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MODULES WITH NOETHERIAN SECOND SPECTRUM
F. FARSHADIFAR

ABSTRACT. Let R be a commutative ring and let M be an R-
module. In this article, we introduce the concept of the Zariski
socles of submodules of M and investigate their properties. Also
we study modules with Noetherian second spectrum and obtain
some related results.

1. INTRODUCTION

Throughout this paper, R will denote a commutative ring with iden-
tity and Z will denote the ring of integers. We write N < M to indicate
that N is a submodule of M. Also, Spec(R) will denote the set of all
prime ideals of R and V(I) = {P € Spec(R) : I C P} for any ideal [
of R.

Let M be an R-module. A proper submodule P of M is said to be
prime if for any r € R and m € M with rm € P, we have m € P or
r € (P:gr M). A non-zero submodule S of M is said to be second if for
each a € R, the endomorphism S % S is either surjective or zero [13].
The second socle of M is defined to be the sum of all second submodules
of M and denoted by soc(M). If M has no second submodule, then
soc(M) is defined to be 0. Also, a submodule N of M is said to be a
socle submodule of M if soc(N) = N [5] and [0].

Set X*® := Spec*(M) ={S C M : S is a second submodule of M}.
We call this set the second spectrum of M. For any submodule N of M,
V**(N) is defined to be the set of all second submodules of M contained
in N. Of course, V**(0) is just the empty set and V**(M) is Spec®(M).
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It is easy to see that for any family of submodules N; (i € I) of M,

NicrV(N;) = V¥ (NierN;). Thus if (**(M) denotes the collection of
all subsets V() of Spec®(M), then (**(M) contains the empty set
and Spec®(M), and ¢**(M) is closed under arbitrary intersections. In
general (**(M) is not closed under finite unions. A module M is called
a cotop module if (**(M) is closed under finite unions. In this case,
(¥ (M) is called the quasi Zariski topology [1].

Let N be a submodule of M and V5(N) = {S € Spec*(M) :
Anng(N) C Anng(S)}. Then
(i) V*(M) = Spec*(M) and V*(0) = 0,

(i) NMiea Vo (V;) = Vo (Miea(0 :ar Anng(N;))) for any index set A,

(iii) VS(N)UV3(K) = V¥(N + K), where N, K, N; < M.

Set (¥(M) :={V*(N): N < M}. Then from (i), (ii), and (iii) we see
that always there exists a topology, 7° say, on Spec®(M) having ¢*(M)
as the family of all closed sets. We call the topology 7° the Zariski
topology on Spec®(M)[1].

There are some interesting results concerning the primeful submod-
ules, Zariski radicals, and modules with Noetherian spectrum (for ex-
ample see, [11], and [10]). Tt is natural to ask that to what extent the
dual of these results hold. The purpose of this paper is to investigate
this question and obtain some related results.

In the rest of this paper, for an R-module M and for an ideal of R,
R and I will denote respectively R/Anng(M) and I /Anng(M).

2. SECONDFUL R-MODULES

Definition 2.1. We say that an R-module M is secondful if the natural
map * : Spec’(M) — Spec(R) defined by S +— Anng(S) is surjective.

Ezxample 2.2. (a) By [4, 3.10], every finite length R-module is sec-
ondful.

(b) For each prime integer p the Z-module Z,~ is not secondful [4,
3.9].

(c) Let R be an integral domain. Then for every Artinian cotorsion
R-module, Hompg(F, M) = 0, where F' denotes the quotient
field of R by [5, 2.9]. Hence by [!, 3.8], every Artinian faithful
cotorsion R-module is not secondful.

Part (c) of the following proposition is analogue of dual of Nakayama’s
Lemma [3, 3.14].

Proposition 2.3. Let M be a secondful R-module. Then we have the
following.
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(a) If M # 0 and [ is a radical ideal of R, then Anng((0:p, 1)) =1
if and only if Anng(M) C I.

(b) If P is a maximal ideal of R such that (0 :p; P) = 0, then there
exists a € P such that (1 +a)M = 0.

(c) If I is an ideal of R contained in the Jacobson radical J(R) such
that (0 :ps I) =0, then M = 0.

