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ON CP-FRAMES AND THE ARTIN-REES PROPERTY

M. ABEDI

ABSTRACT. The set C.(L) = {a €RL:|{r e R:coz(a—r)+#

1}’ < No} is a sub- f-ring of RL, that is, the ring of all continuous

real-valued functions on a completely regular frame L. The main
purpose of this paper is to continue our investigation begun in
[3] of extending ring-theoretic properties in RL to the context of
completely regular frames by replacing the ring RL with the ring
Cc(L) to the context of zero-dimensional frames. We show that
a frame L is a C'P-frame if and only if C.(L) is a regular ring if
and only if every ideal of C.(L) is pure if and only if C.(L) is an
Artin-Rees ring if and only if every ideal of C.(L) with the Artin-
Rees property is an Artin-Rees ideal if and only if the factor ring
Cc(L)/{a) is an Artin-Rees ring for any o € C.(L) if and only if
every minimal prime ideal of C.(L) is an Artin-Rees ideal.

1. INTRODUCTION

Throughout, A is a commutative ring with an identity element 1 # 0.
For a Noetherian ring A, every ideal I of A satisfies the following
condition:

(AR) For each ideal J of A there is n € N, depending on J, for which
"nJcClJ.

E. Artin (unpublished) and D. Rees [20] proved this famous fact, the
Artin-Rees property, more than sixty years ago, independently.
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Similarly to the above, it is said that an ideal I of a ring A has the
Artin-Rees property if for each ideal J of A there is n € N for which
I"NJ C1J. Aring A is called an Artin-Rees ring (AR-ring) if every
ideal of A has the Artin-Rees property. An ideal I of a ring A is said
to be an Artin-Rees ideal (AR-ideal) if for two sub-ideals £ and F' of
I there is n € N for which E"NF C EF.

As in [13], for any a € RL, we put

R, ={r eR:coz(a—r)#1}.

The set
C.(L) ={a € RL: R, is countable}

has been studied as a sub-f-ring of RL (see [12, 13, 14, 15, 21, 22]).

A P-frame is a frame L in which ¢V ¢* = 1 for any cozero element
¢ € Coz[L]. Motivated by this definition and following Estaji and et
al. [11, 21], we define what we call a C'P-frame as follow:

A frame L is a C'P-frame in case s V s* = 1 for any cozero element
s € Coz.[L].

To begin with, in Lemma 3.3, we show that the density limitation of
cozero elements of Coz.[L] can really be relaxed. Two of the charac-
terizations are that a frame L is a P-frame if and only if RL is regular
(that is, for each o € RL there exists f € RL with a« = af«a) if and
only if every ideal of RL is pure (see [I, 2, 9] for other ring-theoretic
characterizations of P-frames). By extending these characterizations,
we show that a frame L is a C'P-frame if and only if C.(L) is regu-
lar if and only if every ideal of C.(L) is pure (see Proposition 3.6 and
Theorem 3.9).

In Section 4, we are going to characterize C'P-frames in terms of
the Artin-Rees property in C.(L) and in the factor rings of C.(L). In
Theorem 4.3, we prove that an ideal of C.(L) is pure if and only if it
is a z.ideal with the Artin-Rees property. This theorem enables us
to characterize C'P-frame as precisely those L for which every ideal of
C.(L) with the Artin-Rees property is an Artin-Rees ideal (Theorem
4.6).

Given an element o € C.(L), in Proposition 4.10, we show that
coz(a) is a complemented element of L and the closed quotient Tcoz(«)
is a C' P-frame if and only if the factor ring C.(L)/{a) is an Artin-Rees
ring if and only if the ring C.(L)/{«) is regular.

To conclude Section 4, our aim is to characterize C' P-frames in terms
of the Artin-Rees property in some ideals of C.(L) and in some factor
rings of C.(L) (Theorem 4.12).
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2. PRELIMINARIES

2.1. Frames. For a general theory of frames and locales, we refer to
[19]. A frame or locale L is a complete lattice in which finite meets
distribute over arbitrary joins. We use 0 and 1 for the bottom element
and the top element of L, respectively. The pseudocomplement of an
element a € L, denoted by a*, is the element

a*:\/{xeL:a/\x:O}.
An element a € L is called complemented if a V a* = 1. We write
B(L)={a€L:aVa =1}

for the set of all complemented elements of L and, clearly, it is a sub-
lattice of L.

