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ON PRE-TOPOLOGICAL BCK-ALGEBRAS

A. B. KHALAF ID ∗ AND N. K. AHMED

Abstract. The concept of pre-open set in topological spaces was
introduced by Mashhour [13] and the concept of BCK-algebras
was defined by Iseki [9]. The aim of this paper is to supply the
BCK-algebra by a topology that makes the operation defined on
X satisfy a special type of continuity with help of pre-open sets we
call it p-topological BCK-algebra. This concept is an extension of
the concept of topological BCK-algebra which was defined in [12].
By using properties of pre-open sets and axioms of BCK-algebras,
several topological properties on BCK-algebras are found.

1. Introduction

The study of algebraic structures has an important role in pure
mathematics. Several mathematicians studied various types of alge-
braic structures from different points of view. The structure of BCK-
algebras was initiated by Imai and Iseki in 1966 as a generalization of
the concept of set-theoretic difference and propositional calculus. Since
they gave an algebraic formulation for the BCK-propositional calculus
system, a lot of mathematical papers have been written for investigat-
ing the algebraic properties of the BCK-algebras. On the other hand so
many types of nearly open sets were defined in topological spaces and
many papers were witten for investigating topological concepts by re-
placing these sets instead of elements of a given topology. Among these
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sets Mashhour in 1983 defined the concept of pre-open sets in topologi-
cal spaces. After that many topological concepts were introduced using
pre-open sets such as continuity, compactness, separation axioms and
so on. [2], studied the topological aspects of the BCK-structure. They
studied the various topologies in a manner analogous to the study of
lattices. However, no attempts have been made to study the topolog-
ical structures making the star operation of BCK-algebra continuous.
Theories of topological structures such as groups, rings and modules
are well known and still investigated by many mathematicians. Even
topological algebraic structures have been studied by some authors.
[12], defined a topology on a BCK-algebra which makes the opera-
tion continuous and they obtain many topological properties. In [16],
the first author and Yousef introduced the concept of semi-topological
UP-algebras and gave some characterizations on this concept. In this
paper, we initiate the study of a topology on BCK-algebras and we
investigate a type of continuity by the aid of pre-open sets. By a space
we mean a BCK-algebra with a topology τ . A subset A of X is open
if it is a member of τ and a set is closed if its complement is open, the
closure of A denoted by A is the intersection of all closed sets contain-
ing A while the interior of A denoted by int(A) is the union of all open
sets contained in A. A set A is called pre-open [13] if A ⊆ int(A) by
using pre-open sets of the topology we introduce the concept of PBCK-
algebra as a generalization of the concept of TBCK-algebra introduced
by Lee and Ryu.

2. Definitions and Background

In this section, we give necessary definitions and results related to
topological concepts as well as some axioms and necessary properties
of BCK-algebras which are used in the next section. More details on
BCK-algebras can be found in [14].

For a subset A of a topological space (X, τ), we say that A is
regular open if A = Int(A) and it is pre-open if A ⊆ int(A). The
complement of a pre-open set is called a pre-closed. The pre-closure
and pre-interior of A is denoted respectively by A

p
and pInt(A) and

they are defined analogously as the intersection of all pre-closed sets
containing A and the union of pre-open sets contained in A respectively.
For details of more topological concepts we refer to [7]. A point x ∈ Ap

if A ∩G 6= φ for each pre-open subset G of X.

Lemma 2.1. [5] If V is pre-open in X such that V ⊆ Y ⊆ X, then V
is also pre-open in (Y, τY ).
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Definition 2.2. [7, 11] A topological space (X, τ) is said to be:

(1) T0 ( resp., pre-T0) If for each x, y ∈ X, there exists an open
(pre-open) set containing one of them but not the other.

(2) T1 ( resp., pre-T1) If for each x, y ∈ X, there exist open (pre-
open) sets G,H such that x ∈ G, y /∈ G and y ∈ H, x /∈ H.

(3) T2 ( resp., pre-T2) If for each x, y ∈ X, there exist open (pre-
open) sets G,H such that x ∈ G, y ∈ H and G ∩H = φ.

Definition 2.3. By a BCK-algebra we mean an algebra (X, ∗, 0) of
type (2, 0) satisfying the following axioms: for every x, y, z ∈ X,

(1) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0,
(2) (x ∗ (x ∗ y)) ∗ y = 0,
(3) x ∗ x = 0,
(4) x ∗ y = 0 and y ∗ x = 0 ⇒ x = y,
(5) 0 ∗ x = 0.

In a BCK-algebra (X, ∗, 0), we define a partial order relation (≤) by
x ≤ y if and only if x ∗ y = 0.

From the definition of BCK-algebras we can get the following prop-
erties very easily see ([6]; Proposition 5.1.3).

