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FIRST NON-ABELIAN COHOMOLOGY OF
TOPOLOGICAL GROUPS 1I

H. SAHLEH * AND H. E. KOSHKOSHI

ABSTRACT. In this paper we introduce a new definition of the
first non-abelian cohomology of topological groups. We relate the
cohomology of a normal subgroup N of a topological group G and
the quotient G/N to the cohomology of G. We get the inflation-
restriction exact sequence. Also, we obtain a seven-term exact
cohomology sequence up to dimension 2. We give an interpretation
of the first non-abelian cohomology of a topological group by the
notion of a principle homogeneous space.

1. INTRODUCTION

The first non-abelian cohomology of group GG with coefficients in a
crossed G-module (A, i) was (algebraically) introduced by Guin [, 2].
The Guin’s approach extended by H. Inassaridze to any dimension of
non-abelian cohomology of G with coefficients in a (partially) crossed
topological G — R-bimodule (A, i) (see [1, 5, 6]). We generalize the
Inassaridze’s approach to define the first cohomology of non-abelain
cohomology of topological groups. We continue to study non-abelian
cohomology of topological groups (see [7, 8]).

In this paper, topological groups are not necessarily abelian, unless
otherwise specified. Let G and A be topological groups. It is said that
A is a topological G-module, whenever G acts continuously on the left
of A. For all g € G and a € A we denote the action of g on a by Ya. If
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A is a topological G-module, H*(G, A) denotes the first cohomology of
G with coefficients in A [8]. The group isomorphism is denoted by =.
The center and the commutator subgroup of a topological group G is
denoted by Z(G) and [G, G], respectively. If the topological groups G
and R act continuously on a topological group A, then the notation 9"a
means 9("a), g € G, r € R, a € A. We assume that every topological
group acts on itself by conjugation. The coboundary map ¢ is as in [3,
Definition (3.1)]. If G and H are topological groups, then 1: G — H
denotes the trivial homomorphism. If f : G — H is a map, then in
what follows f~' : G — H denotes a map given by f~(g) = f(g9)~".
Note that if P is a principle homogeneous space over a partially crossed
topological G' — R-bimodule (4, u), then e L' P — Ais the inverse
map of the homeomorphism e, : A — P, p € P (see section 5).

In section 2, using the notion of partially crossed topological G — R-
bimodule (A, 1) we define Der.(G, (A, u)) as in [7] and the first non-
abelian cohomology, H'(G, (A, 1)), of G with coefficients in (A, i) as
a quotient of Der.(G, (A, 1)) (see Definition 2.9). Every topological
G-module A realises a (partially) crossed topological G — A/Z(A)-
bimodule (A, m4). So, we may define the first cohomology, H'(G, A),
of G with coefficients in A as follows:

HY(G,A) = H'(G, (A, 7))

In general this definition of the first non-abelian cohomology differs
from the first pointed set cohomology, H'(G, A), which is defined in
[8]. We show that there is a natural injection ¢ : HY(G, (A, u)) —
HY(G, A). Thus, there is an injection H'(G, A) — H(G, A). As a re-
sult, we may identify H'(G, A) with H(G, A), whenever H*(G, A/Z(A))
is null. In particular, if A is abelian, then H'(G, A) = HY(G, A).

In section 3, we introduce a new concept called cocompatible triple
to study the change of groups. Using the cocompatible triple we define
the inflation and the restriction maps and will show that for any normal
subgroup N of GG, there is an exact sequence

1 —— HY(G/N, (AN, 5V)) "2 g(G, (A, ) B YN, (A, 1) O

In section 4, we show that for every proper extension, 1 — (A4,1) =
(B,u) = (C,\) — 1, with continuous sections there exists a seven-
term exact sequence,

0 HYG, A) S HYG, B) S HUG,C) 5 HY(G, A) 5
HY(G, (B, ) = HY(G, (C, ) &> HX(G, A).
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In section 5, we define a principle homogeneous space (or topological
torsor) over a partially crossed topological G — R-bimodule (A, ) and
we show that the first non-abelian cohomology of G with coefficients in
(A, p) classifies the set of all principle homogeneous spaces over (A, p).
We denote by P(A, 1) the set of all classes of principle homogeneous
spaces over (A, p). Thus, naturally there exists a group product on
P(A, p), whenever (A, p) satisfying conditions of Theorem 2.23. As a
result, if (A, p) is a topological crossed G-module, then P(A, u) is a
group (not necessarily abelian).

2. PARTIALLY CROSSED TOPOLOGICAL BIMODULES AND THE
FIRST NON-ABELIAN COHOMOLOGY.

In this section, we introduce a partially crossed topological G — R-
bimodule (A, ) to define the first non-abelian cohomology, H(G, (A, p)),
of G with coefficients in (A, p).

Definition 2.1. A precrossed topological R-module (A, p1) consists of
a topological R-module A and a continuous homomorphism p: A — R
such that

p("a) = "ula), r € R,a € A.
If in addition we have
My = 2 a,b € A,
then (A, u) is called a crossed topological R-module.

Definition 2.2. A precrossed topological R-module (A, ) is said to
be a partially crossed topological R-module, whenever it satisfies the
following equality

wa)y — ap,
for all b € A and for all a € A such that p(a) € [R, R].

It is clear that every crossed topological R-module is a partially
crossed topological R-module.