As usual, the rather below and the completely below relations are
denoted by < and << |, respectively. Recall that a < b in case there is
an element ¢ € L such that aAc=0and cVb=1.

A frame homomorphism is a map between frames that preserves
finite meets and all joins. By a quotient of a frame L, we mean a
surjective frame homomorphism. In particular, for any a € L, the
closed quotient of a is the frame ta = {b € L : a < b} with quotient

map L ﬂﬁa defined by b — a Vb, and the open quotient of a is the

frame Ja = {b € L : b < a} with quotient map L —1% la defined by
b— aANb.

2.2. The ring RL and the cozero part of L. Recall from [7] that
the frame L£(R) of reals is the frame generated by the ordered pairs
(p, q) of rational numbers subject to the following relations.

(R1) (@) A (r,s)=(pVrgAs).

(R2)  (p,q) V (r,s) = (p,s) whenever p <r < q<s.
(R3)  (p.q) =V{(r,s) :p<r<s<gqg}

(R4) V{9 :p,qeQ} =1

For any complete regular frame, the ring RL is the set of all frame
homomorphisms L(R) — L. It is a reduced f-ring (see [5] and [7] for
details). We use the notation of [7] and we write 0 and 1 for the zero
element and the identity element of RL, respectively. For any r € R,
the constant frame map r € RL is defined by

(0.0) 1 ifp<r<yg
r(p,q) =
P 0  otherwise.
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To recall, for any o € RL,

coz(a) = a(—,0)Va(0,—) = a(\/{(r, 0):7r< 0})\/(1(\/{(0, s):0<s}).

An element ¢ € L is a cozero element if ¢ = coz(a) for some o € RL.
The cozero part of L, that is, Coz[L] = {coz(a) : @ € RL}, is a sub-
o-frame of L. It is known that L is completely regular if and only if
Coz[L] generates L.

2.3. The ring C.(L). As stated in the introduction, the ring C.(L) =
{a € RL : R, is countable}, where R, = {r € R: coz(a—r) # 1}, has
been studied as a sub- f-ring of RL, and we denote its bounded part
by Cx(L) (see [12, 13, 14, 15, 21, 22] for details).

A frame L is called zero-dimensional if each of its elements is a
join complemented elements. Let us recall that every zero-dimensional
frame is complete regular. In [22], the authors show that, for any frame
L, there is a zero-dimensional frame M which is a continuous image of
L and C.(L) = C.(M). Thus, all frames considered in this paper are
zero-dimensional. In [12, 21, 22], it is shown that:

(1) Every element of C.(L) has an n'* root for any odd n € N.

(2) Every positive element of C.(L) has an n'* root for any n € N.

(3) Every prime ideal P in C.(L) is contained in a unique maximal
ideal.

(4) For any unit element o € RL), we have ! € C.(L) when «a €
C.(L). Also, any o > 1 in C.(L) has an inverse.

Recall that a o-frame is a bounded distributive lattice in which every
countable subset has a join and binary meet distributes over these
joins, and regularity (complete regularity) of a o-frame is the countable
counterparts of regularity (complete regularity) of frames, that is, a =
Vi, <a@n (@=V, _,an) for each element a.

In [15], it is shown that Coz.[L] = {coz(a) : a € C.(L)} is a sub-o-
frame of L such that

s € Coz.|L] & s = \/ Sp, where s,, € B(L).

n=1

This is to say that Coz.[L] is a regular sub-o-frame of L and hence, by
[0], we deduce that it is normal (that is, given a and b with a V b = 1,
we can find ¢ and d such that cAd=0and aVe=1=>bVd). So, in
Coz.[L], we have <==<.
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3. CP-FRAMES

Recall that a frame is said to be a P-frame if ¢V ¢* = 1 for any
¢ € Coz[L]. Motivated by this definition and following Estaji et al.
[14, 21], the following definition is formulated.

Definition 3.1. A frame L is a C'P-frame in case s V s* = 1 for any
s € Coz.[L].

