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SOME APPLICATIONS OF k-REGULAR SEQUENCES
AND ARITHMETIC RANK OF AN IDEAL WITH
RESPECT TO MODULES

KH. AHMADI AMOLI *, Z. HABIBI, AND R. BEHBOODI

ABSTRACT. Let R be a commutative Noetherian ring with iden-
tity, I be an ideal of R, and M be an R-module. Let k > —1 be
an arbitrary integer. In this paper, we introduce the notions of
Radps(I) and araps(I) as the radical and the arithmetic rank of
I with respect to M, respectively. We show that the existence of
some sort of regular sequences can be depended on dim M/IM and
so, we can get some information about local cohomology modules
as well. Indeed, if aray (I) =n > 1 and (Suppg(M/IM))., =0
(e.g., if dim M/IM = k), then there exist n elements 1, ..., z, in
I which is a poor k-regular M-sequence and generate an ideal with
the same radical as Radys(I) and so Hi(M) = H(izl,...,zn)(M) for
all i € Ng. As an application, we show that aray(I) < dim M + 1,
which is a refinement of the inequality arar(l) < dimR + 1 for
modules, attributed to Kronecker and Forster. Then, we prove
dim M —dim M/IM < cd(I,M) < arap(I) < dim M, if (R, m) is
a local ring and IM # M.

1. INTRODUCTION

Throughout this paper, R denotes a non-trivial commutative Noe-
therian ring with identity, / denotes an arbitrary ideal, and M denotes
an R-module. The set of minimal elements of Assgp M (Suppyp M, re-
spectively) with respect to inclusion is denoted by mAssp M (mSuppy M,
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respectively). The symbol Ny denotes the set of non-negative integers
and k > —1 is an arbitrary integer. For a subset T" of Spec(R), we set

(T)sr:={peT| R/p>k}, (T)<r:={peT|dmR/p <k}

In 1978, on a local ring, Schenzel, Trung, and Cuong [19] introduced
the concept of filter regular M-sequence as the generalization of regular
M-sequence. In 1996, on an arbitrary Noetherian ring, Ahmadi Amoli
[1] introduced the notion of I — f.grade,,;(a) as the common length
of all maximal [-filter regular M-sequences contained in an ideal a
with Suppg(M/aM) \ V(I) # (. This notion is a generalization of
filter-depth introduced by Melkersson [16], where (R, m) is a local ring.
It is notable that the filter-depth was defined as f — depth,(M) =
min{depth,p (M) | p € Suppr(M/aM) \ V(m)}, not by means of
the common length of any sequences. In 2005, on a local ring, Nhan
[17] introduced the two notions of generalized regular sequence and
generalized depth which are extensions of filter regular M-sequence
and filter-depth, respectively. In 2008, on a local ring, Chinh and Nhan
[0] introduced the concept of k-regular M-sequence, as the extension
of all kind of regular sequences mentioned above. This concept was
studied basically by Ahmadi Amoli and Sanaei in 2012 [2]. In fact, for
k = —1 any k-regular M-sequence is a regular M-sequence. Also, if
(R, m) is a local ring, then any k-regular M-sequence is a filter regular
M-sequence (generalized regular M-sequence, respectively) for k& = 0
(k = 1, respectively).

The local cohomology module

H}(M) = ling Exty(R/I", M) (i € No)

n>1

was first introduced by Serre in 1955 [20]. This notion was generalized
to algebraic geometry by Grothendieck in 1967 [3]. All kind of reg-
ular sequences give some useful information about local cohomology
modules. In this paper, we deal with some applications of k-regular
M-sequences in conjunction with local cohomology modules, cohomo-
logical dimension of modules, and arithmetic rank of ideals with respect
to modules. Recall that the cohomological dimension of M with respect
to I, cd(I, M), is the greatest integer i € Ny such that Hi{(M) # 0,
also the arithmetic rank of I, arag([), is the least number of elements
of I required to generate an ideal with the same radical as I. We
introduce the notion of Rady, (1) as the radical of I with respect to
M (Definition 2.1). Then, we introduce the notion of aray (1) as the
arithmetic rank of I with respect to M (Definition 3.2). There is an
example in which aray (/) < arag(l) and so aray(I) may give more
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information about local cohomology H%(M) than araz(I) (Corollary
3.4 and Example 3.7).