Proposition 2.4. In a BCK-algebra X, the following statements are
true for all x, y, z ∈ X:

(1) x ∗ 0 = x,
(2) x ∗ y ≤ x,
(3) (x ∗ y) ∗ z = (x ∗ z) ∗ y,
(4) x ≤ y ⇒ x ∗ z ≤ y ∗ z and z ∗ y ≤ z ∗ x,
(5) x ∗ (x ∗ (x ∗ y)) = x ∗ y.

Definition 2.5. [6] A nonempty subset A of a BCK-algebra (X, ∗, 0)
is called an ideal of X if the following two conditions are satisfied:

(1) 0 ∈ A ,
(2) For all x ∈ X and for all y ∈ A, if x ∗ y ∈ A, then x ∈ A.

If there is an element 1 of X satisfying x ≤ 1, for all x ∈ X, then
the element 1 is called unit of X. A BCK-algebra with unit is called a
bounded BCK-algebra [6].

Definition 2.6. [12] A BCK-algebra X equipped with a topology τ is
called a topological BCK-algebra (for short TBCK-algebra) if f : X ×
X → X defined by f(x, y) = x ∗ y is continuous for all (x, y) ∈ X ×X
where X ×X has the product topology.
Equivalently, if for each open set O containing x ∗ y, there exist open
sets U and V containing x and y respectively such that U ∗ V ⊆ O.
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Definition 2.7. [6] A subset Y of a BCK-algebra X is called a BCK-
subalgebra if Y itself is a BCK-algebra.

Definition 2.8. [4] Let X be a BCK-algebra, and a ∈ X. A left map
La : X → X defined by, La(x) = a ∗ x, ∀x ∈ X and a right map
Ra : X → X by Ra(x) = x ∗ a ∀x ∈ X.
We denote L(X) to be the family of all La for all a ∈ X and R(X) the
family of all right maps Ra for all a ∈ X.

Definition 2.9. [4] A BCK-algebra X is called a positive implicative
BCK-algebra, if (y ∗ x) ∗ (z ∗ x) = (y ∗ z) ∗ x for all x, y, z ∈ X.

3. Pre-topological BCK-algebras

In this section we introduce the concept of p-topological BCK-algebras
and investigate some of their properties.

Definition 3.1. A BCK-algebraX equipped with a topology τ is called
a pre-topological BCK-algebra(for short PBCK-algebra) if the function
f : X × X → X defined by f(x, y) = x ∗ y has the property that for
each open set O containing x ∗ y, there exist an open set U containing
x and a pre-open set V containing y such that f(U, V ) = U ∗ V ⊆ O
for all x, y ∈ X.

From the above definitions, we conclude that every TBCK-algebra
is PBCK-algebra. The following example shows that there are PBCK-
algebras which are not TBCK-algebras.

Example 3.2. Let X = {0, a, b, c} and ∗ be defined as in the following
Cayley table:

? 0 a b c
0 0 0 0 0
a a 0 0 a
b b b 0 b
c c c c 0

Table 1. A PBCK-algebra which is not TBCK-algebra

From Table 1, we can easily check that (X, ∗, 0) is a BCK-algebra.
Now consider the topology τ on X defined as: τ = {X,φ, {0, b, c}}.
Then X is not a TBCK-algebra because a ∗ a = 0, and the only open
set containing a is X and X ×X 6⊆ {0, b, c}. It is not difficult to verify
that the pre-open sets in (X, τ) are P (X) \ {a} because every subset
of X is dense in X except {a} and by simple calculation we can show
that (X, τ) is PBCK-algebra.
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In general for a subset A of a PBCK-algebra X and an element
x ∈ X, A ∗ x may not equal to A ∗ x and also x ∗Ap

may not equal to
x ∗ A. In Example 3.2, for the first case if we take A = {a} and x = b
we can verify that A ∗ b = X 6= {0} = A∗ b. In the same example if we
take A = {0, a}, then b ∗ Ap

= {b} and b ∗ A = X, so b ∗ Ap 6= b ∗ A.
However we can prove the following results:

Proposition 3.3. For any subset A of a PBCK-algebra X and any
element x ∈ X, the following statements are true:

(1) A ∗ x ⊆ A ∗ x.
(2) If A ∗ x is closed, then A ∗ x = A ∗ x.

Proof. (1) Let y = a ∗ x ∈ A ∗ x where a ∈ A and let U be any
open set containing y. Since X is a PBCK-algebra, so there exists an
open set V containing a and a pre-open set G containing x such that
V ∗G ⊆ U . Also we have a ∈ A implies that A∩ V 6= φ. Suppose that
b ∈ A ∩ V , so b ∗ x ∈ A ∗ x and b ∗ x ∈ V ∗ x ⊆ V ∗ G ⊆ U . Hence
b ∗ x ∈ U ∩ (A ∗ x) implies that y ∈ A ∗ x. Thus, A ∗ x ⊆ A ∗ x.

