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SOME PROPERTIES OF PAIR OF n-ISOCLINISM
INDUCTION

M. SAJEDI AND H. DARABI*

ABSTRACT. Let (G, M) be a pair of groups, in which M is a normal
subgroup of a group G. We study some properties of n-isoclinism of
pair of groups. In fact, we show that the subgroups and quotient
groups of two n-isoclinism pair of groups are m-isoclinic for all
m < n. Moreover, the properties of m-pair and supersolvable pair
of groups which are invariant under n-isoclinism has be studied.

1. INTRODUCTION AND PRELIMINARIES

In 1940, P. Hall [2], introduced the concept of isoclinism between
two groups G and H. This concept are equivalence relation among all
groups and it is weaker than isomorphism. Two groups G and H are
isoclinic if and only if there exist isomorphisms « : Z(GG) — ng)
and 8 : G' — H' such that  is induced by «, which are compatible.
Hekester [6], introduced the concept of nilpotent groups of class at most
n and arose the concept of n-isoclinism. Salemkar et al. [3] extended the
concept of isoclinism to pairs of groups. Heidarian et al. [3] extended
the concept of n-isoclinism extend to the class of all pairs of groups.
Hassanzadeh et al. [5], verifies a new notion of nilpotency for pairs of
groups. The main goal of this paper is to investigate the properties of
subgroup and quotiont groups of pair of groups that are invarint under
n-isoclinism.

Now we can define the center of the pair of group as follows:
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16 SAJEDI AND DARABI

Definition 1.1. Let (G, M) be a pair of groups, where M is a normal
subgroup of G set

Z(G,M)={me M :[m,z] =1, for all x€G}.
Upper central series, one may define:
1=20(G,M)<Z,(G,M) < Zy(G,M) < - -
in which Z,(G, M) = Z(G, M) and
Zni1(G, M) _ G | M )
Z,(G, M) Z,(G, M)’ Z,(G, M)

A pair (G, M) is called nilpotent of class n, whenever Z, (G, M) = M,
for some natural number n.

Now we can also define
(G, M] = ([g,m]: g € G,m € M),
for which having the lower central series for the pair (G, M) as follows:
M = 34(G, M) 2 72(G, M) = - -

of (G, M) such that v, (G, M) = [G, v, (G, M)]. For arbitrary pair

of groups (G, M) and (H,N), let v : ﬁ — %, g G, M] —

‘[H, N] and « : Z(é/,[M) —> Z(I]_I\.[’N), be 'isomorphism., which are compat-
ible, such that the following diagram is commutative.
G M ((2)2).8) H N
Z(G,M) X Z(G,M) — Z(H,N) x Z(H,N)
(1.1)
G, M] — [H, N,
where | is the restriction of o on —M__ Hence, the pair of isoclinism

Z(G,M) "

((ov, ), B) is called an isoclinism b(etwe)en the pairs of groups (G, M)
and (H, N), and denoted by (G, M)~(H, N). One can generalized this
concept to n-isoclinism of the pairs of groups, which will be denoted
by (G, M)~,(H, N), where Moghaddam et al. introduced in [7].

For more information on the center and commutators of the groups,
we refer the readers to [1, 1].

The following propositions and lemmas are very useful for further
investigations.

Proposition 1.2. [3] Let (G, M) be a pair of groups, H be a subgroup
of G and N be a normal subgroup of G with N C M. Then
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(i) (HLHNM)~,(HZ,(G,M),(HNM)Z,(G, M)). In particular,
if G =HZ,(G,M), then (H, H N M)~,(G, M). Conversely, if
m satisfies the descending chain condition on normal
subgroups and (H, H N M)~, (G, M), then G = HZ,(G, M).

(i) If N Ny (G, M) =1, then (G, M)~,(G/N,M/N).

Conversely, if v,+1(G, M) satisfies the ascending chain con-
dition on normal subgroups and (G, M)~,(G/N,M/N), then
Nm7n+1(G7 M) =1

Lemma 1.3. [3] Let ((a, o), B) be an n-isoclinism between (G, M) and
(H,N).
(a) ]fG1 is a subgroup of G with Z,(G, M) C Gy and Q(W) =
then
(Gl, Gl N M)Nn(Hl, H1 N N)
(b) If My is a normal subgroup of G with My C ~,11(G, M), then
(G/My, M/ M) ~n (H/B(My), N/B(My)).

Zn (HN)

The following lemma is useful in our investigation.