It is difficult to determine the least number of elements x4, ..., x, of
I such that Rady/ (1) = Rady(x1, ..., z,,). In 2009, Mehrvarz et al. [17]
showed that if arag(I) = n > 1, then there is an I-filter regular M-
sequence 1y, ..., Z, in I such that Radg(I) = Radg(z1,...,x,). In this
paper, we show the existence of some sort of regular sequences which are
depended on the dimension of M/IM and then get some information
about local cohomology modules as well. Indeed, we prove that if
aray/(I) = n > 2 and (Suppr(M/IM))., = 0 (e.g., if dim M/IM =
k), then there exists a poor k-regular M-sequence 1, ...,x, € I such
that Rady (1) = Radw (21, ..., x,) (hence Hy(M) = H{, (M) for
all i € Ng) and cd((zy,...,2;), M) =i for all 1 <i <n —1 (Theorems
3.3 and 3.8).

By the Generalized Krull’s Principal Ideal Theorem with respect to
modules (Theorem 2.8) aray,(I) > hty(I). In the case of equality, I
is called set theoretic complete intersection with respect to M (com-
pare [10]). We show that under some conditions, aray (1) > hty (1)
(Corollary 3.6).

In sequel, we show that if dim M/IM =1, (Suppy (M/IM))., =0,
and aray;(I) = n > 2, then there exists a poor k-regular M-sequence
T, ..., T, such that H:(M) are (xy, ..., r;)-cofinite for all 1 < ¢ < n and
all 0 < i <t (Theorem 3.11). In 1882, Kronecker [11] showed that in
Noetherian rings of dimension of n, any radical ideal is equal to the
radical of an ideal with n+ 1 generators. That was stronger than what
had been proved on polynomial rings over a field in n indeterminates. In
1964, Forster [7] showed that for any ideal I of a local ring R, arag(/) <
dim R. In 2009, Mehrvarz et al. [15] showed that arag(/) < dim R + 1
for any ideal I of R (not necessarily local ring). In 2020, Azami [3,
Corollary 2.4] proved that, in the local ring (R, m) if HImE(R) is I-
cofinite, then arag(/) = dim R. One of our main results of this paper
is to develop these results for modules. In fact, in Theorem 3.13, we
show that aray () < dim M + 1. Also, if R is a local ring and [ is an
ideal for which IM # M, we show that ara (/) < dim M (Corollary
3.17). By definition, on any Noetherian ring R, cd(I, M) < aray(I).
The final result of this paper is to show that on a local ring (R, m), if
IM # M, then dim M — dim M/IM < cd(I, M) < aray/(I) < dim M
(Theorem 3.22).
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2. PRELIMINARIES

In this section, we introduce the notion of Rad,; () as the radical
of I with respect to M which is a generalization of Radg(I). We also
give some properties of this notion which are needed throughout the
paper. Recall that Radgr(I) = {r € R| 3n,r™ € I} is the intersection
of all prime ideals in Assg(R/I) . It is natural to have the following
definition.

Definition 2.1. Let I be an ideal of R and M be an R-module. The
radical of I with respect to M denoted by Rady (1), is the intersection
of the family of the associated prime ideals of M/IM, i.e., Rady(I) =
(Mpeassn(ar/an P- 1t is clear that I C Rady(1).

Following, we present some properties of the radical of an ideal with
respect to an R-module.

Lemma 2.2. Let I be an ideal of R and M be a finitely generated R-
module. Then

(1) Rady(I) = Radr(Anng(M/IM)) = Radr(Anng(M) + I) and
Radg(!) € Radp({).

(i1) Radpy (1) ={re R| In, "M C IM}.

(i7i) IM = M if and only if Rady(I) = R.

(tv) Rady (1) = mpeSuppR(M/IM) p.

(v) Let J be a second ideal of R such that I C J . Then Rady/(I) C
Rad(J).