(2) Suppose that A ∗ x is closed and let y ∈ A ∗ x. If y /∈ A ∗ x,
then y ∈ (A ∗ x)c which is an open set. It is clear that A ∗ x ⊆ A ∗ x ,
so we get A∗x∩(A∗x)C = φ which is contradiction and hence the proof.

Proposition 3.4. For any subset A of a PBCK-algebra X and any
element x ∈ X, the following statements are true:

(1) x ∗ Ap ⊆ x ∗ A.
(2) If x ∗ Ap

is closed, then x ∗ Ap
= x ∗ A.

Proof. (1) Let y ∈ x ∗ Ap
and U be any open set containing y. So

y = x ∗ a where a ∈ Ap
. Since X is a PBCK-algebra, so there exists an

open set V containing x and a pre-open set G containing a such that
V ∗ G ⊆ U . Also we have a ∈ Ap

implies that A ∩ G 6= φ. Suppose
that b ∈ A∩G, so x ∗ b ∈ x ∗A and x ∗ b ∈ x ∗G ⊆ V ∗G ⊆ U . Hence
we obtain that y ∈ x ∗ A.

(2) Suppose that x ∗ Ap
is closed and let y ∈ x ∗ A. If y /∈ x ∗ Ap

,
then y ∈ (x ∗ Ap

)c which is an open set. Since x ∗ A ⊆ x ∗ Ap
, so we

get (x ∗A)∩ (x ∗Ap
)c = φ which is contradiction and hence the proof.

Proposition 3.5. For any subsets A and B of a PBCK-algebra X, the
following statements are true:
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(1) A ∗Bp ⊆ A ∗B.
(2) If A ∗Bp

is closed, then A ∗Bp
= A ∗B.

Proof. (1) Let x ∈ A ∗ Bp
and U be any open set containing x. So

x = a∗b where a ∈ A and b ∈ Bp
. Since X is a PBCK-algebra, so there

exists an open set V containing a and a pre-open set G containing b
such that V ∗ G ⊆ U . Also we have a ∈ A and b ∈ Bp

, implies that
A∩V 6= φ and B∩G 6= φ. Suppose that a1 ∈ A∩V and b1 ∈ B∩G, so
a1∗b1 ∈ A∗B and a1∗b1 ∈ V ∗G ⊆ U . Hence we obtain that x ∈ A ∗B.

(2) Suppose that A ∗ Bp
is closed and let x ∈ A ∗B. If x /∈ A ∗ Bp

,
then x ∈ (A∗Bp

)c which is an open set. It is clear that A∗B ⊆ A∗Bp

, so we get (A ∗ B) ∩ (A ∗ Bp
)c = φ which is contradiction and hence

the proof.
From Proposition 3.3 and Proposition 3.4, we get the following result:

Corollary 3.6. For a subset A of a PBCK-algebra X and an element
x ∈ X, the following statements are true:

(1) If A ∗ x is closed, then A ∗ x = A ∗ x.
(2) If x ∗ A is closed, then x ∗ Ap

= x ∗ A.

Proof. (1) From Proposition 3.3, we have A ∗ x ⊆ A ∗ x = A ∗ x
and A ∗ x ⊆ A ∗ x. Hence the proof.
(2) is similar.

It is known, (Proposition 2.2, [12]), that in a TBCK-algebra if {0}
is an open set then the space is discrete and if {0} is a closed set then
the space is Hausdorff (see Proposition 2.3 [12]).

Proposition 3.7. In a PBCK-algebra X, if {0} is open, then every
singleton set in X is pre-open.

Proof. Suppose that {0} is open and let x be any point in X. Since
x ∗ x = 0 for all x ∈ X and X is PBCK-algebra, so there exists an
open set U containing x and a pre-open set G containing x such that
U ∗G ⊆ {0}. Hence W = U ∩G is a pre-open set containing x. If W
contains any other point y, then we obtain that x ∗ y = 0 and y ∗x = 0
which is contradiction. Hence W is a pre-open set contains x only.
Therefore, {x} is pre-open for each x ∈ X.

Corollary 3.8. If {0} is open in a PBCK-algebra X, then it is pre-T2.

Proof. Follows from Proposition 3.7.
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Proposition 3.9. In a PBCK-algebra X, if {0} is closed, then X is
T2.