Definition 2.3. Let G, R and A be topological groups. Precrossed
topological R-module (A, ) is said to be a precrossed topological G— R-
bimodule, whenever

(1) G continuously acts on R and A;

(2) p: A— Ris a G-homomorphism;

(3) Vg = 99 g forall ge G, r € Rand a € A.
Definition 2.4. A precrossed topological G — R-bimodule (A, p) is
said to be a (partially) crossed topological G — R-bimodule, if (A, u) is
a (partially) crossed topological R-module.
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Example 2.5. (1) Let A be an arbitrary topological G-module. Ob-
viously, Z(A) is a topological G-module. Now, we define an action of
R =A/Z(A) on A and an action of G on R by:

Ny = 9 Ya,be A, 9(aZ(A) = %aZ(A),Vge G ac A (21)
Let m4 : A — R be the canonical homomorphism. It is easy to see that
under (2.1) the pair (A, 74) is a crossed topological G — R-bimodule.

(2) By part (1), for any topological group G the pair (G, 7g) is a
crossed topological G — G/Z(G)-bimodule.

Notice 2.6. 1t is obvious that any precrossed (crossed or partially crossed)
topological R-module is naturally viewed as a precrossed (crossed or
partially crossed) topological R — R-bimodule.

Definition 2.7. A morphism f : (A4, u) — (B, v) of precrossed (crossed)
topological G — R-bimodule is a continuous homomorphism of topolog-
ical groups f : A — B such that

(1) f("a) = "f(a), 7 € R, a € A

(2) f(%a) = 9f(a), g € G, a € 4;

(3) p=volf.
Definition 2.8. Let (A, u) be a partially crossed topological G — R-
bimodule. Denote by Der(G, (A, 1)) the set of all pairs (a, r) where « is
a crossed homomorphism from G into A, i.e., a(gh) = a(g)?a(h),VYg, h €
(G; and r is an element of R such that

poal(g)= rr ' Vged.

Let Der.(G, (A, 1)) be a subset of Der(G, (A, 1)) which is defined as
follows:

Der (G, (A, 1)) = {(a,7) € Der(G, (A, u))|a is continuous}.

There is a group product % in Der(G, (A, p)) by (a,r) % (5,s) =
(axf3,rs), where axf(g) = "B(g)a(g), Vg € G (see [1, Proposition 1.5]).
It is easy to see that Der.(G, (A, 1)) is a subgroup of Der(G, (A, u)).

Let R be a topological G-module, then we define
H°(G,R) = {r|%r =r,Vg € G}.
Let (A, p) be a partially crossed topological G — R-bimodule. H.

Inassaridze [1] introduced the equivalence relation ~ on the group
Der(G, (A, pn)) as (a,r) ~ (8, s) whenever

Jac AN (Vg e G = B(9) =aa(g)a (2.2)
and

s = u(a)~'r mod H°(G, R) (2.3)
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Let ~" be the restriction of ~ to Der.(G, (A, u)). Therefore, ~' is
an equivalence relation. In other word, (a,r) ~' (f,s) if and only if
(o, 1) ~ (B, ), whenever («,r), (5,s) € Der.(G, (A, n)).

Let A be a topological G-module. We denote by Inn(G, A) the set
of all inner crossed homomorphisms from G into A, in other words:
Inn(G, A) = {Inn(a)|a € A, Inn(a)(g) = a?a™ "}
Similarly, if (A, u) is a partially crossed topological G — R-bimodule,
then put
Inn(G, (A, 1)) = {(Inn(a), p(a)2)|a € A, = € H(G, R)}.

Definition 2.9. Let (A, u) be a partially crossed topological G — R-
bimodule. The quotient set Der.(G, (A, un))/ ~' will be called the
first cohomology of G with the coefficients in (A, ) and is denoted
by HY(G, (A, p)).
Fact 2.10. Let (A, ) is a partially crossed topological G — R-bimodule.
Then

(1) #a = 9%a,Va€ A, g€ G, z€ H'(G,R).

(2) a(g)?a = "aa(g), Vg € G,a € A, (a,r) € Der (G, (A, pn)).
Proof. See [1, p. 499] and [5, p. 315]. O

Definition 2.11. Let A be a topological G-module. Denote by H' (G, A)
the first cohomology of G with coefficients in A and define it as follows:

HYG,A) = H'(G, (A, 74)).

Let (A, ) be a partially crossed topological G — R-bimodule, then
there is the following natural map

¢C: HYG, (A, u) — HY(G, A)
(v, )] = [a].

Theorem 2.12. Let (A, u) be a partially crossed topological G — R-
bimodule. Then

(i) HY(G, (A, ) can be naturally embedded in H*(G, A).

(ii) There is a bijection between H*(G, (A, n)) and H (G, A) if and
only if the induced map p' : HY(G,A) — HY (G, R) is trivial
(that is, pu* = 1).

Proof. Let ¢ be the natural map mentioned above. (i). Suppose
that ([(a,7)]) = C([(B,s)]). Hence there is a € A such that 5(g) =
ata(g)la, for all g € G. Hence, pB(g) = pla)tua(g)?u(a). Thus,
s9s7t = p(a)~tr9r~t 9u(a), for all ¢ € G. Therefore for all g € G,
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I(r—tu(a)s) = r~tu(a)s, i.e., ru(a)s € H°(G, R). This shows that ¢
1s one to one.