Proof. (a) The necessity is clear. To prove the sufficiency, we note
that Anng(M) C I = VI = NpevnF;. Thus for each P € V(I),
Anng(M) C P,. As M is secondful, there exist second submodules
S; of M such that Anng(S;) = P; for each P, € V(I). Therefore,
Anng((0 :ar B;)) = Anng((0 1 Anng(S;))) = P; for each P, € V(I).
Thus we have

Anng((0:p 1)) = Anng((0 1y, ﬂ P)) C ﬂ Anng((0 1y By))

P,eV(I) PeV(I)

= () R=VI=1
Pev(I)
Hence Anng((0:ps I)) = I because the reverse inclusion is clear.

(b) If Anng(M) C P, then by part (a), Anng((0 :py P)) = P,
a contradiction. Therefore, Anng(M) + P = R. Hence there exists
a € P such that (14 a)M = 0.

(c) Suppose that M # 0. Then Anng(M) # R. Let m be a maximal
ideal of R such that Anng(M) C m. Now I C m and (0 :py m) C (0 :py
I) = 0. Thus R = Anng((0 :py m)). But by part (a), Anng((0
m)) = m, a contradiction. O

Let M be an R-module. A proper submodule N of M is said to
be completely irreducible if N = (",c; N;, where {N;}ics is a family of
submodules of M, implies that N = N, for some ¢ € I. It is easy to see
that every submodule of M is an intersection of completely irreducible
submodules of M [9, page 2]. Thus, the intersection of all completely
irreducible submodules of M is zero.

Let P € Spec(R) and N be a submodule of M. The P-interior of
N relative to M is defined [2, 2.7] as the set

IM(N) =n{L | L is a completely irreducible submodule of M and

rN C L for somer € R— P}.

If R is an integral domain, M is said to be cotorsion if I} (M) = 0 [5].
An R-module L is said to be cocyclic if L is a submodule of E(R/m)

for some maximal ideal m of R, where E'(R/m) is the injective envelope
of R/m [15].
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The cosupport of an R-module M [11] is denoted by Cosupp(M) and
it is defined by

Cosupp(M) = {P € Spec(R)|P 2 Anng(L) for some cocyclic
homomorphic image L of M}.

Lemma 2.4. A submodule L of an R-module M is completely irre-
ducible if and only if M/L is a cocyclic module [9, 1.1].

Theorem 2.5. (c¢f. [I1, 2.3]) Let M be a secondful R-module, then
Cosupp(M) = V(Anng(M)). However, the converse is not true in
general.

Proof. It M = 0, then Cosupp(M) = V(Anng(M)) = 0. So suppose
that M # 0. Then V(Anng(M)) # 0. Let P € V(Anng(M)). Then
as M is secondful, there exists a second submodule S of M such that
Anng(S) = P. Thus S = I} (S) by [5, 2.10]. Since S is second,
S # 0. Therefore, 0 # S = I¥(S) C I¥(M). Thus there exists a
completely irreducible submodule L of M such that I¥ (M) € L be-
cause the intersection of all completely irreducible submodules of M
is zero. Hence for each r € R — P, rM ¢ L. This implies that
Anngr(M/L) C P and so P € Cosupp(M) by Lemma 2.4. Thus
V(Anng(M)) C Cosupp(M). The reverse inclusion is always true.
As a counterexample to the converse of the first statement take the
Z-module Q. Then since Spec’(Q) = {Q}, Q is not secondful. But
V(Annz(Q)) = Spec(Z) = Cosupp(Q). 0

3. ZARISKI SOCLES OF SUBMODULES

Definition 3.1. Let M be an R-module. The Zariski socle of a sub-
module N of M, denoted by Z.soc(N) or Z.socle of N, is the sum of
all members of V*(N), that is,

Z.soc(N) = Z{S r SEVEN)} =

Z{S: Anng(N) C Anng(S), S € Spec®(M)}.
If VS(N) =0, then Z.soc(N) = 0. We say that a submodule N of M

is a Zariski socle submodule (or a Z.socle submodule) if N = Z.soc(N).