An element a in a frame L is called dense if a* = 0. We are going
to show that, in the above definition, the density limitation of coz-
ero elements can really be relaxed. Before proceeding, we need some
background. Let L be a frame. For a,b € L, the relative pseudo-
complement of a with respect to b, denoted by a — b, is the element
a—>b:\/{x€L:a/\x§b}. Note that a* = a — 0. A subset S of
a frame L is a sublocale if it is closed under all meets, and a — s € S
for every a € L and s € S. Corresponding to any a € L, the closed
and the open sublocales are defined, respectively, by the formulas

c(a)={reL:a<zx}=1a

and

o(a)={rz:z=a—z}={a—z:2€L},
We use the symbols Ta, ¢(a) interchangeably. Recall that
(1) ¢(a) Co(b) if and only if a Vb= 1.
(2) a € B(L) if and only if ¢(a) = o(a*).

Let a € B(L). Now, for each p,q € Q, define
0 ifp<g<O0orl<p<yqg

a* ifp<0<qg<l1
a f0<p<l<yq
1 ifp<0<1<uy.

Na(p,q) =

Then, by [5, 8.4], n, € RL such that coz(n,) = a, coz(n, — 1) = a*,
and 1,2 = 7n,. Since coz(n, —r) = 1 for every 0,1 # r € R, we
have R,, = {0,1}, which implies that 7, € C.(L). As an immediate
consequence, we have the following.

Proposition 3.2. The following hold for any a € L.
(1) If a € B(L), then a,a* € Coz.[L].
(2) a € B(L) if and only if a < a in Coz.[L].

Lemma 3.3. A frame L is a C'P-frame if and only if every non-dense
cozero element of Coz.[L] is complemented in Coz.[L].
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Proof. To prove the nontrivial part, let s € Coz.[L] be a dense cozero
element of L. Therefore s # 0, and so, by zero-dimensionality, there
exists a nonzero b € Coz. L] with b << s. If b* = 0, then we are
done. So, by the hypothesis, we can infer that bV b* = 1, which implies
b* € Coz.[L], showing that s A b* € Coz.[L]. If (s A b*)* = 0, then we
have

(SAV)*"=1= A" =1=0"=0"=1=0b=0,

which is of course false. So, we can assume that (sAb*)* # 0, and hence,
by the hypothesis, we can conclude that s A b* € B(L). Now, consider
any z € ¢(s), and hence, x € ¢(s A b*). Since ¢(s Ab*) = o((s A b*)*),
we obtain

z=((sAb) = z)=((sAb) = 0) = .

By [19, Ch III. Proposition 3.1.1, (H7)], we would have
z =" = (s—=0) =z,
=" —>s") >z

=" —0) —x, since s*=0

=0" =z

=b—ux, since be B(L),
which would imply x € o(b). Thus, ¢(s) C o(b), that is, s Vb =1, in
consequence, s = s Vb =1, and the proof is complete. (]

Now, we intend to give two ring-theoretic characterizations of C'P-
frames. For these, we shall need a series of results which will also be
used when discussing the Artin-Rees property in the ring C.(L).

Let us remind the reader that the proof of the following lemma is a
C.(L) version of RL proved in [10, Lemma 2.1].

Lemma 3.4. Suppose coz(p) < coz(d) in Coz.[L] for some p,0 €
C.(L). Then there exists an invertible p € C.(L) such that ¢ = ppd*.

Proof. Since coz(y) < coz(d) in Coz. L, we can choose a € C.(L) such
that coz(y) A coz(a) = 0 and coz(a) V coz(d) = 1. The latter implies
that

1 = coz(a) V coz(8) = coz(a?) V coz(6?) = coz(a? + 67),

this means that o? + 62 is invertible. By the former case, we have
coz(pa) = 0, that is, pa = 0. Putting p = az;w, we then have
a? + 62 06>

p— p— p— 52.
TP v P
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An element a of a ring A is said to be a regular element if there is
an element b € A such that a = aba. A ring A is called regular if all
its elements are regular. An ideal I of A is said to be a reqular ideal if
any element of [ is a regular element of A.