(ii). Let a € Der.(G,A), then uya € Der.(G,R). If p! = 1,
then there is an » € R such that for all ¢ € G, pa(g) = r9r~L
Thus (([(a,7)]) = [a]. So, ¢ is onto. Conversely, if ¢ is onto. Let
a € Der.(G,A), then there is (5,r) € Der.(G,(A,u)) such that
C([(B,7)]) = [a]. Thus, there is a € A such that a(g) = a~'3(g)%a,
whence p!([a]) = p!([8]) = [#B] = [Inn(r)] = 1, and this finishes the
proof. O

Corollary 2.13. Let (A, ) be a partially crossed topological G — R-
bimodule and H' (G, R) = 0. Then, there is a bijection between H' (G, A)
and H' (G, (A, 1)).

Proof. The proof is immediate. O
Theorem 2.12 implies immediately the following two corollaries:

Corollary 2.14. Let A be a topological G-module. There is a bijec-
tion between H'(G, A) and H'(G, A) if and only if 'y : H' (G, A) —
HY(G,A/Z(A)) is null.

Corollary 2.15. If A is a topological G-module and H'(G,A/Z(A)) =
0, then there is a bijection between H'(G,A) and H'(G,A). In partic-
ular if A is abelian, then H'(G,A) = H'(G, A).

According to part (i) of the proof of Theorem 2.12, we have the next
remark.

Remark 2.16. Let (A, p) be a partially crossed (topological) G — R-
bimodule, and let («,7),(8,s) € Der(G, (A, 1)). Then

(a,r) ~ (B,s) & Jac AN (Vg€ G = B(g) =a'a(g)a).
In other words, the condition (2.2) implies the condition (2.3). Thus,
we can delete the condition (2.3) of the equivalence relation ~.

Definition 2.17. Let (A, ) be a partially crossed topological G —
R-bimodule. The quotient set Der.(G, (A, n))/ ~" will be called the
first cohomology of G with the coefficients in (A, ) and is denoted by
HY (G, (A, ).

Theorem 2.18. Let (A, p) be a crossed topological G — R-bimodule.
Then, Inn(G, (A, 1)) is a subgroup of Der.(G, (A, p)).

Proof. Suppose that (Inn(a), u(a)z)), (Inn(a’), p(a’)z") € Inn(G, (A, p)).
We get (Inn(a), p(a)z))(Inn(a"), u(a’)z") = (Inn(a®a’), p(a®a’)zz"), since
for any g € G
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#@2 Inn(a') Inn(a)(g) = " Inn(a’)(g)Inn(a)(g)
= a’Inn(d’)(g)a”" Inn(a)(g) = az(a’ga’_l)a_l(aga_l)

z 19z ,1—19

/zga/—lga = a%a'%a a ! = aza/g(za/—la—l)

=aa
= a”d(a*a’)"" = Inn(a*d’)(g),
and also, pu(a)zp(a')z' = p(a)zp(a)z 22" = pla)*u(a’)zz' = pla*a')z7'.
Thus, Inn(G, (A, i)) is closed under multiplication.
In addition, We have (Inn(a), u(a)z)™t = (Inn(* a™"), u(* a=")z71),
since for any g € G
(u(a)z)*l(]nn(a)(g))fl - z*lu(a*)(agafl)fl — z*lu(a*)(gaafl) —
“HaYaala) = 7 (M) = 7 a‘lz g = g g =
T a) = Inn(*a ) (g),
and also, (ju(a)z) ™' =z u(a™") = p(*" a_l)z_l. Therefore, Inn(G, (A, 1))
is closed under inversion. So, Inn(G, (A, p)) is a subgroup of Der.(G, (A, p)).
0J

Remark 2.19. Note that Inn(G, (A, 1)) is not necessarily a normal sub-
group of Der (G, (A, pn)). If HY(G, (A, p)) is a group, then Inn(G, (A, 1))
is a normal subgroup of Der.(G, (A, u)) and

HY(G, (4, 1)) = Derd(G, (A, )/ Tnn(G, (A, ).
Remark 2.20. Let (A, p) be a crossed topological G — R-bimodule.
Then, Inn(G (A @) is a normal subgroup of Der.(G, (4, p)) if and

only if "Pa~ta € Inn(G,A) for all (a,r) € Der.(G, (A ),z €
H°(G,R).

Proof. Suppose that (a,r) € Der.(G, (A, 1)) and (Inn(a),pu(a)z) €
Inn(G, (A, p)). We have

(o, ) (Inn(a), p(a)2)(a, )" = (@D o~ Inn(a)a, ru(a)zr?)
Thus,
(@7 o Inn(a)a)(g) = "2 (g) Tnn(a)(g)a(g)
= "a"a"!(g)"a a(g) = a~(g)alg)”a
The last equality is obtained by part (2) of Fact 2.10. Hence, we have
r@zr "o Inn(a)a ~' "Pa~'a. This completes the proof. O

ra(rz) 1.

As a consequence of Remark 2.20 we get the following corollary.

Corollary 2.21. Let (A, u) be a crossed topological G — R-bimodule
and A a trivial R-module. Then Inn(G, (A, pn)) is a normal subgroup

of Der.(G, (A, p)).



50 SAHLEH AND KOSHKOSHI

Let (A, p) be a partially crossed topological G — R-bimodule. On can
see there is a natural action of H°(G, R) on H (G, (A, u)) as follows:
o, r)] = [Car)], 2 € HY(G, R), [(a,7)] € HY (G, (A, 1)),
where (*a)(g) = “a(g), for all ¢ € G. Note that by part (1) of Fact

2.10, *av is a crossed homomorphism.