Let Y is a nonempty subset of Spec®(M). Then we write T'(Y) to
denote the sum of the members of Y. Clearly, if Y7 and Y5 are subsets
of Spec’(M), then T(Y; UY,) = T(Yy) + T(Y2).

Lemma 3.2. Let M be an R-module.
(a) For N < M, soc(N) = T(Vs*(N)). If V*(N) = 0, then
soc(N) = 0.
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(b) For N < M, Z.soc(N) = T(V*(N)). If V5(N) = (), then
Z.soc(N) = 0.

(c) Let N < M and let Y C Spec®(M). Then V¥(T(Y)) = cl(Y),
the closure of Y. Hence V*(T(V*(N))) = V¥(Z.soc(N)) =
V3(N).

Proof. (a) and (b) are straightforward and (c) is proved in [1, 5.1].

Lemma 3.3. Let N be a submodule of an R-module M. Then we
have the following.
(2) Vo((0 :ar 1)) = V(0 iar V1)) = V(0 2ar 1)) = V(0 2
VI)).
(b) V¥(N) = V*((0 :py Anng(N))) = V*((0 :py /Anng(N))) =
V(0 :pp Anng(N))) = V(0 :ps /Anng(N))).
Proof. (a) Since (0 :a; VI) C (0 :py I), we have V¥((0 :p V1)) C
V(0 :p 1)), Thus V(0 :ar VI)) € V(0 10 1)) € VE((0 :py 1)).
Now we show that V*((0 :a 1)) € V**((0 :3 V/I)). So suppose that
S e Vs((O M I))
I C Anng((0:p 1)) € Anng(S) = VI C VAnng(S) = Anng(S) =

S C ((0:3 Anng(S)) C (0 VI)) = S € vs*((o v V).
So we have
V(0 0 VI)) S V(0 00 1)) S V(010 1)) S V(0 10 VT)).
Hence
V(0 20 V) = V(0 20 1) = V(0 201 1)),
Now the claim follows from this by replacing I by v/I.

(b) It is enough to show that V*(N) = V*((0 :p; Anng(N)) by part
(a). We have

S e VN) < Anng((0 :py Anng(N)) = Anng(N) C Anng(S)

& S e V(0 Anng(N))).
U

An R-module M is said to be a comultiplication module if for every
submodule N of M there exists an ideal I of R such that N = (0 :p, I)

[1].
Proposition 3.4. Let N and K be submodules of an R-module M,
S € Spec®(M), and I be an ideal of R. Then we have the following.

(a) If S € V*(N), then S C Z.soc(N).
(b) soc(N) C Z.soc(N).
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(¢) Z.s0c((0:r 1)) = Z.s0c((0 :pr VI)) = s0c((0 :pr 1)) = s0c((0 5
V).
(d) Z.soc(N) = Z.soc((0 :pr Anng(N)) = Z.soc((0 :p /Anng(N)) =

soc((0 :pr Anng(N)) = soc((0 :pr \/ Anng(N)).
(e) If M is a comultiplication module, then Z.soc(N) = soc(N).
(f) If Anng(N) C Anng(K), then V*(K) C V¥(N) < Z.soc(K) C
Z.s0c¢(N).
(g) If S is a second submodule of M, then Anng(N) C Anng(S) <
V#(S) € V¥(N). Hence Anng(N) = Anng(S) & V¥(N) =
V#(S) & Z.soc(N) = Z.soc(S).

Proof. The proof is straightforward by using Lemma 3.2 and Lemma
3.3. OJ

Theorem 3.5. Let M ba an R-module and N, K be two submodules
of M. Then we have the following.

(a) Z.soc(Z.soc(N)) = Z.soc(N.

(b) V¥ (N+ K)=V*(N)UV*(K).

(¢) Z.soc(N + K) = Z.soc(N) + Z.soc(K).

(d) If M is secondful, then N # 0 < V(N) # 0 < Z.soc(N) # 0.
() VAnng(N) C Anng(Z.soc(N)) and hence Z.soc(N) C (0 :p
AnnR(N)). If M is secondful, then we have the equality

VAnng(N) = Anng(Z.soc(N)).

Proof. (a) This follows from the Lemma 3.2.

(b) By [1, 3.2].