Proof. Suppose that {0} is closed and let x and y be any two dis-
tinct points in X, then either x ∗ y 6= 0 or y ∗ x 6= 0 without loss of
generality suppose that x∗y 6= 0. Hence there exists an open set V con-
taining x and a pre-open set G containing y such that V ∗G ⊆ X \{0}
which implies that V ∩ G = φ. Hence, G ⊆ V c and so cl(G) ⊆ V c

implies that V ∩ cl(G) = φ and hence V ∩ int(cl(G)) = φ. Since G is
pre-open, so G ⊆ int(cl(G)) and hence y ∈ G ∈ int(cl(G)). Therefore,
V and int(cl(G)) are two disjoint open sets containing x, y respectively.
Hence, X is T2.

Proposition 3.10. If a PBCK-algebra (X, ∗, τ) is T0, then it is pre-T1.

Proof. Let x, y ∈ X and x 6= y. Then either x ∗ y 6= 0 or y ∗ x 6= 0.
Suppose that x ∗ y 6= 0. Since X is T0 space, there is an open set W
containing one of them but not the other.
Case 1. Suppose that W contains x ∗ y and 0 /∈ W .
Since (X, ∗, τ) is a PBCK-algebra, then there exists an open set U of x
and a pre-open set V of y such that U ∗V ⊆ W . Then U is an open set
and V is a pre-open sets containing x and y respectively. If U ∩V 6= φ,
then there is a point z ∈ U ∩ V implies that 0 = z ∗ z ∈ U ∗ V ⊆ W
which is contradiction.
Case 2. If 0 ∈ W and x ∗ y /∈ W . Then we have, x ∗ x = 0 ∈ W , so
there exists an open set Ux of x and a pre-open set Vx of x such that
U ∗ V ∈ W , again y ∗ y = 0 ∈ W , so there exists an open set Uy of y
and a pre-open set Vy of y such that Uy ∗ Vy ⊆ W .
Therefore, G = Ux ∩ Vx and H = Uy ∩ Vy are two pre-open sets the
first contains x but not y and the second contains y but not x.
Hence, in both cases we showed that (X, ∗, τ) is a pre-T1 space.

Proposition 3.11. A PBCK-algebra (X, ∗, τ) is T1 if and only if it is
T2.

Proof. Let x, y ∈ X and x 6= y. Then either x ∗ y 6= 0 or y ∗ x 6= 0.
Suppose that x ∗ y 6= 0. Since X is a T1 space, there is an open set W
containing x ∗ y and 0 /∈ W .
Since (X, ∗, τ) is a PBCK-algebra, then there exists an open set U of x
and a pre-open set V of y such that U ∗V ⊆ W . Then U is an open set
and V is a pre-open set containing x and y respectively. If U ∩ V 6= φ,
then there is a point z ∈ U ∩ V implies that 0 = z ∗ z ∈ U ∗ V ⊆ W
which is contradiction. Hence U ∩ V = φ implies that V ⊆ U c and so
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cl(V ) ⊆ U c implies that U ∩ cl(V ) = φ and hence U ∩ int(cl(V )) = φ.
Therefore, X is T2.
The converse part is obvious.

Proposition 3.12. If Y is an open BCK-subalgebra of a PBCK-algebra
X, then Y is also a PBCK-algebra.

Proof. Let x, y ∈ Y and let U be any open set in the subspace
Y containing x ∗ y. Since Y is open in X, so U is open in X. Since
X is a PBCK-algebra, so there exists an open set W in X contain-
ing x and a pre-open set G in X containing y such that W ∗ G ⊆ U .
Then we have O = W ∩ Y is an open set in Y containing x and by
Lemma 2.1, H = G ∩ Y is a pre-open set in Y containing y, and
(W ∩ Y ) ∗G ∩ Y ⊆ (W ∗G) ⊆ U . Hence the proof.

Proposition 3.13. If I is an ideal in a PBCK-algebra X and 0 ∈
int(I ), then I is open.

Proof. Let x ∈ I . Since 0 ∈ int(I ) and x ∗ x = 0, so there is an
open set U such that 0 ∈ U ⊆ I . Since X is a PBCK-algebra, so there
exists an open set V containing x such that V ∗ x ⊆ U . If there is a
point y ∈ V ∩ (X \ I ), so we obtain that y ∗ x ∈ I . Since x ∈ I and I
is an ideal, so y ∈ I which is contradiction. Hence x ∈ V ⊆ I implies
that I is open.

Proposition 3.14. If I is an open ideal in a PBCK-algebra X, then
I is closed.

Proof. Let x /∈ I . Since I is an ideal so x ∗ x = 0 ∈ I . Since X is a
PBCK-algebra, so there exists an open set V of x and a pre-open set U
of x such that V ∗U ⊆ I . If W = V ∩U , then we have W is a pre-open
set containing x and W ∗W ⊆ I . If there exists y ∈ (W ∩ I ) and since
I is an ideal, then we obtain that W ⊆ I which is contradiction. Hence
W ⊆ X \ I and therefore, I is pre-closed. Since I is open, so we obtain

that int(I ) ⊆ I which implies that I = I . Hence I is closed.