Lemma 2.22. Let (A,u) be a partially crossed topological G — R-
bimodule. If Der(G,(A,p))/ ~ is a group, then H' (G, (A, u)) is iso-
morphic to a subgroup of Der(G, (A, pn))/ ~.

Proof. Clearly, the natural map 5 : H(G, (A, p)) — Der(G, (A, 1))/ ~,
[(a,7)] > cls(a, 7) is injective. The equivalence relation ~' is congru-
ence, since by assumption, ~ is congruence. Thus, 7 is a homomor-
phism. This completes the proof. 0

Indeed in Lemma 2.22, Der(G, (A,pn))/ ~ is the first non-abelian
cohomology of G with coefficients in (A, u) [1, 0].

Theorem 2.23. Let (A, u) be a partially crossed topological G — R-
bimodule satisfying the following conditions
(i) HY(G, R) is a normal subgroup of R;
(i) for every ¢ € H(G, R) and (a,7) € Der (G, (A, pn)), there ex-
ists a € Kerp and ‘a(g) = a ta(g)%a, Vg € G.
Then, Der (G, (A, pn)) induces a group structure on H*(G, (A, p)).

Proof. By [1, Theorem 2.1}, the quotient set Der(G, (A, n))/ ~ is a
group. Thus, by Lemma 2.22, H'(G, (A, pn)) is a group. O

Let A and B be topological G-modules and let ;1 : A — B be a con-
tinuous G-homomorphism. We say that p is a G-retraction whenever
there is a continuous G-homomorphism p : B — A such that pup = Idp.
For example, (G, Idg) is a crossed topological G-module and clearly,
ldg : G — (G is a G-retraction.

Theorem 2.24. Let (A, u) be a partially crossed topological G — R-
bimodule and suppose that p : A — R is a G-retraction. Then, the
following is an exact sequence.

1= HYG, (A, ) S HY(G, A) ™S HYG, R) — 1

Proof. By part (i) of Theorem 2.12, ¢ is one to one. If (a,r) €
Der (G, (A, p)), then pi'(([(er,7)]) = p'([a]) = [po o] = [Inn(r)] = L.
Thus Im¢ C Kerp!. Vice versa, if [a] € Kerp!, then pa is cohomol-
ogous to 1. Hence, there is r € R such that pa(g) = r9r~1, for all
g € G. So, (a,r) € Der.(G,(A,un)) and (([(a,7)]) = [a]. There-
fore, Kerpy' € Im¢. Finally, we show that p' is onto. Suppose
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that o € Der.(G, R). Set = pa. Obviously, 5 € Der.(G,A) and
p([8]) = [al. N

Theorem 2.25. Let (A, u) be a partially crossed topological G — R-
bimodule satisfying the following conditions:

(1) A and R are abelian;

(2) for any r € R and (a,s) € Der.(G, (A, n)) there exists a €
Kerp and "a(g) = a 'a(g)a;

(3) p: A— R is a G-retraction.

Then, HY(G, A) = HY(G, (A, pn)) ® HY(G, R).
Proof. The condition (1) implies that H'(G, A) and H!(G, R) are abelian

groups. By Theorem 2.23, H'(G, (A, u)) is a group. The conditions
(1) and (2) imply that the map ¢ is a homomorphism, since

([, )[(B, 8)]) = ([ B],rs)]) = [o"f] = [a]["8] = [a][f] =
C([(e, DB, 9)))-

Hence, by Theorem 2.24, 1 — H' (G, (A, p)) AN HY(G, A) L HY (G, R) —
1 is an exact sequence (of groups and homomorphisms). By (3), there
is a continuous G-homomorphism p such that pp = Idg. Thus, plp! =
(np)t = (Idg)' = Idp (G r)- This completes the proof. O

As an immediate result of Theorem 2.25, we have:
Corollary 2.26. Let (A, ) be a partially crossed topological G-module
satisfying the following conditions:

(1) G and A are abelian;
(2) p: A— G is a G-retraction.

Then, H' (G, A) 2 HY(G, (A, 1)) ® Hom.(G, G).

/

Note that if A is an abelian topological G-module, then (o, 1) ~
(a, 1), for every (a, 1) € Der.(G, (A, 1)). Therefore, we have the next
theorem.

Theorem 2.27. Let G be a topological group. Then,
Tat HY(G,A) » HY(G, (A1), 7a([a]) = [(a,1)]
s a natural isomorphism in the category of abelian topological G-modules.

Proof. The proof is an standard argument. O
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3. CHANGE OF GROUPS FOR THE FIRST COHOMOLOGY.

We introduce a notion called cocompatible triple and we get inflation-
restriction exact sequence for the first non-abelian cohomology groups.

Definition 3.1. Let (A, u) be a partially crossed topological G — R-
bimodule and (A’ i’) a partially crossed topological G’ — R’-bimodule.
Suppose that ¢ : G' = G, p: R — R and ¢ : A — A’ are continuous
homomorphisms. The triple (¢, , ) is called a cocompatible triple
whenever the following conditions hold:

(1) Yo(r) = ¢(?9)r), Vg € G',r € R;

(2) 99(a) = (?9a), Vg € G',a € A.