Lemma 3.5. Suppose s = coz(a) for some a € C.(L). Then s € B(L)
if and only if o is a regular element in C.(L) if and only if there is
§ € C.(L) such that a = da with coz(d) < coz(a)

Proof. Suppose that s = coz(a) € B(L). Then coz(a) < coz(w) in
Coz.[L]. Now, lemma 3.4 implies that there is p € C.(L) such that
a = pa?, which means that « is a regular element in C.(L).

Let a be a regular element in C.(L). Then there exists § € C.(L)
such that a = Ba?. Now, if § = Ba, then § € C.(L), a = da, and
coz(6) = coz(f) A coz(a) < coz(a).

Suppose § € C.(L) and o = dav with coz(d) < coz(er). Then (1 —
9) = 0, this implies that coz(a) A coz(1 — 6) = 0. Now, since

1 =coz(l —046) <coz(l—10)Vcoz(d) < coz(l —6)V coz(a),

we can conclude that s = coz(a) € B(L). Therefore the proof is
complete. O

An immediate corollary to the previous lemma is the next corollary.

Corollary 3.6. A frame L is a CP-frame if and only if C.(L) is a
reqular ring.

The pure part of an ideal I of a ring A is the ideal
ml ={a € A:a=ax for some x € [}.

An ideal I is called pure whenever I = ml, or equivalently, for every
ideal J of A, the equality I NJ = I.J holds.

Let us remind the reader that the following lemma and corollary are
the C.(L) versions of RL proved in [I1, Lemma 3.2 and Corollary 3.3].

Lemma 3.7. An ideal Q of C.(L) is pure if and only if for every a € Q,
there exists § € @ such that coz(a) < coz(d) in Coz.[L].

Proof. (=): Let @ be pure and a € Q). Now, pick § € @ such that « =
ad. It follows that a(1—9) = 0, implying that coz(a) Acoz(1—9§) = 0.
On the other hand, we have 1 = coz(d + (1 —9)) < coz(d) V coz(1 —§).
Thus, coz(a) < coz(d) in Coz.[L] for some 6 € Q.

(«<): Assume o € . Then the present hypothesis implies that
coz(a) is rather below coz(d) in Coz.[L] for some § € Q. Then, by
Lemma 3.4, there exists an invertible p € C.(L) such that a = apd®.
Putting 3 = pd?, we then have o = a8 and 3 € . This is to say that
() is a pure ideal. O
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Using the above lemma, we give the following frame-theoretic char-
acterization of the pure part of each ideal @) of C.(L).

Corollary 3.8. For any ideal Q of C.(L), we have
m@Q = {a € C.(L) : coz(a) < coz(d) in Coz.[L] for some § € Q}.

We close this section by the next ring-theoretic characterization of
C'P-frames. For an element a of a ring A, we write (a) for the principal
ideal is generated by a.

Theorem 3.9. L is a CP-frame if and only if every ideal of C.(L) is
pure.

Proof. (=): Let @ be an ideal of C.(L) and o € Q). Then, in view of L
being a C'P-frame, coz(a) < coz(a) in Coz.[L]. This shows that @ is
pure by Lemma 3.7. Conseqently, every ideal of C.(L) is pure.

(«<): Let s € Coz:[L] such that s = coz(«) for some o € C.(L). We
must show that s V s* = 1. The present hypothesis implies that the
principal ideal (o) = aC.(L) is a pure ideal of C.(L). Since o € (), by
Lemma 3.7, there exists 0 € () such that coz(a) < coz(d) in Coz.[L].
This shows that coz(a) < coz(d) < coz(a), showing coz(a) < coz(a) in
Coz.[L]. Now, by Proposition 3.2, we would have s = coz(a) € B(L),
meaning that sV s* = 1. 0]

4. ARTIN-REES PROPERTY IN THE RING C.(L)

It is routine to show that every pure ideal of a ring A has the AR
property. We intend to show that, as pure ideals in RL can be char-
acterized in terms of the AR property, pure ideals in C.(L) can also be
characterized in terms of the AR property. We begin with the following
propositions. Let us recall from [12] that an ideal @ in C.(L) is called
a ze-ideal if, for any a € C.(L) and € Q, coz(a) = coz(f) implies
a € . By some simple changes in the proof of Proposition 3.27 in [12],
we can deduce the next proposition. Recall from [18] that an ideal I
of a ring A is said to be a z-ideal if M(a) = M(b) and a € I imply
b € I, where the intersection of all maximal ideal containing x € A is
denoted by M(z).