Proof. (i) Let IM = Ni_,;N; be a minimal primary decomposition of
IM, where N; is a p;-primary in IM (1 < i <t). Since Assgr(M/IM) =
{ph ) pt}7 then

Rady/(I) = Ni_, Radg(Annz(M/N;)) = Radp(Anng(M/IM))
= RadR(AnnR(M) + I)

(ii
(771) It is clear by (ii).

(iv) The assertion is obvious, since every ideal of Suppy(M/IM) con-
tains an ideal of Assg(M/IM).

(v) Since Suppg(M/JM) C Suppr(M/IM), the assertion is followed
by (iv). O

i1) It is easily followed by (i).
1%

Corollary 2.3. Let the situation be as in Lemma 2.2 and suppose that
p € Suppgr(M). Then

(i) Rady(p) = p.

(i7) Radp (p™) = p for alln € N.
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The following Lemma can be proved by definition and above results.

Lemma 2.4. Let I, J be two ideals of R and M be a finitely generated
R-module. Then we have the following.

(17) Radys(Radps (1)) = Radp(1).

(13i) If Rady (1) + Rady(J) = R, then (I + J)M = M.

Corollary 2.5. Let M be a finitely generated R-module. Then for any
ideal I of R, there exists a positive integer v such that (Rady (1)) M C
IM.

Proof. Use Lemma 2.2 (i) and [2], Lemma 8.21]. O

Corollary 2.6. Let (R, m) be a local ring, I be an ideal of R, and M be
a finitely generated R-module such that IM # M. Then Rady/(I) = m
if and only if there exists a positive integer v such that m*M C IM.

Proof. Use Lemma 2.2 (i) and (iii) and Corollary 2.5. O

Let M be a non-zero R-module and [ be an ideal of R. Let us
recall the height of I with respect to M, as hty(I) = inf{hty(p) |
p € Suppp(M/IM)}, if the infimum exists, and oo otherwise (for a
prime ideal p € Suppgr(M), htyp(p) := dimpg, M,). Also, recall that
if (R,m) is a local ring, then dim M = min{n € Ny | Jxzq,...,2, €
m, (p(M/(xq,...,2,)M) < 00} ([21, Ex. 15.24]).

Corollary 2.7. Let (R, m) be a local ring and M be a finitely generated
R-module. Let I be an ideal of R such that Rady(I) = m. Then
(r(M/IM) < 0o and so dim M < m([I), where m(I) is the minimum
number of generators of I.

Proof. By Lemma 2.2 (iv), Suppg(M/IM) = {m}. Hence (r(M/IM) <
00. O

To achieve the main results of this paper, we need to generalize
the Krull’s Principal Ideal Theorem for modules. For this purpose,
Corollary 2.7 helps us.

Theorem 2.8 (Generalized Krull’s Principal Ideal Theorem with re-
spect to modules). Let I be an ideal of R generated by r elements. As-
sume that M is a finitely generated R-module such that IM # M. Ifp
is a minimal prime ideal of I in Suppgr(M), i.e., p € mSuppr(M/IM),
then hty(p) <.

Proof. By assumption and Lemma 2.2 (iv), Rady, (I R,) = pR,. Hence
by Corollary 2.5, (pR,)"M, C (IR,)M, for some v € N. Now, the
assertion follows by Corollary 2.7. U
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We end this section by showing that the local cohomology is invari-
ant under taking radical, Rad,;. This property is used frequently in
applications. Theorem 2.10 is followed by the following lemma.

Lemma 2.9. Let I be an ideal of R and M be an R-module. Then
I'r(M) = rad,(nM.

Proof. Clearly, I'gaq,, (M) C I'1(M). Conversely, let m € M be such
that I™m = 0 for some n € N. By Lemma 2.2 (i), it is enough to show
that m € Tannpn)+1(M). Assume that 7 and a are arbitrary elements
of Anng(M) and I, respectively. Since a"m = 0 and rm = 0, we have
(r +a)*tm = 0 as required. O

Theorem 2.10. Let I and J be two ideals of R such that Rady (1) =
Radys(J). Then HX(M) = HY(M) for any R-module M and alli € Ny.