Example 3.2. If (A, ) is a partially crossed topological G— R-bimodule
and N a subgroup of G. Then, (A, u) is a partially crossed N — R-
bimodule. The triple (¢, Idg, Id4) is a cocompatible triple, where ¢ :
N — @G is the inclusion map and Idr and Id,4 are the identity maps.

Example 3.3. If N is a normal subgroup of G and pV : AN — RY is
the restriction of u : A — R. Clearly (AY, V) is a partially crossed
topological G/N — R¥-bimodule. The triple (7,1, 7) is a cocompatible
triple, where 7 : G — G/N is the natural map, » : RY — R and
7: AN — A are the inclusion maps.

Note that a cocompatible triple (¢, ¢, %) induces a natural map as
follows:

Dere(G, (A, p)) = Der(G', (A, 1)), (a,r) = (Y oaod,p(r))
which induces naturally the map:
(6. 0,0)" : HI(G, (A, p)) = HYG', (A", 1)),
[(a, )] = [(W oo, or))].

Definition 3.4. Let (A, u) be a partially crossed topological G — R-
bimodule and N a subgroup of G. The induced map (2, [dg, Ida)' is
called the restriction map and it is denoted by Res' : H(G, (A4, u)) —
HY (N, (A, p)).

Definition 3.5. Let (A, u) be a partially crossed topological G — R-
bimodule and N a normal subgroup of G. The induced map (7,1, 7)! is
called the inflation map and it is denoted by Inf! : H*(G/N, (AN, u™V)) —
HY(G, (A, p)).

Lemma 3.6. Let (A, i) be a partially crossed topological G— R-bimodule,
and N a normal subgroup of G. Then,
(i) HY(N, (A, pn)) is a G/N-set. Moreover, if H'(N, (A, pn)) is a
group, then H'(N, (A, u)) is a G/N-module.
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(ii) ImRes' C HY(N, (A, u))¢/N.

Proof. (i) Since N is a normal subgroup of G, then, there is an action
of G on Der (N, (A, p)) as follows:
For every g € G we define 9(a,7) = (&, r) with a(n) = 9a(? n),n €
N.

In fact, & is continuous and we have:

a(mn) =9a(9 " (mn)) =9%a(¢ 'm9 'n) =9a(v"

maa(9” n) = a(m)"a(n),

m)-

whence, & € Der.(N,A). Also it is easy to see that u(a(n)) =
(9r)"(9r~1), for every n € N. Hence, (a,1) € Der.(N, (A, p)). Tt is
clear that 9" (a,7) = 9("(a,7)). It is easy to verify that 9((a, r)(8, s)) =
I(cr,7)9(B,s). Consequently Der.(N, (A, pn)) is a G-module. Now
suppose that (a,r) ~ (8,s). Then, there is an a € A such that
B(n) = ata(n)"a,¥n € N. Thus, for every g € G, n € N,

-1 1

1B n) = 90~ (a0 (" ).
Therefore,
B(n) = (*a)~'a(n)"(%a).
Therefore, by Remark 2.16, 9(a,7) ~ 9(/3,s). Thus, the action of G
on Der.(N, (A, 1)) induces an action of G on H'(N, (A, i)). Moreover
if H'(N,(A,pn)) is a group, then H'(N, (A, u)) is a G-module. Tt is
sufficient to show for every m € N, "(a, 1) ~ (a,r). In fact, for every
neN
ma(™ ') = "a(m'nm) = ™(a(m )™ a(n)™ "a(m)) =
ma(m Ha(n) a(m) = a(m)ta(n) a(m).
Thus, H'(N, (A, 1)) is a G/N-set. Moreover if H'(N, (A, i) is a group,

then H'(N, (A, u)) is a G/N-module.
(i) By a similar argument as in (i), for every (a, 1) € Der.(G, (A, u))

a(?""'n) = a(g)'a(n)"a(g), Vg € G,n € N,
whence, 9V (o 1,7) ~ (ao1,7),VgN € G/N. O

Theorem 3.7. Let (A,p) be a partially crossed topological G — R-
bimodule and N a normal subgroup of G. Then, there is an exact
sequence

Infl

1 — HY(G/N, (AN, 1)) == HY(G, (A, 1)) 2 HY(N, (A, ) -
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Proof. The map Inf! is one to one: If (a,7),(8,5) € Der.(G/N, AN)
and Inf'[(a,r)] = Inf'[(8,s)], then (am,r) ~ (B7,s). Thus, there is
an a € A such that 8n(g) = a tan(g)%a,Vg € G. Hence, S(gN) =
ata(gN)9a,YgN € G/N. If g € N, then a(gN) = B(gN) = 1 and
hence, a € AN. This implies that 9a = “Na,Vg € G. Consequently,
(a,7) ~ (B,5), i.e., Inf! is one to one.

Now we show that KerRes' = ImInf'. Since Res'Inf![(a,r)] =
[(a(m2),7)] = [(1,1)], then ImInf' C KerRes'.

Let [(a,r)] € KerRes'. Then, there is an a € A such that a(n) =
a '"a, ¥Yn € N. Consider (8, u(a)r) € Der.(G, (A, pn)) with 5(g) =
aa(g)a~t, Vg € G. Since B(n) = 1,Vn € N then, 3 induces the
continuous crossed homomorphism v : G/N — A via v(gN) = B(g).
Also Im~y C AV, since for all n € N,

"y(gN) ="B(g) = B(ng) = B(9)?B(g™"ng) = Blg) = v(gN).
Clearly, u(a)r € H°(N,R) and (v,u(a)r) € Der(G/N, (AN, uM)).