Lemma 1.4. Let (G, M) and (H,N) be two pairs of groups, and let
N be a normal subgroups of G with N C M, and i,57 > 1. Then
GM) \ _ Zipi(GM)
(a) Z'(Z((G i) = Z(can
(b) Zi(§, ¥ o Vox
( ) %(Nv N) = %—7
(d) %(G,7; (G, M) < Yirj1 (G, M)

Proof. We use induction on ¢. If ¢ = 1, the result follows by defini-

tion. Assume that the result holds for i. We have Zi+1(%) =
J )

Z(Zi(GM)) _ Z145(Z(GM)) _ Z(Zii(GM)) _ Zig145(G.M)
@D = @M = e = gaa - 50 (a) holds.
Similarly, we can prove another parts of lemma by induction on i. [

Zi(G,M)N
e N

Y

Lemma 1.5. Let (G, M) be a pair of groups, H be a subgroup of G.

[fm satisfies the descending chain condition on mormal sub-
groups and Zn(gM) = ,L(MILOM then

(H,HN M)~ (G,M).

Proof. Put K = Z,(G, M), then Proposition 1.2 (i), implies that
~ K

(H,H N M)~,(K,M), in particular - ((G;M) = Zn(MHmM) = TRan

Now, we show K = G. Suppose that o : 7 (g Vo m is isomor-

phism, so, clearly Z,, (G, M) < Z, (K, M). Now, we put o

K —
Zn(G,M)) o
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m Clearly, Z, (G,M) < Z, (K,M) < K; < K. It can be seen

that Ky = K if and only if K = G. Again put O‘(Zn(lg,M)> = ZH(II?M).
Clearly Z, (G, M) < Ky < K; and Ky = K; if and only if K = K3, so
Ky = K; if and only if K = (. Continuing this process condition, we

have the following ascending chain

K K, K,
> > >
Z(KM) Zn (K, M) — Z, (K, M)
of subgroup of ———=n K K00 that G = K if and only if K M) = Z:((EM
But - (; 0 = (g’ 0 holds in ascending chains of subgroups and the
gives result. 0

Theorem 1.6. Let (G, M) be a pair of groups, H be a subgroup and
N be a normal subgroup of G with N < M. Then

(a) For each normal subgroup K <G, if N N7y,1(G, M) =1, then

G M
(G, M) ~n <KﬂN’KﬂN)'

(b> ]me7n+1<G7 M) = 17 then

(L HAN) ~n< 0 HﬂN)

HNN HNN
(c) IfG=HZ, (G,M), then
G M HN (HNN)N
(Nﬂ%H(G,M)’ Nﬂ7n+1(G7M)> o (Nﬂ%H(G,M)’ Nﬁ%H(G,M)) '
(d) For each subgroup K < G, if G = HZ, (G, M), then
(G,M) ~, ((H,K),(H,K)NM).

Proof.

(a) Clearly, (K N N) N vp1(G, M) < NN v,41(G, M) = 1, therefore,
by Proposition 1.2 (ii), (G, M) ~, (%5, KQN)

(b) Clearly, (HNN) N1 (H,HNN) < NN v,11(G, M) = 1, hence
(HNN)Nyue1(H, HNN) = 1. So, by the second isomorphism theorem
[8] and Proposition 1.2 (ii) we have:

H HﬂN)Q(HN HﬂN)

(H,H O N) ~, <

HNN HNN N "HNN
(c) Consider that G = HZ, (G, M), implies that % = H—AZ,V.—Z”(G]\’,M)N

On the other hand, Lemma 1.4 (b) implies M < Z,(G/N,M/N),
4X Z.,(M/N,G/N).

that by substitution in previous relation, we have =
Now, using Proposition 1.2 (i) obtain the result
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(d) Cleatly H < (H,K), so G = HZ,(G,M) < (H,K)Z,(G, M).

Hence

G=(H,K)Z,(G,M). Now, Proposition 1.2 (i) the result is obtained.
0

2. MAIN RESULT

In this section, we prove some properties of subgroup and quotiont
groups of pair of groups that are invarint under n-isoclinism. In the
following result, we always assume that H < G and NG with N < M.