3. MAIN RESULTS

In this section, we start by introducing the notion of aray,(I) as
the arithmetic rank of I with respect to M which generalizes arag(7).
Recall that arag(l) is the least number of elements of R required to
generate an ideal which has the same radical as Radg([). First, we
remind the following definition.

Definition 3.1. ([0]) A sequence ay, ..., a, of elements of R is called
a poor k-reqular M -sequence whenever a; ¢ p for all
i1
peAss(M/Y a;M),  dimR/p >k
j=1
for all i = 1,...,n. Moreover, if dim(M/ > " a;M) >k, ay,...,a, is
called a k-regular M-sequence.

Definition 3.2. The arithmetic rank of I with respect to M, denoted
by aray (), is defined as follows:

aray/(I) = min{i € No | Jy1,...,y; € I, Radp(v1, ..., y:) = Radp (1)}
It is clear that if IM = M, then aray (1) = 1.

Now, we are ready to present the following theorem which plays a
main role in this article. We prove the existence of a poor k-regular
M-sequence (for all k£ > —1) of length aray (1) = n > 1 such that the
generated ideal has the same radical as Rad (7).

Theorem 3.3. Let M be a finitely generated R-module and I be an
ideal of R such that (Suppgr(M/IM))., =0 (e.g., if dim M/IM = k).

If arap (1) = n > 1, then there exists a poor k-reqular M -sequence
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I

Y1y Yn € I such that Rady (1) = Rada(y1, ..., yn). Hence Hi(M)
H y(M) for all i € No.

(yl ~~~~~ Yn

Proof. We use induction on n. By definition, there exist zq,...,x, €
I such that Rady(I) = Radp(z1,...,7,). One can see that I ¢
UPE(ASSR(M))>k‘p7 and so (ZEl, ...,:L‘n) g UPE(ASSR(M))>k‘p' Now, by [ , Ex.
16.8], there exists a; € (x, ..., x,) such that x; + a; & Upe(Assr(M)).  P-
Put y; := 1 + a;. So that y; is a poor k-regular M-sequence of
length 1 contained in I. By Lemma 2.2 (ii) and (v), Rady(I) =
Rady(y1, z2, ..y xy). Let 1 < s < n and yi,...,ys € [ is a poor-k
regular M-sequence with Rady, (1) = Rada (Y1, ..., Ys, Tsi1, vy Tpy). We

(yla"'aysaxs-i-lw--axn) g U p.

pE(Assgp M/(Y1,,Ys) M) sy,

Now, choose asi1 € (Y1,..., Ys, Tsi2, ..., Tp) sSuch that xgq + asp1 &
Y1, - Ys, Ysi1 1S & poor k-regular M-sequence in I. We can conclude
that

RadM(I) = RadM(yla vy Ysy Ys+1y Ts42y ooy ﬂfn)-

Therefore, the first assertion follows by induction. The last part is
obvious by Theorem 2.10. O

As an application of Theorem 3.3, we prove a vanishing of local
cohomology functor Hj which is a powerful tool for applications of
local cohomology to algebraic geometry.

Corollary 3.4. Let I be an ideal of R and M be a finitely generated
R-module with dim M/IM < co. Then Hi(M) = 0 for alli > aray ().

Proof. If arap(I) = 0, then Rad (I) = Rady;(0). So that Hi(M) =
H{y, (M) = 0 for all i € Ny, by Theorem 2.10. Now, assume that
arap (I) =n > 1. Let dim M/IM = k. By Theorem 3.3, there exists a
poor k-regular M-sequence ¥y, ...,y, € I such that Rady(y1, ..., yn) =
Rady(I). By Theorem 2.10, Hy(M) = H{, (M) for all i € Ny.

Therefore H;(M) = 0 for all ¢ > n, by [5, Theorem 3.3.1]. O

As a result of Corollary 3.4 and Theorem 2.8, hty, (1) < cd(I, M) <
aray (I).

Definition 3.5. (Compare with [10]) Let M be a finitely generated
R-module. An ideal I of R with hty(I) = h is called a set the-

oretic complete intersection with respect to M whenever there exist
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x1,...,xp, € I such that Rady/(zy,...,z5) = Rady/(I). In other words,
arap (1) = htp(1).