Proposition 4.1. An ideal Q in C.(L) is a z.-ideal if and only if it is
a z-ideal.

Proposition 4.2. Every pure ideal in C.(L) is a z.-ideal.

Proof. Let @ be a pure ideal in C.(L). Now, suppose coz(a) = coz(/5)
with € @Q. Then, by Lemma 3.7, coz(8) < coz(d) in Coz.[L] for
some § € Q. It follows that coz(a) < coz(d) in Coz.[L], which implies,
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by Lemma 3.4, that a is a multiple of §, and hence o« € (). So the
proposition holds. 0

In the paper [3], we show that every z-ideal of a ring A with the AR
property is pure. Hence, combining the two previous propositions we
obtain the following theorem.

Theorem 4.3. An ideal of C.(L) is a z.-ideal with the Artin-Rees prop-
erty if and only if it is pure.

In the next theorem, we aim to show that C'P-frames can be charac-
terized in terms of the AR property. Let us make the following lemma
about the pure ideals.

Lemma 4.4. Every pure ideal of a reqular ring is an Artin-Rees ideal.

Proof. Suppose [ is a pure ideal of a regular ring A with two sub-ideals
J and K. Let x € JN K. Then, by regularity, there exists y € A such
that z = xyx. Since [ is a pure ideal, we can conclude that z = zyxz for
some z € I. Putting t = zy, we then have tr € K and x = ztx € JK.
So, J N K = JK, which means that I is an AR-ideal. O

Corresponding to any a € L, two ideals M, and O, of RL are defined
by the formulas

M, ={a € RL: coz(a) < a} and O, ={a € RL:coz(a) < a}.
Now, we put

M, =M,NC(L) ={ae€C.(L): coz(ax) < a}

a

and
O, =0,NCAL) ={a €C.(L) : coz(a) =< a}.

Clearly, the ideals M{ and Of are z.-ideals. To recall, a ring A is
regular if and only if all maximal ideals of A are pure (see [1]). This
fact is used in part of the proof below.

Theorem 4.5. The following are equivalent for a frame L.

(1) L is a CP-frame.

(2) The ring C.(L) is an Artin-Rees ring.

(3) Every z.-ideal of C.(L) has the Artin-Rees property.

(4) Every mazimal ideal of C.(L) has the Artin-Rees property.

(5) Ewery ideal of C.(L) with the Artin-Rees property is an Artin-
Rees ideal.

3
4
5
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Proof. (1) = (2). By Theorem 3.9, L is a C' P-frame if and only if every
ideal of C.(L) is pure. So, in view of Theorem 4.3, (1) clearly implies
(2).

(2) = (3) = (4). Obvious.

(4) = (1). Since every maximal ideal of C.(L) is a z.-ideal, Theorem
4.3 and the present hypothesis imply that all maximal ideals of C.(L)
are pure. So, C.(L) is a regular ring, that is, L is a C' P-frame.

To complete of the poof, it remains to show that (1) and (5) are
equivalent. Assume L is a C'P-frame. Then, the combination of Theo-
rem 3.9 and Lemma 4.4 implies that every ideal of C.(L) is an AR-ideal.
This shows that (5) holds.

Now, assume (5), and to prove (1) suppose s € Coz.[L] such that
s = coz(a) for some a € C.(L). Lemma 3.3 tells us that we can
assume s* # 0. Then, by zero-dimensionality, there is t € Coz.[L]
such that ¢ << s*, and hence s = coz(a) < s << t*, which implies
a € Of.. By Lemma 3.7, it is easy to see that Of. is a pure ideal, and
so, it has the AR property. Now, the hypothesis implies that Of. is
an AR-ideal. Since M¢, (a) C O and (M¢)" = M¢, we can conclude
that M¢ N (a) C (a)M¢S. Next, a € MSN (o) implies o € ()M,
it follows that there exist § € M¢ and v € C.(L) so that a = a~é.
Since coz(07y) < cozd < coz(a), Lemma 3.5 implies that s = coz(a) €
B(L). 0

Let C'(X) be the ring of all real-valued continuous functions on a
completely regular Hausdorff space X, and let C.(X) be the subring
of C(X) whose elements have countable image. A space X is called
a C'P-space if C.(X) is regular (see [16]) The frame of open subsets
of a topological space X is denoted by DX. In [22], it is shown that
C.(DX) = C.(X). A direct consequence of the above is the following
result.