Theorem 2.1. Let (G, M) and (H, N) two pairs of groups and ((a, o), B)
is pair of n—isclinism from (G, M) to (H,N). Then for all i > 0,
1) a(’yi+1(G,N)Zn(G,M)) — ’yi+1(H,HﬂN)Zn(H,HﬁN)

Zn(G,M) Zn(H,HNN) ;
wsi(GM)\ _ Zyis(HHNON)

ii) (a 04\) (W) = o ULHAN)

111) ~ (H,HﬂN)
n+z(G M o n+z(H>HmN) ’
1) B3neier (G 1) = tusios (HH O N).
Proof. i) From (o, o)) is pair of isomorphism and using Lemma 1.4
(c), we have

’Yi-l—l(Gy M)ZN(G, M) . ' G M
Az ) -z Gy Zae )
e H HON  a(H)Z,(HH O N)
I\ (H HAN) Z,(H.HNN)' ~  Z,(H,HNN)

ii) By using definition the upper central series and isomorphism of
a we have

Znii(G M), G M
o Zn(G. M) )=« (Zi(zn(a, M) Z,(G, M)))

—7 <O‘(Zn<g, M)’ an, M>))

p H N _ Znpwi(H HNN)
Zo(HHNM) Z,(H HNM))  Z,H HNM) "

I

iii) By part(ii),

(G,M) (H,HNN)
(G, M) ~ ZaGM) .~ Z.EnN) ., (H,HNN)

Zusi (G, M) ZaidGM] — Zysl LHON) ~ 7, (H H 1 N)
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iv) For all ¢1,...,9n1144 € G, m € M and h € a(mZ,(G, M)),
h; € a(g;Z,(G,M)) which 1 < j <n+ 1+, we have:
al[m, g1, ..., giv1]Zn(G, M))
= la(m)Z.(G, M), a(g1) Zn(G, M), ..., (gi1) Zn(G, M)
= [hZy(H, H M), a(hy)Zo(H, HOM), ..., a(hi) Zu(H, HN M)
= (hyhu, .. hist| Zo(H, H O M),

Now by definition of n-isoclinism, we have

B(lm, g1, -, giv1ls Givar - Gnri])
= Hh7 hla ceey hi+1]7 h’i+27 ceey hn+i+1]
= [hv h17 ) hi-i—la hi+2a ) hn-i—i—‘rl]-

Therefore
5(’Yn+z'+1(Ga M)) = ’Vn+z‘+1(H7 HnN N>‘

Theorem 2.2. Let (G, M) ~,, (H,HNN). Then for all k > 0,

(a> Zn-i—k(Ga M) ~n n—l—k(HaHm N);

Tnt14k(GM) ™ \ yoyp14x(H,HON)? v 146 (H,HNN) )

(a) Since Z,(G,M) < Z,x(G,M) < G, by Lemma 1.3 (a) implies

(o) (B580) = BTN By cumption Z.a(G M) = Iy,

according to Lemma 1.3 (a) the result is obtained.

(b) Since for all k > 0, we have Vpi14k(G, M) < 711(G, M) and the
other hand My = vpi14x(G, M) < G, as a result, by Lemma 1.3 (b)
and Theorem 2.1 (iv) the result is obtained.

Theorem 2.3. If (G, M) ~,, (H,HN N), then each normal subgroup
of G is n-isoclinic with each normal subgroup of H.

Proof. Let M; <9 G, hence by Lemma 1.3 (a) and Proposition 1.2 (i)
we have (M, My N M) ~, (M\Z,(M,G),(M; N M)Z,(M,G)) ~,
(N1Z,(N1i, Ny N H),(Ny 0N H)Z, (N1, Ny W H)) ~, (N1, Ny N H), that
N; < H and gives the form following:
M\ Z,(G,M)\  N1Z,(Ni,N1N H)
< Zn(GaM) >_ Zn<N17N1ﬂH)

O

Theorem 2.4. Let (G, M) be an arbitrary pair of groups and n >
0, then for all i € {0,1,2,--- ;n} and each normal subgroup N with
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)

Proof. For all 0 < i < n, put Z;(£, %) = 2 50 by Lemma 1.4 (b),
M, <G and Z;(G, M)N < M,. Therefore ZZ_(MN;G) < Z@-(J\CZG)‘ Now, it is
sufficient to show that

G M
ZGM) Z0G ) (Y
Zi(G,M)’ Zi(G,M)

But, using Theorem 1.6 (a), it is only to show that

M G M _1
Z(G. M)\ Z(G M) Z(G M) T

For all g € My Ny, i1(G, M) and z1,...,x; € G and attention to
% = Z; (%,%), we have [g,x1,...,2;] € N. On the other hand
lg,21,... 2] € Va1 (G, M), so [g,x1,...,2;] = 1, that means g €
Zl(G, M) Thus Ml ﬂ’)’n—z+1(G, M) S ZZ<G, M)

By Dedekind’s modular law [7],

My 0N Ypeia (G, M) Z,(G, M) = Z;(G, M), as required. O

N N Y1 (G, M) =1, we have

G M (& ¥
ZZ(G7 M)’ ZZ(G7 M) " Zl(jgvv %)7 Zl(]Q\N

zl<

Theorem 2.5. Let H be a subgroup of G and (G, M) is a pair of groups

and m satisfies the descending chain condition on subgroup. If

Zean ™~ zomman then (G. M) ~iy; (H, H N M).