Corollary 3.6. Let R be a Cohen-Macaulay ring and M be a finitely
generated R-module. Suppose that I is an ideal of R such that hty (1) =
h and HI™ (M) # 0. Then I is not a set theoretic complete intersection
with respect to M.

Proof. Apply Corollary 3.4. OJ

The following example shows that the invariant ara,, (/) may give
more information about local cohomology than arag (/). It shows that
Hi{(M) = 0 even for i = arag([).

Example 3.7. Let k be a field and R = k[z,y, z]. Consider the nat-
ural homomorphism = : R — R/(z* — yz) = R. Then R is a two-
dimensional ring and p = (Z,7) is a prime ideal of R with htz(p) = 1.
Since Radg(p) = Radz(¥), arag(p) = 1. Now, consider the R-module
M := R/p. Then, it is clear that Rady(p) = Radp(0), and so
arap(p) = 0. Therefore aray (p) < arag(p). Consequently, by Corol-
lary 3.4, H{(M) = 0 for all i > 0, especially for i = arag(p) = 1.

The other application of Theorem 3.3 is as follows.

Theorem 3.8. Let M be a finitely generated R-module and I be an
ideal of R with dim M/IM < oo. Assume that aray(I) = n > 2.
Then there exists a poor k-reqular M-sequence vy, ...,y, € I such that
H(iy1 7777 sy (M) #0 foralll < i <n—1. Inparticular, cd((y1, ..., y;), M) =
i foralll <i<n—1.

Proof. Let dim M/IM = k. By Theorem 3.3, there exists a poor k-
regular M-sequence yy, ..., y, € I such that Rad, (1) = Rady (v, ..., Yn)-
Let 1 < ¢ < n—1. By the Generalized Krull’s Principal Ideal The-
orem with respect to modules, Theorem 2.8, hty(p) = i for all p €
(mAssg M/(y1, ..., yi) M))sk. Thus, there exists

qc (mASSR M/(yh Jyl)M))>k
such that q 2 I, and so dim M, = i. By the Non-Vanishing Theorem,
‘ o(M) # 0. Since for all j > 4, H] (M) = 0, we get

(Y1, (Y1,-Y3)

cd((y1, -y 45), M) = 1. O

Theorem 3.9. Let I be an ideal of R and M be a finitely generated
R-module such that (Suppgr(M/IM))., = 0. Assume that aray (I) =
n > 2 and cd(I,M) < n — 1. Then there exists a poor k-regular
M -sequence w1, ...,x, € I such that Rady(I) = Radp(z,...,x,) and

,,,,,
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Proof. The first part of the assertion follows from Theorem 3.3. Hence,
there is a poor k-regular M-sequence x1, ..., z,, € I such that Rady/(I) =
Radps(x1,...,x,). For the last part, we use the following exact se-
quences ([18, Corollary 1.4]):

0— H,  (H( " \(M)) — H, (M) —

(150 yTn—1 (214eeesn)

HO

(zn

y(HE,

(1,00,

In_l)(M)) — 0
and

0— H{, \(H? (M) = HiZb (M) =

(T150sTn—1

H&n)(Hn—1 xn_l)(M)) — 0.

By assumption, Hp, (M) =0= H' ! (M). Thus

(@10

Hip (HE g (M) = 0= HE, y(HE (M)

7777 $n)

Therefore, we have the R-isomorphism

anl )<M> T, anl

(1,0esTn—1 (z1y0e0s®n—1)
=

which induces the following R-isomorphism,

-----

1 € Np. O
Remark 3.10. Let R be a local ring and the situation be as Theorem 3.9.
By virtue of the isomorphism in the proof of Theorem 3.9, Nakayama
Lemma, and Theorem 3.8, HOHIR(R/(SUl,--~,$nf1),H&i“,xnil)(M)) is
not a finitely generated R-module.