Hence, Inf[(y, u(a)r)] = [(ym, p(a)r)] = [(8, p(a)r)] = [(e,7)]. Con-
sequently, KerRes' C ImInf!. O

4. COBOUNDARY MAPS AND EXACT SEQUENCE OF
COHOMOLOGIES.

In this section we will obtain a seven-term exact sequence of non-
abelian cohomologies up to dimension 2.

Suppose that 1 — (A4,1) 5 (B,u) = (C,\) — 1 is an exact se-
quence of partially crossed topological G — R-bimodules such that ¢ is
an homeomorphic embedding. Thus, we can identify A with ¢(A).

Now we define a coboundary map §° : H°(G,C) — HY(G, A).

Let ¢ € H°(G,C), b € B with 7(b) = ¢. Then, we define 6°(c) by
8%(c)(g) = b7'9b,Yg € G. Tt is obvious that d°(c) is a continuous
crossed homomorphism. Let b € B, W(bl) = ¢. Then, b’ = ba for some

a€ A. So,

(L)1 = a b1 9a = a=16%(c)(g)%a.
Thus, the crossed homomorphism obtained from ' is cohomologous in
A to the one obtained from b, i.e., ° is well-defined.

Now, suppose that 1 — (A,1) % (B,u) = (C,\) — 1 is an exact
sequence of partially crossed homomorphism such that ¢ is a homeomor-
phic embedding and in addition 7 has a continuous section s : C' — B.

We construct a coboundary map &' : HY(G, (C,\)) — H*(G,A).
Here, H?(G, A) is defined as in [3].

Let « € HY(G,(C,\)) and s : C — B be a continuous section for .
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Define ¢! by [(a,r)] = [@], where a(g, h) = sa(g) /(sa(h))(sa(gh))~ .
Clearly, & is a continuous map.

We show that & is a factor set with values in A, and independent of
the choice of the continuous section s. Also §' is well-defined.
Since « is a crossed homomorphism, we get:

m(a(g, h)) = m(salg) Isa(h)(sa(gh)) ™ = a(g)’a(h)(a(gh)) " = 1.
Thus, @ has values in A.
Next, we show that & is a factor set, i.e.,

%a(h, K)ilg, hk) = (gh, K)i(g,h), Vg, h k€ G.  (41)
First we calculate the left hand side of (4.1). For simplicity, take b, =
sa(g), Vg € G. Since A C Kerp, then

96 (h, k)alg, hk) = 9(bn" brbyy ) (0g*bribyp) = be® (bn"bibyy, ) bnkbgp,

= bgg(bhhbk)gbhkb;hlk = bggbhghbkbghlk,
On the other hand,
a(gh, k)a(g, h) = (ben?"bbyy,) (0g70nbyy ) = bg®bn?"byb .
Therefore, & is a factor set.

Next, we prove that [@] is independent of the choice of the continuous
sections. Suppose that s and u are continuous sections for m. Set
by, = sa(g) and b;, = ua(g). Since ﬂ(b;) = a(g) = n(by), then b; = bya,
for some a, € A. Obviously the function x : G — A, g — ay, is
continuous. Thus,

a(g, h) = bbby, = beri(g)?0n?k(h)(r(gh)) "' b))
=(r(9)7r(h)(K(gh)) ") (bbb ) = 0&(k) (g, h)a(g, h),
Wl;lere 5110(14)(9,}1) = 9x(h)(k(gh))'k(g). Consequently, @ and & are
cohomologous.

Suppose that («,r) and (8, s) are cohomologous in Der.(G, (C, \)).
Then, there is ¢ € C such that 8(g) = ¢ 'a(g)%c, Vg € G.
Let s : C'— A be a continuous section for 7. Since

(s(c a(g)e)) = m(s(c) " sa(g)?s(c)),
then, there exists a unique v(g) € kerm = A such that

1(9)(s(e) " salg)?s(c)) = s(c™ a(g)%).
It is clear that the map v : G — A, g — 7(g) is continuous. Therefore,

B(g.h) = sB(g)-2sB(h).(sB(gh)) ™!

— s(ca(g)7e).9s(c  a(h)"e).(s(c algh)ohe)) !
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=7(g)[s(c) " sa(g)?s(c)].2(v(h)[s(c) " sau(h)"s(c)])
(v(gh)[s(c) " sa(gh)s(c)]) ™ = 9y(h)y(gh) ™" (g)[s(c) " sa(g)?s(c)]
I[s(e)~ sa(h)"s(c)].[s(c) " sa(gh)?"s(c)] !

= 05(7)(g, h)[s(c) " sa(g)?sa(h)(aa(gh))~'s(c)]

= 0(7)(g, h)[s(c) 0% (@) (g, h)s(c)] = 0g(7)(g, h)alg, h).

The last equality is obtained from the fact that a(g, h) € Kerp and

s(c) € B. Now, note that & is cohomologous to 3, when («,r) is coho-
mologous to (3, s). Thus, §' is well-defined.

Recall that a short sequence
1= (A4,1) 5 (B,u) 5 (O, — 1
of partially crossed topological G— R-bimodules is exact, if the following
diagram is commutative and the top row is exact.