(c) This follows from part (b) because

Z.soc(N+K)=T(V*(N+ K))=T(V*(N)UV?*(K)) =
T(V(N))+T(V¥(K)) = Z.soc(N) + Z.soc(K).

(d) Suppose that N # 0. Then Anng(N) # R so that there exists
a P € Spec(R) such that Anng(N) C P. Since Anng(M) C P and
M is secondful, there exists a S € Spec®*(M) with P = Anng(S) 2
Anng(N). Tt follows that S € V*(N) and hence V*(N) # (. So
we assume that V*(N) # @ and that S € V*(N). Then Z.soc(N) =
T(VS(N)) 25 # 0. Also, Z.soc(N) # 0. This implies that N # 0 by
Definition 3.1.

(e) We may assume that VS(N) # () (otherwise, Z.soc(N) = 0).
Then

Anng(Z.soc(N)) = Anng( Z ﬂ AnnR

SeVs(N) SeVs(N
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2 ﬂ P = \/Anng(N).
PEV (Anng(N))
Now let M be a secondful module and let P € V(Anng(N)). Then
Anng(M) C Anng(N) C P implies that there exists a second sub-
module S with Anng(N) C Anng(S) = P. Therefore,

Anng(N) = ﬂ ﬂ AnnR

PeV(Anng(N)) SeVs(N

Anng( Z S) = Anng(Z.soc(N)).
SeVs(N)
0J

Proposition 3.6. Let N be a submodule of an R-module M. Then
the following statements are equivalent.

(a) Z.soc(N) C N.

(b) V(N) = V*=(N).

(¢) Z.soc(N) = soc(N).

Hence we conclude that a Z.socle submodule is a socle submodule.

Proof. (a) = (b). Clearly, V**(N) C V*(N). To see the reverse inclu-
sion, let S € V¥(N). Then S C Z.soc(N) so that S C N by part (a).
Hence V*(N) C V**(N) as required.

(b) = (c) and (¢) = (a) are clear. To see the last assertion, let K
be a Z.socle submodule. Then K = Z.soc(K). Now the claim follows
from (a) = (¢) and the proof is completed. O

Remark 3.7. Let M be an R-module.

Although the second socles and the Zariski socles of submodules of
M have many similar properties, however, they are not the same. The
following example shows this.

(a) Let M be a non-zero vector space. Then every nontrivial sub-
space N of M is second and hence a socle submodule. But N
itself is not a Z.socle submodule. In fact Z.soc(IN) = M. This
shows that Z.soc(N) € N in general.

(b) By Theorem 3.5,

Z.soc(N + K) = Z.soc(N) + Z.soc(K).

But in [0], the present authors showed that this relation is true
for second socles of submodules under some restrictive condi-
tions. We think this is not true in general and hence we posed
as a question in [0].



26 F. FARSHADIFAR

4. MODULES WITH NOETHERIAN SECOND SPECTRUM

Throughout this section Z* will denote the set of positive integer.

A topological space X is Noetherian provided that the open (respec-
tively, closed) subset of X satisfy the ascending (respectively, descend-
ing) chain condition, or the maximal (respectively, minimal) condition

[7] and [8].

Theorem 4.1. An R-module M has Noetherian second spectrum if
and only if the DCC' for Zariski socle submodules of M hold.

Proof. The proof follows from the following facts. (1) if L and K are
two submodules of M, then V*(L) D V*¥(K) if and only if T(V*(L)) 2
T(VS(K)). (2) N is a Zariski socle submodule if and only if N =
T(V*(N)) by Lemma 3.2. O

Remark 4.2. (See [1, 3.11].) Let M be an R-module and let ¢° :
X?® — Spec(R) be the natural map defined by S + Anng(S). If
1® is surjective, then 1® is both closed and open; more precisely, for
every N < M, *(V¥(N)) = V(Anng(N)) and ¢*(X°* — V¥(N)) =

Spec(R) — V(Anng(N)).

Theorem 4.3. Let M be a secondful R-module. Then M has a Noe-
therian second spectrum if and only if the ring R has Noetherian spec-
trum.