Theorem 3.11. Let M be a finitely generated R-module and I be an
ideal of R such that dim M/IM = 1 and (Suppg (M/IM))., = 0.
Suppose that aray (I) = n > 2. Then there exists a poor k-regular
M -sequence xq,...,x, € I such that Rady/(I) = Radp(zq,...,x,). If
(Suppr(M/(z1, ...,z ) M)\ V(I)), = O for all 1 < t < n, then the
R-modules H:(M) are (x1, ..., x¢)-cofinite for all 1 < t < n and all
0<e<t.
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Proof. By Theorem 3.3, there is a poor k-regular M-sequence x1, ..., T,
€ I such that Rady (/) = Rady(z1,...,x,). This is a k-regular M-
sequence as (Suppg(M/(z1,...,2,)M))., # 0. Now, let 1 <t <n. By
[2, Theorem 3.2], we see that Hy(M) = H{, (M) forall 0 <i<t.
Thus dimSuppR(H&1 ..... wy(M)) < dim(M/IM) =1, for all 0 < i <,
especially for all i < cd((z1,...,z,), M). Now H{, (M) and so

HY(M) is (1, ..., z¢)-cofinite for all 0 < i < ¢ by [4, Corollary 2.13]. O

Lemma 3.12. Let I be an ideal of R and M be a finitely generated
R-module such that (Suppgp(M/IM))., = 0. Let aray () = n > 2.
Then there exists a poor k-reqular M-sequence x1,...,x, € I such that
Rady (1) = Radpy (21, ...x,) and M, is a Cohen-Macaulay R,-module
of dimension t, for all p € (mAssg M/(xy,...,x¢) M), and all 1 <t <
n—1.

Proof. By Theorem 3.3, there is a poor k-regular M-sequence x1, ..., T,
€ I such that Rady(I) = Radp(zq,...x,). Let 1 <t < n—1 and
p be a prime ideal in (mAssg M/(x1,...,x¢)M)_,. Since xq, ...,z € p
is a poor k-regular M-sequence, depth(M,) > ¢, by [2, Theorem 2.3].
As p € (mSuppg M/(x1,...,2¢)M).,, htp(p) < t by the Generalized
Krull’s Principal Ideal Theorem with respect to modules, Theorem
2.8. So that ¢ < depth(M,) < dim M, < t. Therefore M, is Cohen-
Macaulay R,-module of dimension ¢. OJ

Lemma 3.12 leads to an important result of this article. As an ap-
plication, we show that aray (/) < dim M + 1, which is a refinement of
the inequality arag(l) < dim R+ 1 for modules, due to Kronecker and
Forster [11], [7] (also [12], [13]).

Theorem 3.13. Let I be an ideal of R and M be a non-zero finitely
generated R-module. Then aray (I) < dim M + 1.

Proof. 1t M = I M, then there is nothing to prove because aray, (I) = 1.
So, we may assume that IM # M and dimM = d is finite. If
arap (I) = 0, the assertion is obvious. Now, let aray (/) = n > 1.
Suppose that dim M/IM = k and aray (/) > d + 1. By Theorem
3.3, there exists a poor k-regular M-sequence x4, ...,x, € I such that
Rady (1) = Rady/ (21, ..., ). Also, since aray (1) > d + 1, by Lemma
3.12, there exists p € m(Assg M/(x1, ..., xq41)M)., such that M, is a
Cohen-Macaulay R,-module of dimension d + 1, which is a contradic-
tion. Therefore aray (1) < d+ 1. O

Lemma 3.14. Let I be an ideal of R and M be a finitely generated
R-module. If p € Suppgr(M/IM) be such that htp (I) = htp(p), then
p is a minimal prime ideal of I in Suppr(M).
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Lemma 3.15. Let M be a finitely generated R-module and p € Suppg (M)
with htpr(p) = n. Then there exists an ideal I C p of R which can be
generated by n elements such that hty (1) = n.

Proof. Use induction on n > 0 and apply Lemma 3.14 and Theorem
2.8. OJ

Lemma 3.16. Let (R,m) be a local ring and M be a non-zero finitely
generated R-module. Then dim M = ara (m).

Proof. Apply Theorem 2.8 and Lemmas 3.14 and 3.15. OJ
The following result is one of the main results of this paper.