Proof. By Proposition 1.2 (i), if m satisfies the descending

chain condition on subgroup and H < G then (G, M) ~,, (H,HNM).
Now, by induction on j, clearly if j = 0 and Zi(g i = 7 Hl;[m 0 then
by Lemma 1.4 (G, M) ~; (H,H N M). Hence, we assumption result

hold for j and m satisfies the descending chain condition on
i+j )

(G,M) (H,HNM)

G,M) ~ Z,(G,M) Z;(H,HNM) A~ (H,HNM)
subgroup and ( i : ~ : i
Z: M G, J H HNM Zii(HHOM)’
i+1(G,M) Z(Z(v(G,IV)I)> Z(W) i+1(HHNM)
G,M H,HOM X
so &M (H, ) _ B H satisfies the descend-

Zix1(G.M) "3 Zi 1 (HHNM)® Z(i41)+5 (M, HNM)
ing chain condition on subgroup. Hence by assumption induction
(G, M) ~(i4-1)+75 (H,H N M), SO (G,M) it (j+1) (H,H N M) Hence
the result holds. O

Theorem 2.6. Let (G, M) be a pair of groups which the qoutient group

W satisfies the descending chain condition on subgroup, for
i+7J )
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i,7 > 0. If the subgroup H contains Z;(H, H N M), then the relation

G M ' H HnNM
Zi(G, M)’ Z;(G, M) "\Z(H,HNM) Z(H,HNM) )’
implies that
(GaM) ity (H,HﬂM)

Proof. Clearly, Zi(HgmM) < Zi(g,M)' On the other hand, we have
H ~ m

7 GLAAM) = ) satisfies the descending chain condition

2 ( zroaiean
on subgroup. By using Proposition 1.2 (i) (conversely) the relation

(ZMg M)’ Zz-g, M>> - (Zxﬂ,me)’ Zmlf{, zﬂrfm) |

Lo G _ H G M
implies that e =z X Zi (Zi(G,M)’ Zi(G,M)>'

Since Z;(H,H N M) < Z;(G,M), we have Zi(gM) = Zi(H}IIimM) X

Z;ééGMA;[) = H??G(f/)vj) Hence G = HZ;, ;(G, M), so by Proposition 1.2

(i) we have

(G>M) ity (H7H0M)
U

Theorem 2.7. Let (G, M) be a pair of groups, N I G with N < M
and N N1 (G, M) = 1. Then for all 0 < i < n, we have

Yit1 (G, M) ~n_i Yip1 (G/N, M/N).
Proof. Put j =n —i. Now, we have

Yir1 (G, M) N Vit (G, M)
A N,M/N) = = '
Yi+1 (G/ ; / ) N NN Yi+1 (Ga M)

By using M7 = N N~;41 (G, M) it is sufficient to show that M; = N N
Yi+1(G,Yis1 (G, M)) = 1, because by Lemma 1.4 (c), vi+1 (G, M) ~;
M = %41 (G/N,M/N). Clearly, v;11(G, vig1(G, M)) < i1 (G, M),
therefore using Lemma 1.4 (d), we have
Ml N Yi+1 (G7 Yi+1 (Ga M)) =NnNn Yi+1 (G7 M) N 7j+1<G7 Yi+1 (Ga M))
= N N711(G, %41 (G, M)) < NN ja (G, M)

Since j + i+ 1 > n+ 1, hence M; N vj11(G, vy (G, M)) < NN
Yn+1 (G, M) = 1. So, the result is obtained. O
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Now, we study properties of pair of nilpotent that invariant under
n-isoclinism. Let (G, M) be a pair of groups. Then (G, M) is called a
nilpotent pair of group if M has a normal series

1:M0<M1§<Mt:M

such that M; is a normal subgroup of G and ”1 <Z (
..