Proof. We may assume M # 0. Let M be an R-module and let
¥* : X* — Spec(R) be the natural map defined by S ~— Anng(S).
Suppose R has Noetherian spectrum and let V*(N;) D V¥(Ny) D ... be
a descending chain of closed sets in X*, where N; < M. Since M is sec-

ondful, Then v* is a closed mapping by Remark 4.2 and ¢*(V*(N)) =
V(Anng(N)) for every N < M. Hence ¢*(V*(Ny)) 2 ¢*(V*(Ng)) D ...
is a descending chain of closed sets in R. So there exists k € Z* such
that 1 (V*(Ny)) = 1 (V*(Niss)  V (Anng(Ng)) = V(Annp(Ness)).
where ¢ > 1. Now
VE(Ng) =4{S € X?: Anng(S) D Anngr(Ng)} =
{S € X*: Anng(S) € V(Anng(Ny))} =
{S e X’ AnnR(S) S V(ATLTLR<N]€_H))} =V Nk-i—’i))

for each i > 1.

The reverse implication proved similarly by using Remark 4.2 and
surjectivity of °. O

Corollary 4.4. (a) Every Artinian R-module has Noetherian sec-
ond spectrum.
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(b) If R has Noetherian spectrum, then every secondful R-module
has Noetherian second spectrum.

(c) Every Noetherian R-module has Noetherian second spectrum.

(d) Every secondful module over a commutative Noetherian ring
has Noetherian second spectrum.

Proof. (a) This follows from Theorem 4.1.

(b) If R has Noetherian spectrum, so does R/Anng(M) by [12, p.
632]. Thus the result follows from Theorem 4.3.

(c) Suppose that M is a Noetherian R-module. Then by [5, 2.3],
the DCC for socle submodules of M hold. Now since every Zariski
socle submodule is a socle submodule by Proposition 3.6, the DC'C' for
Zariski socle submodules of M hold. Thus the result follows from the
Theorem 4.1.

(d) This follows from [10, 3.4] and part (b). O

An R-module M is said to be a weak comultiplication module if M
does not have any second submodule or for every second submodule S
of M, S = (0:p I), where [ is an ideal of R [5].

Theorem 4.5. If R has Noetherian spectrum and M is a non-zero
secondful weak comultiplication R-module, then any Zariski socle sub-

module N of M is the sum of a finite number of second submodules of
M.

Proof. Since R has Noetherian spectrum, the ideal I = Anng(N) has
a finite number of minimal prime divisors Pi, P, ..., Py, say, so that
VI = \/Anng(N) = NF_, P, [10, 5.3]. Since M is secondful, for each
i, there is a second submodule S; of M such that Anng(S;) = P;. As
M is a weak comultiplication R-module, we have (0 :ps P;) = S; by [5,
3.3]. Thus for each 7, (0 :ps P;) is a second submodule of M. Now by
Proposition 3.4, we have

N = Z.soc(N) = soc((0 13y /Anng(N))) = soc((0 ;3 N P))

k k
=s0c(> (00 P)) =) (0:y Py).
i=1 i=1
Thus N is the sum of a finite number of second submodule. OJ

Corollary 4.6. Let R, M, and N be as in Theorem 4.5. Then N is a
Zariski socle submodule of M if and only if NV has a finite representation
of the form N = Zle(o :m P;) for some P, € V(Anng(N)) and
kelZ".
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Proof. The necessity follows from Theorem 4.5. Conversely, suppose
that N = S0 (0 :py P) for some P, € V(Anng(N)) and k € Z*.
Then by Theorem 3.5 (c)
k k
Z.soc(N) = Z.SOC(Z(O v Py)) = ZZ.SOC((O v Py)) =
i=1

=1

Zsoc((() m By)) =N,

because as mentioned in the proof of Theorem 4.5, each (0 :p; P;) is a
second submodule of M.
O

Recall that an ideal I of R is an RFG-ideal if /I = /J for some
finitely generated ideal J of R [12].

Definition 4.7. We say that a submodule N of an R-module M is
an RFG*-submodule if Z.soc(N) = Z.soc((0 :pr I)) for some finitely
generated ideal I of R. Also, we say that M has property (RFG*) if
every submodule of M is an RF'G*-submodule.

