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ON DERIVATION ALGEBRA BUNDLE
R. KUMAR

ABSTRACT. We show that the radical bundle of an algebra bundle
is a characteristic ideal bundle. Further we prove an algebra bundle
is semisimple if and only if its derivation algebra bundle is either
semisimple or zero.

1. INTRODUCTION

J.P. Serre posed the question: does there exist a Hausdorff Lie
group bundle whose Lie algebra bundle is isomorphic to a given Lie al-
gebra bundle. A.Douady and M.Lazard have constructed a Lie group
bundle G(¢) (not necessarily Hausdorff) whose Lie algebra bundle is
isomorphic to a given Lie algebra bundle ¢ [/, Theorem 3|. They ask
whether analogous result still holds locally (around each point of base
space) if one requires G(¢) to be Hausdorff in analytic case [, Page
151]. Coppersmith has constructed an example [3] of an analytic Lie
algebra bundle over a smooth Hausdorff manifold which does not cor-
respond to the Lie algebra bundle of any Hausdorff Lie group bundle.
An associative (Lie) algebra bundle is a vector bundle £ = (&, p, X),
together with a morphism 6 : £ & ¢ — £ which induces associative (Lie)
algebra structure on each fibre £,. A locally trivial associative (Lie)
algebra bundle is a vector bundle £ = (£, p, X) in which each fibre is
an associative (Lie) algebra and for each x in X there exist an open
set U of z in X, a associative (Lie) algebra A and a homeomorphism
¢ Ux A = U,y & such that restriction ¢, : @ x A — &, is an
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associative (Lie) algebra isomorphism. A subalgebra bundle of an as-
sociative (Lie) algebra bundle is a vector subbundle in which each fibre
is a subalgebra. Further if each fibre is an ideal then it is called an ideal
bundle. A morphism ¢ : §& — & of associative (Lie) algebra bundles
&1 and & over the same base space X is a continuous map and for each
rin X, ¢, : &1 — &, 18 a associative (Lie) algebra homomorphism. A
morphism ¢ is an isomorphism if ¢ is bijective and ¢! is continuous.
Lie algebra bundles [7-9, 12—14] and associative algebra bundles [2, 1(]
over a field of characteristic zero have been studied.

1.1. Radical bundle of an algebra bundle. Local triviality of an
algebra bundle £ is given by

p:UxA— &,

zeU

such that ¢, : A — &, is an algebra isomorphism. Let £ be the
(Jacobson) radical of &, J(A) the radical of an algebra A. Then
Oz (J(A)) C ¢ and ;! (5;) C J(A) [15, Lemma, p.59]. Hence ¢|yx.sa)

defines an isomorphism between U x J(A) and U &, Thus R = U &

zeU reX

is an ideal bundle of £. We call R, the radical bundle of .

1.2. Radical bundle of a Lie algebra bundle. Let ( be a locally
trivial Lie algebra bundle, and @ : U x L — |, o, ¢ be alocal triviality
of ¢, where L is a Lie algebra. Let R be the radical of L, (] be the
radical of (,. Then ®|yxr: U X R — UIeU ¢y is an isomorphism. We
call R = |J,cx (7 is the radical bundle of ¢.

Here we show that the radical bundle R of an associative algebra
bundle ¢ is a characteristic ideal bundle when the base field is of char-
acteristic zero. Further we prove that an associative algebra bundle ¢ is
semisimple if and only if its derivation algebra bundle D(§) is semisim-

ple or {0}.

Notations and Terminology: All our algebra bundles are associa-
tive algebra bundles over a field of characteristic zero unless otherwise
mentioned. All our bundles and subbundles and ideal bundles are over
the same base space.

2. DERIVATION ALGEBRA BUNDLES

Definition 2.1. Let ¢ be an algebra bundle. A vector bundle mor-
phism D : £ — & is a derivation if D(u.v) = u.D(v) + D(u).v, for all
u, v € &,.
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Definition 2.2. A derivation D of £ is called inner if there is a section
S of &, such that D(u) = w.S(x) — S(x).u, for all v in &, and z in X.

Remark 2.3. We denote set of all derivations of £ by D(£) and is a
locally trivial Lie algebra bundle [11].

Definition 2.4. An ideal bundle 7 of an algebra bundle £ is called a
characteristic ideal bundle if it is invariant under all derivations D in

D(E).

Theorem 2.5. Let & be an algebra bundle over a base space X; let R
be its radical. Then R is a characteristic ideal bundle.

Proof. Let ® 2 ®% D R D .- 1P = {0} be the sequence of the
derived algebra bundles of R. Let D be any derivation of £. Suppose
that D'(RFT) C R for alli = 1,2, - - ; (trivial for k=p). Then we shall
show that DI(RF) CR; i =1,2,---.