> for all

M; 0 M;
Theorem 2.8. Let (G, M) be a pair of groups, N < Z(G,M) and
(£, 2) be nilpotent. Then (G, M) is nilpotent.

Proof. Since (%, %) is a nilpotent pair of groups, so there exist a series
as follows:

My M, M, M, M
l=2<—-<2<... <=
N N N N N
such that
My ¢ M
N N N
N N N

so, we have ”1 <Z(3 M) On the other hand N < Z(G, M). So,

the series: 1 = NO <N § M, < My--- < M, = M, is a central series
of G. Hence, (G, M) is nilpotent of groups. O

Theorem 2.9. Let (G, M) be a nilpotent pair of class m and H be any
subgroup of G with (G, M) ~, (H,HN M) for all m < n. Then the
(H,H N M) is a nilpotent pair.

Proof. By Theorem 2.1 (iii), we have Zn+i(GG7M) = nﬂ(ImeM for all
i > 0. By put i = m —n, we have Zm(g,M) = Z,,L(HHH 77 SO Zm(H,HN
M) = H N M, which gives the result. O

The following is an immediate consequence of Theorem 2.9.

Corollary 2.10. Let (G, M) be a nilpotent pair of class n and H be
an arbitrary. Then (H, H N M) is nilpotent pair of class n if and only
if (G,M) ~, (H HNM). In particular (G, M) ~, (1,1).

Definition 2.11. Let (G, M) be a pair of groups. Then (G, M) is
called supersolvable group if there exist normal series as follow:

such that, factors group is cychc for0<i<r—1.

Theorem 2.12. Let (G, M) ~ (H, HNN). If (G, M) is supersolvable,
then (H, H N N) is supersolvable.
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(G,M) ~ (H,HNN)

Proof. Since (G, M) is supersolvable, so 7 (G0 = 7 (AN is also su-
persolvable. Therefore % has a finite normal series with cyclic

factor as follows:

No Z, (H,H N N) N
1= = < <
ZOH,HON)  Z,(HLHNN) = Z, (H,HON) =
N, N,, H
<. < — ,
ZoHHON) = S Z(HHON)  Z,(H HNN)
Nj
Hence, N]Yj = Inlein® forl < j < m, is cyclic group which Nj ; <
T e

Nj. On the other hand Z,, (H, H N N) is finite, so it is solvable. There-
fore, each subgroup is solvable. So, there exist the subnormal series

Z{(H,HNN)=N;o < Njs <--- < Nypy = Ziya(H,HN N),

such that all of factors are cyclic. Therefore,

Zo(HHNN) = Nyo < No1 <--- < Nk
<Zi(HHNN)=N1g<Nig<--- < Nyy,
< Zo(H HNN) = Noyg < - < Zy(H,HO N)
<N <Ny <--- <N, =(HHNN)

is a finite normal series with factors cyclic for (H,H N N). So
(H, H N N) is supersolvable. Now, we study the properties, 7— sepa-
rable and m—solvable of the pair of group (G, M) that preserve under
n-isoclinism. 0

Let 7 is the non-empty set of primary number and (G, M) is a pair
of arbitrary groups, then the element m € M is called m—element of
pair (G, M), whenever order m only divide on primary number of 7.
Also, the finite pair of groups (G, M) is called, m—group, when order
M is so. We may define finite pair of group (G, M),m— separable or
m—solvable, whenever there exist a subnormal series that its factors
T—group or 7' —group.

Theorem 2.13. Let (G,M) and (H,H N M) are two finite groups
such that (G,M) ~, (H,H N N). Then, (G,M) is 71— separable(
nw—solvable) if and only if (H, H N M) is 71— separable( m—solvable).

Proof. Suppose that (G, M) is a m— seperable group. Hence % =~
% is also seperable. Therefore, there exist the following a sub-

normal series
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No _ Zu(H.HAN) _ N
Z,H,HNN) Z,(H,HNN) ™~ Z,(H,HNN) = "
Ny, HNN

SZ(HHAN)  ZHHNN)
such that its factors m— group or 7’—group. On the other hand
Z, (H,HN N) is finite nilpotent, and so supersolvable. So, there is
following subnormal series

My= (1)< M, Q---<QM,, = Z, (H,HON),

which its factors m— group or n'— group. Now, one can easily see the
subnormal series

My = ()M < --<AM,,, = Z, (H, H N N) = Ng<IN; <- - -<IN,,, = HNN,

its factors, m— group or «’— group. So (H,H N N) is a m— seperable
group . 0
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