Corollary 4.6. The following are equivalent for a space X .
(1) X is a CP-space.
(2) The ring C.(X) is an Artin-Rees ring.

(3) Every z-ideal of C.(X) has the Artin-Rees property.

(4) Every mazximal ideal of C.(X) has the Artin-Rees property.

(5) Every ideal of C.(X) with the Artin-Rees property is an Artin-
Rees ideal.

Let R*L be the bounded part of RL. Recall from [5] that a quotient
f: L — M is a C-quotient (resp. a C*-quotient) if, for any a« € RM
(a € R*M), there is @ € RL (& € R*L) such that fa = «. This
motivates the following definition.
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Definition 4.7. A quotient f : L — M is a C.-quotient (resp. a
C%-quotient) if, for any a € C.(M) (o € C:(M)), there is @ € C.(L)
(@ € C¥(L)) such that fa = a.

Let a € L and v € RL. We write o, and «¢(q) for the elements of
R(la) and R(ta) defined by the composites £(R) - L —%|a and
L(R) %5 L —%+a, respectively. It is easy to see ojq € Cc(la) and
Qe(a) € Ce(Ta) whenever a € Co(L).

Lemma 4.8. The following statements hold for any a € B(L).
(1) Let f € C.(Ta). For each p,q € Q, define
o(p.q) = f(p.q) if p<0<gq
e a*Nf(p,q) if p<q<0o0or0<p<q
Then o € C.(L) such that oy = f-
(2) Let g € C.(la). For each p,q € Q, define
B(p.q) = a*Vyglp,q) if p<0<gq
’ 9(p,q) if p<q<0or0<p<gq

Then B € C.(L) such that i, = f.
(3) The closed quotient Ta and the open quotient la are C.-quotients.

Proof. (1). Lemma 6 in [3] implies that « € RL and ajq) = f. It
remains to show that a € C.(L). Let r € R. Then

coz(aw —r) = af—,7)Va(r,—)

(a /\f(—,r)>\/f(7’ -) if r<o0

- a* A coz(f) it r=
(a*/\f ) it r>0
( coz(f—r)/\(f(r,—)\/a*) it r<o0
— a* A coz(f) if r=0
\ coz(f—r)/\(f(— )\/a*> ift r>0

B coz(f —r) if r#0

B a* A coz(f) it r=0,

since f(r,—)Va*=1= f(—,r)Va*. Therefore R, C R;U{0}. Now
since [y is countable, we can conclude that R, is countable, meaning
that o € C.(L).
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(2). We show first that the map [ satisfies the relations (R1) — (R4).

(R1). We must show that 5(p,q) A B(r,s) = B(pV r,qAs) for every
p,q,7,s € Q. Consider the following four cases:

Case I: p<g<0andr < s <0.

B(p,q) ANB(r,s) = g(p,q) Ng(r,s)
glpVr,qgNs)
= BlpVvrgNs).

Case 2: 0 <p<gqgand 0 <r < s. Similar to Case 1.
Case 3: p<g<0Oandr <0<s. Now, if r<p<q<0<s, then

B(p,q) AB(r,s) = glp,q) A (a*Vg(r,s))
= (g(p.q) Na*) V (g9(p,q) A g(r,s))
= g(p,q) Ng(r,s) since g(p,q) < a

=9
=9
=9
= p

(
= B(pVr,qNs).

Case 4: p <0< qand 0 <r < s. Similar to Case 3.

(R2). We must show that S(p,q) V B(r,s) = B(p,s) whenever p <
r < g < s. Consider the following five cases:

Case : p<r<q<s<0.