1 A—~B-"-C 1

N

The above exact sequence is called a proper extension with continuous
sections, if 1 - A = B 5 C' — 1 is a proper extension and 7 has a
continuous section.

Theorem 4.1. Let 1 — (A,1) % (B, u) = (C,\) = 1 be a proper ex-
tension of partially crossed topological G— R-bimodules with continuous
sections. Then, the following sequence is exact.

0— HYG, A) S HYG,B) S HUG,C) 5 HY(G,A) S
HY(G, (B, ) & HY(G, (C, ) & HA(G, A)

Proof. We may assume that ¢ is the inclusion map.
1. By [8, Theorem 4.1], the sequence

0 HYG,A) S HYG,B) & HY(G,C) 5 H'(G, A)

is exact.
2. Exactness at H'(G, A): Let ¢ € H°(G,C). Then, there is b € B
such that 7(b) = ¢. So,

13°(c)(g) = 1(6°(c)(g)) = e(b714B) = b9,
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Consequently, :'6°(c) ~ 1. Conversely, let [a] € Keri'. Then, there is
b € B such that a(g) = b9, Vg € G. So, n(b~19b) = 1,Vg € G. Take
¢ =7(b). Hence, c € H°(G,C). Thus, §°(c) ~ a.

3. Exactness at H'(G, (B, u)): Since 7'!([a]) = 7 ([(a, 1)] = [(7w o
a,1)] = [(1,1)] = 1, then, Imi/' C Kern'. Conversely, let [(3,7)] €
kerm!. Then, there is ¢ € C such that 73(g) = ¢ e, for all g € G
and r = \(c¢)7'z, for some z € H°(G,R). Let b € B and ¢ = 7(b).
Therefore, 7(5(g)) = 7(b~'9b), Vg € G. On the other hand, the map
7 A — A a ~ b7 lab, is a topological isomorphism, because A
is a normal subgroup of B. So, for every g € G there is a unique
element a, € G such that 5(g) = (b~ 'azb)(b~19b). Thus, B(g) = b 'a,-
9, Vg € G. Hence, a, = b3(g)%b~*, Vg € G. Obviously, the map
a: G — A g+ ag is a continuous crossed homomorphism, and
Hla]) = [(e, D] = [(a, 2)] = [(a, Ae)r)] = [(a, u(b)r] = [(B,7)].

4. Exactness at H'(G, (C,)\)): Let [(3,7)] € HY(G,B) and s be
a continuous section for 7. Then 6' o 7! ([(3,7)]) = [xB]. There is a
continuous map z : G — A such that s75(g) = 5(g)z(g). Thus,

739, h) = s(mB(g))?s(mB(h)) (s(B(gh))) ' =
B(g)?B(R)B(gh)104(2)(g, ) = 84(2)(g, h).

So, Imn! C Kerd'. Conversely, let [(v,r)] € kerd'. Then, there
is a continuous function a : G — A such that ¥ = §}(a), where

[3] = 6" ([(7,7)]). Thus,
(g, h) = s7(9)?s7(h)(s7(gh)) ™" = Ja(h)a(gh) " alg), Vg, h € G.

Assume 3(g) = sv(g)a(g) ™!, Vg € G. Since A C Kerpu, then 3 is a con-
tinuous crossed homomorphism from G to B, and 78 = v. Also (8,r) €

Der (G, (B, u)) because uB(g) = pu(s(g)a(g)™) = p(s1(g)) = M(g) =
r9r~1. Hence, m*([(3,7)]) = [(7,7)]. This completes the proof. O

5. PRINCIPAL HOMOGENEOUS SPACES OVER (A, /1) - A NEW
DEFINITION OF H(G, (A, )

Serre [9] showed that if A is a topological G-module in which A is
discrete and G a profinite group then there is a bijection between the
set, P(A), of all classes of principal homogeneous spaces over A and
H(G, A). Similarly, Inassaridze [1] (algebraically) defined the G-torsor
over a crossed G-module (A4, 1) and showed that there is a natural iso-
morphism between the group, E(G, A), of all classes of G-torsors over
(A, 1) and the Guin’s first non-abelian cohomology group H'(G, (A, 1))
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(see [1, Theorem 4.2]). We will show that the first non-abelian cohomol-
ogy of topological groups is closely related with principle homogeneous
spaces.

Definition 5.1. A principal homogeneous space (or topological torsor)
over a partially crossed topological G — R-bimodule (A, p) is a pair
(P, f) consisting of a G-space P, on which A acts on the right (in a
manner compatible with G) so that for any p € P the natural map
ep : A — P, a > pais a homeomorphism, and f is a G-map from P
to R such that f(pa) = p~'(a)f(p) for any p € P, a € A.

Definition 5.2. It is said that principal homogeneous spaces (P, f)
and (@, g) over a partially crossed topological G — R-bimodule (A, u)
are isomorphic if there is a homemorphism v : P — () compatible with
the actions of G and A such that f(p) = g o v(p) mod H°(G, R) for
any p € P.

Obviously, the isomorphism in Definition 5.2 is an equivalence rela-
tion in the set of all principle homogenous spaces over (A, ). We de-
note by P(A, u) the set of all classes of principal homogeneous spaces
over (A, ). Suppose that A acts on the right on itself by translations.
Obviously, (A4, u™1) is a principal homogeneous space over (A, ). We
call it trivial topological torsor over (A, p). Thus, P(A, u) # 0.