Definition 3.15. Let (X, ∗, 0) be a PBCK-algebra and F ⊆ X. Then
we say that F is a filter when it satisfies the conditions:

(1) 0 ∈ F ,
(2) If 0 6= x ∈ F and x ∗ y ∈ F , then y ∈ F .
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Proposition 3.16. Let (X, ∗, τ) be PBCK-algebra and F be a filter on
X. If 0 is an interior point of F , then F is pre-open.

Proof. Suppose that 0 is an interior point of F . Then there exists
an open set U of 0 such that U ⊆ F . Let x ∈ F be an arbitrary ele-
ment. Since x ∗ x = 0, there exists an open set V of x and a pre-open
set W of x such that V ∗W ⊆ U ⊆ F .
Now, for each y in a pre-open set W , we have x ∗ y ∈ F . Since F is
a filter and x ∈ F , we have y ∈ F . Hence x ∈ W ⊆ F and so F is
pre-open set.

Proposition 3.17. Let (X, ∗, τ) be a PBCK-algebra and F be a filter
of X. If F is open, then it is closed.

Proof. Let F be a filter of X which is open in (X, τ). We show that
X \ F is open. Let x ∈ X \ F . Since F is open, 0 is an interior point
of F . Since x ∗ x = 0, there exists an open set V containing x and a
pre-open set W containing x such that V ∗ W ⊆ F . We claim that
V ⊆ X \F . If V 6⊆ X \F , then there exists an element y ∈ V ∩F . For
each z ∈ W , we have y ∗ z ∈ V ∗W ⊆ F , since y ∈ F and F is a filter,
z ∈ F . Hence W ⊆ F and so x ∈ F which is contradiction. Therefore,
x ∈ V ⊆ X \F which implies that X \F is open and hence, F is closed.

From Proposition 3.14, Proposition 3.17 and the fact that a space
is disconnected [7], if it contains a proper non-empty subset which is
both open and closed, we get the following result.

Corollary 3.18. If F is a non-trivial open filter in a PBCK-algebra
X, then X is topologically disconnected.

Corollary 3.19. In a PBCK-algebra (X, ∗, 0), if {0} is open, then X
is disconnected.

Proof. Since {0} is an ideal in X, by Proposition 3.14 {0} is closed
also. Hence, X is disconnected because it contains a proper non-empty
set which is open and closed.

Definition 3.20. Let X be a BCK-algebra, U be a non-empty subset
of X and a ∈ X. The subsets Ua and aU are defined as follows:
Ua = {x ∈ X : x ∗ a ∈ U} and aU = {x ∈ X : a ∗ x ∈ U}.
Also if K ⊆ X we define

KU =
⋃
a∈K

aU & UK =
⋃
a∈K

Ua

.
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The proof of the following results obtained directly from their defi-
nitions.

Proposition 3.21. Let X be an BCK-algebra and A,B,W,K are sub-
sets of X then:
(1) If A ⊆ B then AW ⊆ BW .
(2) If W ⊆ K then AW ⊆ AK.
(3) If F ⊆ X, then (Fa)

c = (F c)a and (aF )c =a (F c) for each a ∈ X.

Proposition 3.22. Let X be a PBCK-algebra, U and F be two non-
empty subsets of X, the following statements are true:

(1) If U is an open set, then Ua is open and aU is a pre-open set.
(2) If F is closed set then Fa is closed and aF is a pre closed set.

Proof. (1) Let U be an open set, a ∈ X and let x ∈ Ua. Then
x ∗ a ∈ U . Since X is PBCK-algebra, then there exists an open set G
containing x and a pre-open set A containing a such that G ∗ A ⊆ U ,
x ∗ a ∈ G ∗ a ⊆ U , thus G ∗ a ⊆ U . Hence, x ∈ G ⊆ Ua implies that Ua

is open.

To prove that aU is pre-open, let x ∈ aU implies that a∗x ∈ U . Since
X is PBCK-algebra, then there exist an open set A containing a and a
pre-open set H containing x such that A ∗H ⊆ U , so a ∗ x ∈ aH ⊆ U ,
thus a ∗H ⊆ U . Hence, x ∈ H ⊆ aU . Therefore, aU is a pre-open set.

(2) Let F be a closed set, then F c is open. Hence, by (1), (F c)a is
open and a(F

c) is pre-open. By Proposition 3.21, (Fa)
c = (F c)a and

(aF )c =a (F c). Hence, (Fa)
c is open and (aF )c is pre-open. Conse-

quently, Fa is closed and aF is pre-closed.

