalues of I" along
with their multiplicities. The spectrum of graphs, in particular, signed

graphs has been studied by many authors, for instance see [1, 3, 4]. If
the distinct eigenvalues of I are A; > --- > A, and their multiplicities
are m(Ay),...,m(As), then we write

APV W
Spec (I') = (m()\l) N m()\s)) :
Let tr(AFT)) = S0, AF (k= 0,1,2,...) be the k-th spectral mo-
ment of a signed graph I with n vertices. In this paper, we study the
k-th spectral moment of (K, o), for a signature o. Also, the number of

negative cycles and the k-th spectral moment of (K, K . UK )
are investigated.

2. NEGATIVE CYCLES IN (K, K, , UK, )

ni,n2 n3,na

In this section, we investigate the k-th spectral moment of (K,, o),
for a signature o. Also, we study some properties of (K,, K, , U

ni,n2
K., n,)- First of all we recall certain necessary results:

Lemma 2.1. [10, Theorem I1.1] Let T' be a signed graph. Then the
(1, 7)-entry of the matriz A*(T) is w;;(k) — w; (k).

Lemma 2.2. [1, Corollary 3.3] Let T" be a signed graph with n vertices
and m edges. Then tr(A%(T)) = 2m and tr(A3(T)) = 6(t5 —t3).
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Lemma 2.3. [2, Lemma 1] Let I" = (K, 0) be a signed complete graph.
Then

tr(AY(T)) = 8(tf —t;) +n(n —1)(2n — 3).
Lemma 2.4. [3, Theorem 1] Let (K,, H™) be a signed complete graph
and |V(H)| =k <n. Then m(—1) =n —k — 1+ null(H).

Our first result on the 5-th spectral moment of (K, o) is:

Theorem 2.5. Let I' = (K, 0) be a signed complete graph. Then
tr(A°(T)) = 10(t3 —t5) +30(n — 2)(t5 — t3).
Proof. By Lemma 2.1, we get

(A1) = Y (wifi(5) — wi(5)).
i=1
There are three different types of closed walks of length 5 in I' as
follows:

Type 1. The 5-cycles: the walks of length 5 from the vertex v; to
the vertex v; in a 5-cycle are as follows: v;v;U,VV,,V; OF VU,V VLV V;,
see Fig. 1. Thus the number of positive (resp., negative) closed walks
of length 5 of this kind is 10¢7 (resp., 10t5).

mQj

1 k

F1GURE 1. The 5-cycle.

Type 2. The triangles: the walks of length 5 from the vertex v;
to the vertex v; in a triangle are as follows: v;v;V,V;VLV;; VULV, V005
ViV VU5V Vs ViUV VU5 U;; ViU VRV VR Vs, ViUV VEV;U;; VU5 VRV VU5, ViUEU;
ViURV;; ViUV URU;U; OF UUpV V0,05, see Fig. 2. Hence the number of
positive (resp., negative) closed walks of length 5 of this kind is 30¢;
(resp., 30t3).

F1GURE 2. The triangle.
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Type 3. The paw graphs: the closed walks of length 5 in a paw graph
are as follows: ViUV VU5 V55 ViUV VRV V;; ViV VIV;V;V5; V5 VUV U V55 V005
VIVEV}; VU0V V55 VU VV VRV ViVEVV;05U1;5 VUV 005V OF VRV ViUV Vg,
see Fig. 3. Since the number of balanced (resp., unbalanced) paw
graphs in T is 3(n — 3)t5 (resp., 3(n— 3)t; ), one can see that the num-
ber of positive (resp., negative) closed walks of length 5 of this kind is
30(n — 3)t5 (resp., 30(n — 3)t3).

F1GURE 3. The paw graph.

Therefore, the following holds:

i (w3 (5) —wy;(5)) = 10(t — t5) +30(n — 3)(t§ — t5) +30(t5 —t3),

as desired. H

Let (K, H") be a signed complete graph whose positive edges induce
a subgraph H. We have the following example.