Theorem 5.3. Let (A,p) be a partially crossed topological G — R-
bimodule. There is a bijection between P(A, u) and H' (G, (A, n)).

Proof. 1t [(P, f)] € P(A, 1), we choose a point p € P. If g € GG, one
has 9p € P, therefore there exists a unique ozf (9) € A such that 9p =
pa’(g). One can see that g — o' (g) is a continuous crossed homomor-

phism and pay’(g) = f(p)f(pa)(9)™" = f(p)f(p)™" = f(p)'f(p)~".
Thus, (o, f(p)) € Der.(G,(A,p)). On the one hand, substituting
pa for p changes this crossed homomorphism into g +— a_laf (9)%a,
since 9(pa) = 9Ipa = paf(g)ga = (pa)a‘lozf(g)ga. Also, f(pa) =
(a)”' f(p). Therefore, (), f(q)) ~ (af, f(p)) for any ¢ € P. On the
other hand, let (P’, f') be isomorphic to (P, f). Thus, there is a home-
omorphism v : P — P’ with properties in Definition 5.2. Let p’ € P’
and v(p) = p/. Then 9p' = 9v(p) = v(9p) = I/(pozf(g)) = V(p)af(g).
So, aﬁl = of’. Therefore by Remark 2.16, (Oz;;l,f'(p/)) ~ (af, f(p))-

One may thus define A\ : P(A,pn) — HYG,(A,p)) via [(P, f)] —
(af ).

Vise versa, one defines v : H'(G, (A4, 1)) = P(A, p) as follows:
If (a,r) € Der.(G, (A, u)), denote by P, the group A on which G acts
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by the following twisted formula:

ga = a(g)’a.
Let now A act on the right on P, by translations. Define f, : P, = R
by f.(a) = p~t(a)r. We have
fr(ga) = p~Ha(g)?a)r = ‘p(a)~ " alg))r = “(u(a)~'r) = ?f,(a)

for any g € G. Thus, f, is a G-map. In addition, for any a,b € A,
fr(ab) = p(ab)~'r = p(b) " (u(a) ') = u(b) " fr(a).

Therefore, (P,, f) is a principal homogeneous space over (A, p).

If (a,r) ~ (B,s), then there is a € A such that 3(g) = a 'a(g)’a
for any ¢ € G, and s = p(a)"'rt for some t € H°(G,R). Define
v:P,— Ps by p— a'p. Forevery g € G,p € P,, then

v(gp) = v(a(g)’p) = a 'a(g)’p = B(g)?a™p = B(g)?(a"'p) = gv(p).
Thus, v is a G-map. Obviously, v is compatible with the action A on
P, and Pg.

For p € P,, we get

fs(w(p)) = fula™'p) = p(p~"a)s = p~ (p)pu(a)pu(a) " 'rt = p~ " (p)rt.

Therefore, (P,, f.) is isomorphic to (Ps, fs). Consequently, one can

define v by v([(a,7)]) = [(Pa, f-)].
We will show that YA = Idpa,). Let (Q,g) be a principle homo-

geneous space over (A,pu). Fix ¢ € Q. We define v : Q — Pan by
P e;l(p). Obviously v is a homeomorphism. For any h € G,

v("p) = e (") = e ("(geg (0) = e ("d"e N (p) = et () = "v(p).
i.e., v is a G-map. Also for any a € A,

v(pa) = e, (pa) = e, " (ge; * (p)a) = e/ ' (p)a.

In addition for any p € P,

foy o v(p) = 1 (v(p)g(q) = 9(qv(p)) = glge;, " (p) = 9(p).
This implies that yA = Idp(a, ).
Conversely, let (8,s) € Der.(G,(A,u)). For every p € Pg, fs(p) =
p~1(p)s and also for every g € G, pafjﬁ(g) = gp = a(g)?p. Thus,
(B,s) ~ (a,];ﬂ, fs(p)). This shows that Ay = Idyi (g, apu))- O

Remark 5.4. In Definition 5.1, we may consider the G-map f: P — R
as a continuous one.
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Notice 5.5. If Der.(G, (A, n)) induces naturally a group structure on
HY (G, (A, ), then we will define a group product on P(A,u). Let
[(Pl,fl)], [(Pz,fg)] € P(A,,u) Fix p1 € Pl and P2 € PQ. Set P =A
and let A act on the right on P by translations. Consider a new action
of G on P by the formula:

_ f P P;
ga= ""ag2(g)a;(g)%a

Define the map f : P — R by f(a) = pu~'(a)fi(p1)f2(p2). We will
show that (P, f) is a principle homogeneous space over (A, ). Using
A, v in the proof of Theorem 2.23, we consider the classes [(a)}, fi(p1)]

and [(af?, fo(p2)] corresponding to the classes [(P, f1)] and [(P, f2)],

P27

respectively. Since H'(G, (A, p)) is group, then

[, fi(p)][(ed?, fa(p2)] = (P al2al, fi(p1) fa(p2))).

Obviously v([("Paf2ay, fi(p1) f2(p2))]) = [(P, f)]. Thus, one can
define a group product o as follows:

(P, f1)] o (P2, f2)] = (P, )]

Corollary 5.6. Let (A, p) be a partially crossed topological G-module.
Then, (P(A, u),0) is a group.

Proof. Tt is clear that by Theorem 2.23, H'(G, (A, u)) is a group and
Notice 5.5 implies that P(A, i) is a group by the action o. O
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