B(p,q) Vv B(r,s) = g(p,q)Vg(r,s)
= g(p,s)
- 6(]978)

Case 2: 0 <p<r<qg<s. Similar to Case 1.
Case 3: p<r<0<gq<s.

Bp,a)V B(r,s) = (axVgp,q)V (a*Vg(r,s))
= a*V (g(p,q) V g(r,3))
= a*\/g(pvs)
= 6(1)73)'

Case 4: p<r<g<0<s.

Bp.q)VB(r,s) = gp.q)V (a*Vg(r,s)
= a* VvV (9(p.q) Vy(r,s)
= a*Vy(p,s)
= B(p,s).

Case b: p <0 <r < qg<s. Similar to Case 4.
(R3). We must show that 5(p,q) = \/{B(r,s) : p <71 < s < ¢} for
every p,q € Q. Consider the following three cases:
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Case 1: p< g <0.

Bp.q) = 9 q)
= V{g(r,s) :p<r<s<gq}
= \V{B(rs):p<r<s<gq}.

Case 2: 0 < p < ¢. Similar to Case 1.
Case 3: p < 0 < q. Since

V{6(r,s) :p<r<0<s<q} = V{a*Vg(rs):p<r<0<s<gq}
a*V\{g(r,s) :p<r<0<s<gq}
a* Vv g(p.q

and {(r,s) :p<r<0<s<gq}C{(r,s):p<r<s<gq},so

9(p.q) < \[g(r,s) :p<r <s<qb.

By R1 or R2, g preserves order. Therefore

g(p.a) = \/y(r.s) :p<r <s<q}
(R4). We must show that \/{S(p,q) : p,q € Q} =T.

V{B(p,q) :p.qeQ} = V{B(p.q):p<0<q}
VV{Bmp,q) :p<qg<0or0<p<gq}
= V{a"Vg(p,q) :p<0<q}
VV{9(p,q) :p<qg<0o0r0<p<gq}
= a*VV{g(p,q) :p,q € Q}
== CL*\/TM
= a*Va=T, sincea€ B(L).

Hence § € RL.
Now, we show that 3, = f. Let p,q € Q. If p <0 < g, then

(Bia)(psq) = a A (a*Vg(p.q) = (aAa*) Vg(p.q) > g(p,q)
Otherwise,

(Bla)(p,q) = aNg(p,q) = 9(p,q).

In consequence, for all p,q € Q, g(p, q) < (Bja)(p, ¢). In light of the fact
that if M is a regular frame and h,g : M — L are frame maps such
that h(z) < g(x) for all z € M, then h = g, we have 3, = f because
L(R) is completely regular.
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It remains to show that 5 € C.(L). Let r € R. Then

coz(f—r) = [B(—,7r)VB(r,—)
g(—,r)V (a* Vog(r, —)) if r<0

— coz(g) it r=
(a* v g(—,r)) Vog(r,—) it r>0
a*Vcoz(g —r) if r#0
B coz(g) if r=0.

This implies that Rz C R,. Since R, is countable, we can conclude
that Rz is countable, meaning that § € C.(L).

(3). By (1), it is clear that the closed quotient Ta is a C.-quotient.
Also, by (2), it is clear that the open quotient la is a C.-quotient. [

To end, we intend to show that C'P-frames can be characterized
in terms of the Artin-Rees property in some ideals of C.(L) and in
some factor rings of C.(L). Let us pause to make the next lemma and
proposition. We write ()® for pseudocomplementation in ta. Recall
from [, Lemma 4.5] that if a = a**, then 0® = (b A a*)* for any b €1a.
The following lemma is an immediate corollary from [3, Lemma 7].
Here we give a directly proof.

Lemma 4.9. Let a € B(L) and b €ta. Then b € B(L) if and only if
be B(ta).

Proof. Since bV b* < bV (bAa*)” = bV b we can conclude that if
b € B(L), then we have b € B(Ta). For the converse, let b € B(ta).
We must show hat bV b* = 1. First, we claim that (b A a*)* =a Vb
Clearly, the inequality a Vb* < (b/\a*)* is true. To show the inequality
(b/\a*)* <aVbd'let t AbAa* = 0. Putting y, = x Aa*, we then have

aVy,=aV(xAa)=(@Vz)A(aVa)=(aVr)ANl=aVaz>uzx.