Example 2.6. Let (K5, 0) be a signed complete graph. Then, by con-
sidering the results of [%] we have seven switching classes for (K3, o)
with the following spectrums:

W spee(e.C) = (Y] 7)),

w

V17-1 -1 V1741
(2) Spec (K57K1_,2) = (1 i 92 12 ) ’
ViTHl | 1=VIT g
+) = 2 2
@ity = (7 5 T )
oS K VB34l 1 1 1=v33
) = 2 2
W)= (7 1),
V33-1 1 /3341
o seecti ity = (7 5 ).

and for two cases (K5,+) and (K5, —), the spectrums are well-known.
We would like to obtain t; in (K35, 0). By Theorem 2.5 and Lemma 2.2
we conclude that t; = 12,8,6,6,6,4,0in (K5, —), (K5, K ,), (K5,C5 ),
(K5, K1), (K5, K7), (K5, K7,) and (K5, +), respectively.
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Here, we need to introduce an additional notation. An (ny, ..., ng)-
choice of Xi,..., X} is the subset S; C X;, i = 1,...,k such that
|S;| = ni, i =1,...,k. Now, we would like to obtain ¢, t; and t; in
(Kn, K,y UKL ). Our second main result is:

Theorem 2.7. Let (K,, K, , UK, ) bea signed complete graph.

ni,n2 n3,na

Then the following statements hold:
(1) t; = A+mB,
(2) t; =(n—3)(A+mB) —4C,

(3) t; = (n*—Tn+12)(A+mB) —4(n+m — 4)C,

4
where A = Zl§i<j<l§4ninjnl7 B = ning + ngny, C = [[._;n; and
4
m=n—t m

Proof. Let I' = (K, K, ,,, UK, ,.). Suppose that the set of vertices

of Ky, n, and K, ,, are partitioned into the parts X, Y and Z, W,
. 4
respectively. Let m =n — ) .| n;, and

U=V(K,)\(XUYUZUW).

Now, we determine the number of negative 3-cycles in I'. It is not
hard to see that I' has no negative 3-cycle with exactly 3 negative edges.
In the sequel we determine the number of negative 3-cycles in I" with
exactly one negative edge. The negative edges are between X,Y or
between Z, W. Therefore,

ty = nine(m + ng + ng) + ngng(m +ny +ny) = A+ mB,
where A = Zl§i<j<l§4 nnjng, B = ning + ngny.

For the determination of ¢, , one can choose four vertices of V(K,)
and consider the signed graph K, induced by them and then find its
number of negative 4-cycles. The partitions of 4 are 1 + 1+ 1+ 1,
24+141,2+2, 3+ 1 and 4. So we have the following cases:

(1) 1+ 1414 1: We choose one vertex from U and consider a
(1,1)—choice of X, Y or Z,W and one remaining vertex from
the other parts. Thus the number of (K}, K7 ;) induced by them
is mning(ns + ny) + mngng(ng + no).

The other choices contain no negative 4-cycle.
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(2) 24 1+ 1: Consider a (1,1)—choice of X,Y or Z,W and two
remaining vertices from one of the other parts. So the number

of (K4, Ki,) induced by them is nlng((”;’) + (%) + (?)) +
nana((5) + (3) + (3)).

Also, consider a (2,1)—choice of X,Y; Y, X; Z W or W, Z,
and one remaining vertex from the other parts. Hence the num-
ber of (K, Ki,) induced by them is (n3 + n4 + m) ((”21)712 +

(7"22)711) + (n1 + ng +m) <(”23)n4 + (T;“)n;;)

Note that the cases 2+ 2, 34 1 and 4 contain no negative 4-cycle.
The number of negative 4-cycles in (K, Ki,) and (K4, K ,) are 2.
Therefore, one can conclude that

t, =(n—3)(A+mB)—4C,
where C' =[], n;.

Similarly, for the determination of ¢;, we can choose five vertices of
V(K,) and consider the signed graph K5 induced by them and then find
its number of negative 5-cycles. The partitions of 5 are 1+1+1+4+141,
24141+1,242+1,34+1+4+1,3+2,4+ 1,5 Thus we have the
following cases:

(1) 1+ 14141+ 1: Consider all signed graphs K35 obtained by
choosing one vertex from each parts X, Y, Z, W and U. Thus we
have mC' signed complete graphs with two non-adjacent nega-
tive edges which they are switching equivalent of (K5, K7,).

(2) 24+ 141+ 1: We have 4 cases:
Case 1. Consider a (2,1,1,1)—choiceof X, Y, Z, W, Y, X, Z, W,
Z,X,Y,Wor W, X,Y, Z. Hence we have Y7, .o, (5)ninny,
(s #1i,7,1;1 < s < 4), signed complete graphs which they are
switching equivalent of (K5, K7',).