Corollary 3.17. Let (R,m) be a local ring and M be a finitely gen-
erated R-module and I be an ideal of R for which IM # M. Then
aray (1) < dim M.

Proof. Put d := dim M. If d = 0, then by Lemma 3.16, aray;(m) = 0.
Thus Rady(0) = m, and so I C Radj(0). Hence Rady, (1) = Rady(0)
and hence aray/ (/) = 0.

Now, let d > 0 and dim M/IM = k. Suppose that aray,(I) > d. Thus,
by Theorem 3.3, there exists a poor k-regular M-sequence z1, ..., x; € I,
such that Rady/ (/) = Rady (1, ..., ¢) where t = aray,(I). By Theorem
3.13, d < arap(I) < d+ 1. Thus aray (/) = d + 1. This follows that
arap (1) > 2, and so by Lemma 3.12, there exists a poor k-regular M-
sequence yi, ..., Yq+1 € I such that Rady (1) = Radp (i, ..., Ya+1) and
for all p € mAssg (M/(y1, ..., Yar1)M))-y, M, is a Cohen-Macaulay
R,-module of dimension d + 1, which is a contradiction. O

Corollary 3.18. Let (R, m) be a local ring and I be an ideal of R. Let
M be a finitely generated R-module of dimension d with dim M /IM =
1. Suppose that hty(p) < d — 1 for all minimal prime ideal p €
Suppr(M). Then aray (1) = d.

Proof. First, we claim that Suppz(H¢ *(M)) C {m}. Let q be a prime
ideal in Suppp(H{'(M)). Then dim My > d — 1. As hty(q) > d — 1,
q is not a minimal prime ideal of Supp,(M/IM). Hence, ¢ = m as re-
quired. Since I C m, there exists z € m such that = ¢ UpemAssg (M/1M)P-
Hence Rady (I + Rz) = m and Hj, 5, (M) = HL (M) for all i € N, by
Theorem 2.10. Using [5, Theorem 8.1.2], we have the following exact
sequence

o= HEYM) — HEPY(M,) — HE g (M) — HY(M) — HY(M,) —
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Since dim M, < d, H}(M,) = 0. Now, considering [, Theorem 4.2], we
show that (H{ '(M)), = 0. On the contrary, let q € Supp(H{ ' (M))
be such that q N {2 | i € No} = 0. Thus Suppz(H{H(M)) = {m},
and so ¢ = m. This follows that m N {z* | i € Ny} = 0, which is
a contradiction. Therefore H{~'(M,) = 0. Now, by the above exact
sequence, we have H{(M) # 0. Hence d = cd(I, M) < aray(I) by
Corollary 3.4. Now, the assertion follows from Corollary 3.17. U

Here, we are in position to prove the last result of this paper (Theo-
rem 3.22). In order to prove it, we need Proposition 3.21, which shows
that dim M — dim M/IM < cd(I,M). To this end, we need the fol-

lowing lemmas.

Lemma 3.19. Let (R, m) be a local ring, I be an ideal of R, and M
be a finitely generated R-module such that IM # M. Then dim M —
dim M/IM < aray(I).

Proof. Let aray (1) = nand x4, ..., z,, € I be such that Rady (1, ..., ;)
= Rady/ (/). Then dim M —n < dim M/(xy,...,x,)M = dim M /1M,

as required. O

Lemma 3.20. Let (R, m) be a local ring, I be an ideal of R, and M
be a finitely generated R-module. Assume that k > —1 is an arbitrary
integer such that dim M > k. Then any poor k-reqular M -sequence in
I is a part of a system of parameters for M.

Proof. Let x1,...,x, € I be a poor k-regular M-sequence. It is enough
to prove the assertion for » = 1. Hence, we assume that x € [ is a poor
k-regular M-sequence. By the definition (Assgz(M)NV(x))., = 0.
Assume that dim M/xM = dim M = d. So that, there exists a chain
in Suppp(M/xM) as po C p1 C ... C pg, where pg is a minimal element
of Suppg(M) , and so py € Assg(M). Since z € pg, dim R/py < k.
Hence dim M = d < dim R/py < k, which is a contradiction. Therefore
dim M /xM = dim M — 1, as required. OJ

Proposition 3.21. Let (R,m) be a local ring, I be an ideal of R,
and M be a finitely generated R-module such that IM # M. Then
dim M — dim M/IM < cd(I,M).