Definition 3.23. Let X be a BCK-algebra. The binary operation ◦
will be defined on L(X) as (La ◦ Lb)(x) = La(x) ∗ Lb(x) for all x ∈ X.

Theorem 3.24. Let X be a positive implicative BCK-algebra, then
(L(X), ◦, L0) is a BCK-algebra.

Proof. Let La and Lb be any two elements of L(X). Then, by
definition (La ◦ Lb)(x) = La(x) ∗ Lb(x) = (a ∗ x) ∗ (b ∗ x). Since X
is positive implication BCK-algebra, so (a ∗ x) ∗ (b ∗ x) = (a ∗ b) ∗ x.
Hence, (La ◦Lb)(x) = La∗b(x) which implies that La ◦Lb = La∗b for all
a, b ∈ X. Also we have the following are true.

(1) ((Lx ◦ Ly) ◦ (Lx ◦ Lz)) ◦ (Lz ◦ Ly) = (Lx∗y ◦ Lx∗z) ◦ Lz∗y
= L((x∗y)∗(x∗z))∗(z∗y) = L0,
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(2) (Lx ◦ (Lx ◦ Ly)) ◦ Ly = (Lx ◦ (Lx∗y) ◦ Ly = L(x∗(x∗y) ◦ Ly

= L(x∗(x∗y))∗y = L0

(3) Lx ◦ Lx = Lx∗x = L0,
(4) Lx ◦ Ly = L0 and Ly ◦ Lx = L0, then Lx∗y = L0 and Ly∗x = L0

which implies that x ∗ y = 0 and y ∗ x = 0 ⇒ x = y and hence,
Lx = Ly ,

(5) L0 ◦ Lx = L0∗x = L0.

Hence, L(X) is a BCK-algebra.

Definition 3.25. Let X be a BCK-algebra, we define a map ψ : X →
L(X) by ψ(x) = Lx for all x ∈ X and if A is any subset of X, then
LA = {La : a ∈ A}.

Remark 3.26. If X is a positive implicative BCK-algebra, then the
following statements can be easily proved.

(1) If A ⊆ B , then ψ(A) ⊆ ψ(B).
(2) If A and B are any two subsets of X, then ψ(A∪B) = ψ(A)∪

ψ(B) and ψ(A ∩B) = ψ(A) ∩ ψ(B).

Proposition 3.27. Let X be a positive implicative BCK-algebra, then
the map ψ : X → L(X) is a BCK-isomorphism.

Proof. It is clear that ψ is a bijection. We have ψ(x ∗ y) = Lx∗y
and Lx∗y(z) = (x ∗ y) ∗ z. Since X is positive implicative, we have
(x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z). Therefore, Lx∗y(z) = Lx(z) ◦ Ly(z) =
(Lx ◦ Ly)(z). Hence, ψ(x ∗ y) = ψ(x) ◦ ψ(y) for all x, x ∈ X, so ψ is a
BCK-isomorphism.

Proposition 3.28. Let X be a positive implicative BCK-algebra and
τ be a topology on X, then the following statements are true:

(1) The family σ = {ψ(G) ⊆ L(X) : G ∈ τ} is a topology on L(X).
(2) For any subset A of X, LA = LA.
(3) If A is any pre-open set in (X, τ), then ψ(A) is a pre-open set

in (L(X), σ).

Proof. (1) The proof of σ is a topology is obvious.

(2) For any subset A of X, we have A ⊆ A. Hence, LA ⊆ LA and
A is closed in X, so by definition of σ, we have LA is closed in L(X).
Therefore, we obtain LA ⊆ LA = LA. To prove LA ⊆ LA, let Lx ∈ LA,
then x ∈ A and let LG be any open set containing Lx. Hence G is
an open set containing x, hence A ∩ G 6= φ. Therefore, LA ∩ LG 6= φ.
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Implies that Lx ∈ LA, so LA ⊆ LA and hence LA = LA.

(3) Let A be any pre-open set in X, so there exists an open set O
in X such that A ⊆ O ⊆ A. Hence LA ⊆ LO ⊆ LA and by (2),
LA ⊆ LO ⊆ LA. Hence, LA is pre-open in L(X).

Proposition 3.29. Let X be a positive implicative PBCK-algebra.
Then (L(X), ◦, σ) is a PBCK-algebra.

Proof.
Let LW be an open set containing Lx ◦ Ly = Lx∗y. Hence W is

an open set containing x ∗ y in X and since X is a PBCK-algebra,
so there exist an open set U and a pre-open set V containing x and
y respectively and U ∗ V ⊆ W . Therefore, LU∗V ⊆ LW . Since X is
positive implicative, so LU∗V = LU ◦ LV ⊆ LW . By Proposition 3.28,
LV is a pre-open in L(X) containing Ly, hence the proof.
Recalling that a function f : X → Y is pre-continuous [13] if the
inverse image of each open set in Y is a pre-open set in X and it is
called pre-open if the image of each open set is pre-open.