Case 2. Choose two vertices from U and consider a (1, 1, 1)—choice

of X, Y, Z; X, YW, X, Z W or Y, Z,W. Then the number of
(K5, K1) induced by them is (73) D icicjei<a TGN

Case 3. Choose one vertex from U and consider a (2, 1)—choice
of X)Y; Y. X; ZW or W,Z and the last vertex from the
other parts. So the number of (K5, K7,) induced by them is
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m(ns + ng) ((7121)712 + (";)Tn) + m(ny + ng) <(n23)n4 + (7124)713)

Case 4. Choose one vertex from U and consider a (1, 1)—choice
of X,Y or Z,W and two remaining vertices from one of the
other parts. Thus the number of (K, K, ;) induced by them is

mign ((5) + () + miana ((3) + (5)).
(3) 242+ 1: We have 3 cases:

Case 1. Choose two vertices from X or Y and two vertices
from Z or W and the last vertex from the other parts ex-
pect U. Hence the number of (Kj, K ,) induced by them is

(5) ((3) (rarbma)+ () (b)) 4 (5) () (mabma) +(3) (ma+

n3)>

Case 2. Choose two vertices from U and consider a (2, 1)—choice
of X,Y; Y, X; Z,W or W,Z. Then the number of (Ks, K ,)

induced by them is (7;) (("21)712 + ("22)711 + ("23)714 + (”24)713)

Case 3. Consider a (2,2)—choice of X,Y or Z, W and the last
vertex from the other parts. So we have (")) ("?) (ng+n4+m)+
("23) ("24)(711 + ny + m), signed complete graphs which they are
switching equivalent of (Ks, K1 ,).

The other choices contain no negative 5-cycle.

(4) 3+ 1+ 1: Consider a (3,1)—choice of X,Y; Y, X; Z W or
W, Z and the last vertex from the other parts. Hence we have
(ng+ns+m) ((’?)n2+ (732)711) +(ny+ng+m) ((Tgs)n4+ (734)713) ,
signed complete graphs which they are switching equivalent of
(Ks, K1 1)

Also we can consider a (1,1)—choice of X,Y or Z, W and
three vertices from one of the other parts. Thus the number

of (Ks, Ki,) induced by them is nan((”?’) + () + (7;)) 4

3
nana((5) + (%) + (3))-
Obviously, in this case the other choices contain no negative
5-cycle.

The cases 3+2, 441 and 5 contain no negative 5-cycle. By Example
2.6, we get the number of negative 5-cycles of (K5, 0). Therefore, one
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may deduce that
ty = (n* —Tn+12)(A+mB) —4(n+m —4)C.
This completes the proof. O
Corollary 2.8. Let I' = (K,, K, , UK, ) be a signed complete

ni,ne ns3,n4

graph. Then the k-th spectral moment of I' for k = 3,4,5 are as fol-
lows:

(1) tr(A3(0)) = (n— 1)} = 12(A+ mB) — (n — 1),
(2) tr(AYT)) = (n— 1)* = 16(n — 3)(A+ mB) + 64C + (n — 1),

(3) tr(A%(T)) = (n—1)°> —20(n? — 4n + 6)(A + mB) + 80(n +m —
1HC = (n—1),

4
where A = Zl§i<j<l§4 ningng, B = ning + ngny, C = [[._;n; and
4
m=n-—3n
Now, we have the following immediate result.

Corollary 2.9. Let I' = (K,, K, ,, UK, ) be a signed complete
graph. Then

o(D,\) = (A H1)" <>\5+(5—n)>\4+(10—4n))\3+(4A+4mB+10—6n))\2+

(8A+8mB—160—|—5—4n))\+4(A+mB)—16(m+1)0+1—n>,

4
where A = 3\, iqcqnitjmu, B = ning + ngny, C = [[;_;n; and
4
m=n—t

Proof. Let T' = (K,, K, , UK, ). By Lemma 2.4 if n > 37 n,,

ni,m2 ns,ng
then we have m(—1) =n —5. If n = Z?Zl n;, then two signed graphs
[ and (K, K, ,,,.n;) are switching equivalent. Since null(Ky, ynym;) =
n1+ng+ns—3, (see [5]) then by the Lemma 2.4 we get m(—1) = n—4.
Hence m(—1) > n — 5. Now, we obtain five remaining eigenvalues of

I', say A1, A9, A3, Ay and )\5. Hence Corollary 2.8, implies that
Z A= (n—1)2+4,

Z/\?’ (n—1)>—12(A+ mB) — 4,
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5
> A =(n—1)" = 16(n — 3)(A +mB) + 64C + 4,
=1

5
> A =(n—1)>—20(n” — 4n + 6)(A+ mB) + 80(n + m — 4)C — 4.
=1

Since Z?Zl A; =n —5, it is not hard to see that A1, Ag, A3, Ay and A5
are the roots of the polynomial

AN+ (5—=n)A" 4+ (10 — 4n) A + (4A + 4mB + 10 — 6n)\*+
(8A+8mB —16C +5 —4n)A + 4(A+mB) — 16(m + 1)C + 1 — n.
This completes the proof. 0
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