Proof. Put d = dim M, ¢t = dim M — dim M/IM, and r = aray(I).
Let 2}, ..., 2/, € m be a system of parameters for M. Then m is the only
minimal prime ideal of (21, ...,2) in Suppz(M) and so Rad /(2] +
I, x,+1)=m/I. Asdim M/IM = d—t, we may choose z1, ..., z; €
In{zy, ..., 25} and yi, ..., Ya—e € {2}, ...,25} \ 1. Thus, Rady, (v +
I .. ya—et+I) =m/I. Asm = Rady((x1, ..., T, Y1, ..., Ya—t)) € Radp (1+
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(yla '-'7yd—t))7 we get m = RadM(I + (yla--'vyd—t))' Since Y1y -5 Yd—t
is a part of system of parameters for M, dim M/(y1,...,Ya—e)M =
dim M — (d—t) = t. Now, by the Non-vanishing Theorem [5, Theorem
6.1.4], the Independence Theorem [5, Theorem 4.2.1], and Theorem
2.10, we get the following

0 7& H€1<M/<y17 "'7yd—t)M)
= Hi‘l/(yl ..... yd_t)(M/(yh XS yd—t)M)

~ t
= H g yaeo) /o) M W15 o Yat) M)

= Hiry,aey M/ W15 o0 Yat) M
= Hi(M/(y1, .o, Ya—t)M).
Hence r < cd(I, M/(y1, ..., Yya—t)M). But cd(I, M/(y1, ..., yq—¢) M) <

cd(I, M), and so t < cd(I, M). O

It is clear that on any Noetherian ring R, for an ideal I of R and
R-module M, we have cd(I, M) < aray(I) (Corollary 3.4). In the
following theorem, we get useful inequalities.

Theorem 3.22. Let (R,m) be a local ring, I be an ideal of R, and M
be a finitely generated R-module such that IM # M. Then dim M —
dim M/IM < cd(I, M) < aray(I) < dim M.

Proof. The assertion follows from Corollary 3.17 and Proposition 3.21.
OJ

Theorem 3.23. Let (R,m) be a local ring, M be finitely generated
R-module of dimension d > 2, and I be an ideal of R. Assume that
aray (p) < d for every p € Suppgr(M) such that hty(p) =d — 1. Then
aray(q) < d for every q € Assgr(M) such that dim M /qM = d.

Proof. Suppose contrary to our claim that there exists q € Assg(M)
such that dim M/qM = d and arap(q) > d. By Corollary 3.17,
arays(q) < d so that aray(q) = d. By Lemma 3.12, there exists a poor
d-regular M-sequence y, ..., yq € q such that Rady,(q) = Rady(y1, ...,
yq) and there exists a prime ideal p in m(Assp(M/(y1, ..., Ya—1)M)) -y
such that hty/(p) = d—1. Hence by assumption, we have ara;(p) < d.
Since dim M/qM = d, q € p. Now, we claim that Rady(p + q) = m.
Let Q € Suppgr(M/(p + q)M) be such that @ C m. Since hty(p) =
d — 1, there is a chain

PoCPp1 CPpa C ... CTPg—2 CPg-1 =07,
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where p; € Suppg(M) forall 0 <i<d—1. SinceqZ p,p CTp+qC
() € m. So that, we get a chain of length of d + 1 in Suppg(M) which
is a contradiction. Therefore by [5, Theorem 4.2.1], Theorem 2.10, and
the Non-Vanishing Theorem, we get

H(M/qM) = H\ (M/qM) = Hg(M/qM) # 0.

But HJ(M/qM) = H}(M) ®r R/q, by [0, Exercise 6.1.10]. Thus
H}(M) # 0. Therefore d = cd(p, M) < aray(p) < d, which is a
contradiction. O
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