Proposition 3.30. Let X be a PBCK-algebra, then every left map on
X is pre-continuous.

Proof. Let a ∈ X, define a left map La : X → X by La(x) =
a ∗ x,∀x ∈ X. Let W be any open set containing La(x) = a ∗ x.
Since X is a PBCK-algebra, so there exists an open set U containing
a and a pre-open set V containing x such that U ∗ V ⊆ W . clearly,
a ∗ V ⊆ U ∗ V ⊆ W . Hence, La(V ) ⊆ W . This implies that La is
pre-continuous.

Definition 3.31. A BCK-algebra X is called p-transitive (resp.,p-
open) if for each a ∈ X \ {0}, the left map La is pre-continuous (resp.,
pre-open) and it is transitive open if the right map Ra is both contin-
uous and open.

Remark 3.32. From Proposition 3.30, if X is a PBCK-algebra such that
for each a ∈ X \{0}, the left map La is pre-open, then X is p-transitive
and p-open.

Proposition 3.33. Let X be a PBCK-algebra such that for each a ∈
X \ {0}, the left map La is pre-open. If U is an open subset of X, then
the following statements are true:

(1) The set a ∗ U is pre-open.
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(2) L−1a (U) = {x ∈ X : a ∗ x ∈ U} is pre-open.
(3) The set A ∗ U is pre-open for each A ⊆ X.

Proof. Since La is pre-open and U is open, so La(U) = a ∗ U is
pre-open. By Proposition 3.30 La is pre-continuous. Hence L−1a (U) =
{x ∈ X : a ∗ x ∈ U} is pre-open. Lastly, we have

A ∗ U =
⋃
a∈A

(a ∗ U)

is the union of pre-open sets, so A ∗ U is pre-open.

Proposition 3.34. Let X be a PBCK-algebra, then every right map
on X is continuous.

Proof. Let a ∈ X, define a right map Ra : X → X by Ra(x) =
x ∗ a,∀x ∈ X. Let W be any open set containing Ra(x) = x ∗ a.
Since X is a PBCK-algebra, so there exists an open set U containing
x and a pre-open set V containing a such that U ∗ V ⊆ W . clearly,
U ∗ a ⊆ U ∗ V ⊆ W . Hence, Ra(U) ⊆ W . This implies that Ra is
continuous.

Proposition 3.35. Let U be an open subset of a transitive open PBCK-
algebra X and let a ∈ X. Then the following statements are true:

(1) The set U ∗ a is open.
(2) R−1a (U) = {x ∈ X : x ∗ a ∈ U} is open.
(3) The set U ∗ A is open for each A ⊆ X.

Proof. Since Ra is open and U is open, so La(U) = U ∗a is open. By
Proposition 3.34, Ra is continuous hence R−1a (U) = {x ∈ X : a∗x ∈ U}
is open. Also we have

U ∗ A =
⋃
a∈A

(U ∗ a)

which is the union of open sets, so U ∗ A is open.

Definition 3.36. A topological space X is called Px-space if any finite
intersection of pre-open sets containing the point x ∈ X is pre-open.

Proposition 3.37. Let F and E be two disjoint subsets of a PBCK-
algebra (X, ∗, τ) which is P0-space. If F is compact and E is closed
and for any a ∈ X, La(x) = a ∗ x is a pre-open map from X into X,
then there is a pre-open set V containing 0 such that (F ∗ V ) ∩ E = φ



78 KHALAF AND AHMED

Proof. Let x ∈ F ⊆ X \E. Since (x∗0)∗0 = x ∈ X \E ∈ τ and X
is a PBCK-algebra, then there exists an open set W in X containing
(x∗0) and a pre-open set V0 in X containing 0 such that W ∗V0 ⊆ X\E.
Also, there is a pre-open set V1 containing 0 such that x∗V1 ⊆ W . Since
X is P0-space, so if Vx = V0 ∩ V1, then Vx is a pre-open set containing
0 and (x ∗ Vx) ∗ Vx ⊆ W ∗ V0 ⊆ X \E. Since La is a pre-open map, so
C = {x ∗ Vx : x ∈ F} is an open cover of the compact set F . Hence,
there are x1 ∗ Vx1 , ..., xn ∗ Vxn ∈ C such that

F ⊆
⋃n

i=1
(xi ∗ Vxi

).

Suppose that

V =
⋂n

i=1
(Vxi

).