Since R* is an ideal bundle of ¢ it is easy to see that the set %+ D(R*)
is an ideal bundle of {. For,if ® : Ux A — (J, ., & is alocally triviality
of &, then ®|yyjea) : U x J(A) = U,y & gives the local triviality of
R. Then U x D(J(A)) = U,y PDP(£L)" is an isomorphism for any
derivation D of A. Hence

U x J(A) + D((J(A)F) — | & + @, Do, (€]

(y.u, D(2)) = (y, Po(u), D:D(2))

is an isomorphism. Then |J,y £&£+®DP~(£1)" is alocally trivial ideal
bundle of £&. Also each fibre £ + ®D®~1(£7)F is solvable ideal in &,.
Hence D(R¥) C R for any derivation D of £. Suppose we have already
proved that D'(R*) C R for all i < n. It follows from the methods
of [6] that R + D™(R*) is an ideal bundle of £ and D"(R*) C R. Thus
we have if DY(R*!) C R for all 4, then also D'(R*) C R for all 4, hence
Theorem follows from by induction on k. 0

Lemma 2.6. Every derivation of an algebra bundle & over a compact
Hausdorff space is the sum of an inner derivation and a derivation
which annuls S.

Proof. Algebra bundle £ being locally trivial over compact Hausdorff
space we have £ = R 4+ S, where R is the radical bundle and § is a
subalgebra bundle [10, Theorem 5.1]. Let D be any derivation of &.
Then by above Theorem (2.5), we have D(R) C R. On the other hand
there exists an element vy = S(x) in &, such that D(s) = svg — vgs
for every s in S, where S is a section of . Let D, denote the inner
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derivation effected by vy. We set D" = D — D, then we have D'(S) =
0. Also we have for any r € £/, s € S,

D'(sr) =rD'(s) +sD'(r) = sD

’

(),
and
D'(rs) = D'(r)s +rD'(s) = D'(r)s.

Conversely, any derivation D of R satisfying above property gives a
derivation of ¢ if we define D(S) = 0 as continuity of D on ¢ follows
from pasting Lemma. 0

Lemma 2.7. Let & be an algebra bundle over a compact Hausdorff
space with £ = R+ S and R C Z(§) (center of £). Then there is a non
zero abelian ideal bundle in D(§).

Proof. Let D be any derivation of ¢ then by above Theorem (2.5) we
have D(R) C R. Also D|s being inner there is a section S with uy =
S(x) € & and D|s(s) = ugs — sug for all s € S,. Thus D|s maps S
into its itself for all D € D(§) since D|s is inner and R C Z(§). Let
ROR2D N3 D .- D RF = 0. It is easily seen by induction on the
exponent i that every ¢ is a characteristic ideal bundle of £. Suppose
that 3 # 0. If R2 = 0, we can define a derivation of £ as follows

D(r)=rifref; D(s)=0if s € S,.

Then D is a derivation of £&. Continuity of D follows from pasting
Lemma. If D* is any other derivation of £ we have for all r € €.

(D, D*|(r) = (D*D = DD")(r) = D*(r) = D(D*(r)) = 0,
since R being characteristic D*(r) C R and for all s € S,
(D, D*|(s) = (D*D — DD*)(s) = —D(D*(s)) = 0, Since D*(S) C S.

Hence [D, D*] = 0 for every derivation D* € D(¢). Thus D is in
Z(D(€)). For R% # 0, and so, in the series above, k > 2. If ug € RF~2
we can define a derivation D,,, of £ as follows:

Dyy(r) =uprifr e ®; D, (s) =0if s € S,.

If D is any other derivation of £ we have

[Dy,, D](r) = D(ug.r) — ug.D(r) = D(ug).r if r € R,

and

[Dy,, D](s) = =Dy, D(s) =0if s € S,.
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Hence [D.,,, D] = Dpu,), which shows that the derivations of the

form D,,, ug € R*~2, constitute nonzero abelian ideal bundle in D(€).
O

Theorem 2.8. Let & be an algebra bundle over a compact Hausdorff
space X. Then £ is semisimple if and only if D(&) is semisimple or

{0}.

Proof. Suppose £ is semisimple then D(&) consists only of inner deriva-
tions. Let us denote by &' the Lie algebra bundle obtained from & by
defining the commutator of two elements as [u,v] = uv — vu for all
u, v € &,.

Consider the morphism ad : £ — D(€) defined by ad(u) = ad,,
where ad,(v) = uwv — vu for all u,v € &. Then

ker(ad), = {ucé |ad,(&) =0}
= {uecé |ad,(v)=0forallveg,}
= Z(¢) = center of &
Thus ker ad = |,y ker(ad), = Z(¢'). Then we have &'/Z(¢') =

D(€). We know that derived algebra, (£)V) = |J,y[€l, &) of &
semisimple or {0} [16].

—

S

Let R(&') be the radical of &. Then [R(£)),€'] is a solvable ideal
bundle in (¢))V) and hence [R(¢!), £'] = {0}. This implies that R(¢') =
Z(&) since R(€Y) is the maximal solvable and Z(¢') is solvable ideal
bundle of ¢!,. Hence £'/Z(£') is semisimple or {0}.

Suppose now that D(&) is semisimple or {0}. Algebra bundle £ being
locally trivial over compact Hausdorff space we have £ = R+ S [10,
Theorem 5.1]. If R # 0, then consider Dg(§) be the set of all inner
derivation of £ which are effected by the elements of . Then Dg(§)
is an ideal bundle of D(£). Since R is solvable, Dy (€) is solvable ideal
bundle of D(§) and hence reduces to zero. Thus R is contained in the
Z(£). Hence by Lemma (2.7) there is a non zero abelian ideal bundle
in D(&) which contradicts to the assumption that D(§) is semisimple.
Hence the radical bundle & = 0. Thus ¢ is semisimple. OJ
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