FExample 4.8. If R is a Noetherian ring, then every R-module has prop-
erty (REFG™*) by Proposition 3.4 (d),.

Theorem 4.9. Let M be a secondful R-module. Then M has property
(RFG*) if and only if M has a Noetherian second spectrum.

Proof. Let N be a submodule of M. Then the following statements are
equivalent.

(a) There exists a finitely generated ideal I = 32 | Rr; of R such
that Z.soc(N) = Z.soc((0 :pr 1)), where r; € R and k € Z+.

(b) VA(N) = VA((0 2ag 1)) = V(0 iy S5, Rr)) = V(O (0 20
73)) = NE_ V3((0 :pr 73)), where 7; € R and k € Z+.

(c) The open set U = X* — V3(N) = X — (N, V(0 :pr 7)) =
Uk (X = V(0 :pr 74)), where r; € R and k € Z7.

(d) The open set U = X*® — V*(N) is quasi-compact as U is a
finite union of quasi-compact subsets X*® — V*((0 :p; 7;)) with
r; € R. (We recall that if M is a secondful, then the open sets
X*—=V*((0:p 7)) for every r € R are quasi-compact and form
a base for the Zariski topology of X*® [1, 5.3 and 5.4].)

By using the equivalences above, we deduce that M has property
(RFG*) if and only if every open subset U of form X*—V*(N), where
N < M, is quasi-compact if and only if M has Noetherian second
spectrum [8, p. 97, Poroposition 9]. O
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Lemma 4.10. Let M be a secondful faithful R-module and N be a
submodule of M. Then N is an RFG*-submodule of M if and only
Anng(N) is an RFG-ideal of R.

Proof. First suppose that N is a submodule of M such that Anng(N)

is an RFG-ideal of R. Then \/Anng(N) = +/.J for some finitely gen-
erated ideal J or R. Then by using Proposition 3.4, we have

Z.soc(N) = Z.soc((0 :pr \/Anng(N)) =

Z.50¢((0 :pr V) = Z.soc((0 2y J)).

Thus N is an RF'G*-submodule of M. Conversely, let I be a finitely
generated ideal of R such that Z.soc(N) = Z.soc((0 :ps I)). Since M
is secondful, by using Theorem 3.5 and Proposition 3.4, we get

VAnng(N) = Anng(Z.soc(N)) = Anng((Z.soc((0 :p 1))
= Anng(Z.soc((0 3 VI)) = \/AnnR((O v V)

Since M is a secondful faithful R-module, \/ Anng((0 2 V) = V1 by

Proposition 2.3 (a). Therefore, \/Anng(N) = v/I, where I is a finitely
generated ideal of R, as desired. 0

We recall that R has Noetherian spectrum if and only if every prime
ideal of R is an RFG-ideal [12, p.634, Corollary 2.4].

Theorem 4.11. Let M be a faithful secondful R-module. Then M has
Noetherian second spectrum if and only if every second submodule of
M is an RFG*-submodule.

Proof. The necessity is clear by Theorem 4.9. Conversely we assume
that every second submodule is an REF'G*-submodule. By using Theo-
rem 4.3, it is enough to show that every prime ideal P of R is an RFG-
ideal. Let P € Spec(R) such that Anng(M) C P and P/Anng(M) =
P. As M is secondful, there exists a P-second submodule, say S. By
hypothesis, S is an RFG*-submodule so that P = Anng(S) is an RFG-
ideal by Lemma 4.10. Hence P = P/Anng(M) is an RFG-ideal of R
by [12, p. 633, Poroposition 2.2(iv)]. This implies that every prime
ideal of R is an RFG-ideal. Therefore, R has Noetherian spectrum, as

required.
O

Corollary 4.12. Let M ba a faithful secondful R-module. If N and
K are RFG*-submodules of M, then so is N + K.
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Proof. Let N and K be RFG*-submodules of M. Then both Anng(N)
and Anng(K) are RFG*-ideals by Lemma 4.10. Thus Anng(N+K) =
Anng(N)N Anng(K) is an RFG*-ideal by [12, p. 633, Proposition 2.2
(i)]. Therefore, N + K is an RFG*-submodule by Lemma 4.10. O
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