Since X is P0-space, so V is a pre-open set containing 0 such that for
each y ∈ F, y ∈ xi ∗ Vxi

, for some xi, and y ∗ V ⊆ (xi ∗ Vxi
) ∗ V ⊆

(xi ∗ Vxi
) ∗ Vxi

⊆ W ∗ V0 ⊆ X \ E. This proves that (F ∗ V ) ∩ E = φ.
Recalling that a topological space X is called submaximal [3], if every
dense subset of X is open.

Corollary 3.38. Let X be a submaximal PBCK-algebra. If La : X →
X is pre-open and F ∩E = φ where F is compact and E is closed, then
there is a pre-open set V containing 0 such that (F ∗ V ) ∩ E = φ.

Proof. The proof follows from Proposition 3.37 and the fact that
when X is submaximal, then PO(X) forms a topology on X [5].

Definition 3.39. [15] A subset I of X is called a BCC-ideal if the
following conditions hold:

(1) 0 ∈ I,
(2) If y ∈ I and (x ∗ z) ∗ y ∈ I, then x ∗ y ∈ I.

It is proved in [15], that each BCC-ideal is an ideal.

Theorem 3.40. Let (X, ∗, 0) be a BCK-algebra and I be a BCC-ideal.
Suppose that τ is the topology generated by the family {I[x] : x ∈ X},
then (X, ∗, 0) with the topology τ is a PBCK-algebra.

Proof. First we shall prove that I[0] ⊆ I[x] for all x ∈ X. For this,
let a ∈ I[0] so we have, a∗0 = a ∈ I. Now (a∗x)∗a = (a∗a)∗x = 0 ∈ I,
implies a∗x ∈ I and hence a ∈ I[x]. Therefore, I[0] ⊆ I[x]. Since I[0]
is an open set contained in each I[x] for all x ∈ X. Therefore, every
open set in τ is a super set of I[0]. Hence for each x ∈ X, we have
I[0] ∪ {x} is a pre-open set containing x. To prove that (X, ∗, 0) with
the topology τ is a PBCK-algebra, let x, y ∈ X and U be any open set
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containing x ∗ y, then by definition of τ , we have x ∗ y ∈ I[x ∗ y] ⊆ U .
Since I[x] is an open set containing x and I[0] ∪ {y} is a pre-open set
containing y, so it is enough to show that

I[x] ∗ (I[0] ∪ {y}) ⊆ I[x ∗ y]

For this, suppose that a ∗ b ∈ I[x] ∗ (I[0] ∪ {y}) implies that a ∈ I[x]
and b ∈ (I[0] ∪ {y}). Hence, we get the following two cases:

Case 1. a ∈ I[x] and b ∈ (I[0] which implies that a ∗ x ∈ I and
b ∗ 0 = b ∈ I, so we have [(a ∗ x) ∗ b] ∗ (a ∗ x) = [(a ∗ x) ∗ (a ∗
x)] ∗ b = 0 ∗ b = 0 ∈ I implies that (a ∗ x) ∗ b ∈ I. Since I is a
BCC-ideal, b ∈ I, (a ∗ x) ∗ b ∈ I, implies that a ∗ b ∈ I. Consider
[(a ∗ b) ∗ (x ∗ y)] ∗ (a ∗ b) = [(a ∗ b) ∗ (a ∗ b)] ∗ (x ∗ y) = 0 ∗ (x ∗ y) = 0 ∈ I.
This proves that (a∗ b)∗ (x∗y) ∈ I and hence (a∗ b) ∈ I[(x∗y)] which
implies that

I[x] ∗ (I[0]) ⊆ I[x ∗ y] (3.1)

Case 2. a ∈ I[x] and b = y, so we have a ∗ x ∈ I. Consider
[(a∗ b)∗ (x∗y)]∗ (a∗x) = [(a∗ b)∗ (a∗x)]∗ (x∗y) ≤ (x∗ b)∗ (x∗y) and
since b = y, so [(a∗b)∗ (x∗y)]∗ (a∗x) = 0 ∈ I. again we have a∗x ∈ I
and by definition of a ∗ x ∈ I, we obtain that (a ∗ b) ∗ (x ∗ y) ∈ I, so
(a ∗ b) ∈ I[(x ∗ y)] which implies that

I[x] ∗ y ⊆ I[x ∗ y] (3.2)

Hence, from inclusion 3.1 and inclusion 3.2, we get

I[x] ∗ (I[0] ∪ {y}) ⊆ I[x ∗ y] ⊆ U

This shows that (X, ∗, 0) with the topology τ is a PBCK-algebra.

4. Conclusion

After introducing the notion of BCK-algebra, some mathematicians
payed attention to the concept of topological BCK-algebras similar to
the concept of topological groups, topological rings and topological vec-
tor spaces. The goal of this paper, is to define other type of topological
BCK-algebra by using of pre-open sets. Several properties of this type
are investigated.
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