But y, Ab = xAbAa* = 0 implies that < \/{aVy : yAb= 0} = aVb".
Thus
(b/\oz*)*:\/{x:x/\b/\a*:(]}Sa\/b*7

this concludes the proof of the claim. Now, due to the present hypoth-
esis, we obtain

1=bVvb®=bV(bAa*) =bVaVvb =bVb,
this means that b € B(L). O
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Proposition 4.10. For any element o € C.(L), the following are equiv-
alent.

(1) The ring C.(L)/{c) is an Artin-Rees ring.

(2) The closed quotient Tcoz(a) is a C'P-frame and coz(a) € B(L).

(3) The ideal Ann(a) = {B € C.(L) : aff = 0} and the element «

are reqular.

(4) The ring C.(L)/{«) is regular.

(5) Any ideal Mg, 5 of Cc(L) containing o has the Artin-Rees
property.

Proof. (1) = (2). We first show that s = coz(a) € B(L). Since
C.(L)/{a) is an AR-ring, there is n € N such that

(Mz/(@)) 0 ((eh/fe)) € (Me/(a)) ((ah) /().

1

Since <M§/<a>>n = M¢/(a) and (a3)/{a) € M¢/(a), we can con-
clude that

which shows that a3 + a € ((a%)/(cw) <M§/<a)>. So there are

aj oy € MSand By - By € Co(L) such that s — S a3 B €
(a), implying that a3 — a3 o a8 = ad for some 6 € C.(L). Now,
we set v = > " ;3 and consider ¢ = 1 — y — @38. We then have
asp = 0, that is, 0 = coz(a3) A coz(p) = coz(a) A coz(p). On the
other hand,

v+ asd)

1 :coz(g0+7+oz§5) V coz

IN

coz(p

C
C

IA A

0z() (

oz(p) V coz(v) V COZ(CY%(S)
0z(p) V coz(7y) V coz(a)
coz(p) V coz(a), since  coz(y) < coz(a).
Therefore, s = coz(a) € B(L).

We now show that the closed quotient 1 coz(«) is a C' P-frame. Define

O : Co(L) = Ce(feoz(a)) by giving  O(8) = Bie(con(a))-

By Lemma 4.8(2), we can conclude Tcoz(«) is a C.-quotient. Now, it is
easy to see that the map O is an onto ring homomorphism. We claim
that the rings C.(L)/{(«) and C.(fcoz ) are isomorphic. To see this, it
is enough to show that

ker(@) = {ﬁ - CC<L) : @(ﬁ) = OCC(TCOZ(Q)) = OC(COZ(Q))} = <Oé>
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Assume [ € ker(©). Then coz(f) V coz(a) = coz(a), which yields
coz(f) < coz(a), and so, we infer from Proposition 3.2 that coz(5) <
coz(a) in Coz.[L] since coz(a) € B(L). Now, Lemma 3.4 implies that
£ is multiple of «, that is, 8 € («). Therefore, ker(©) C («). Now let
S € (). This implies that there exist 0 € C.(L) such that 8 = da
showing that coz(f) < coz(a). In consequence,

coz(O(B)) = coz(B) V coz(a) = coz(a) = Otcon(a),

and hence ©(f) = O¢(cox(a)), that is, B € ker(©). So the reverse inclu-
sion also holds. Thus, the rings C.(L)/(«) and C.(Tcoz ) are isomor-
phic.

Now, due to the present hypothesis, we have C.(L)/{a) is an AR-
ring. Consequently, C.(1coz(«)) is an AR-ring, and hence, Theorem
4.6 shows that fcoz(«a) is a C' P-frame.

(2) = (3). Since coz(a) € B(L), Lemma 3.5 shows that « is a regular
element. Now, it remains to show that Ann(«) is a regular ideal. To see
this, we must prove that every element of Ann(«a) is a regular element
of C.(L). Let f € Ann(a). Again by Lemma 3.5, we intend to prove
that coz(f) € B(L). Since 8 € Ann(«), we have coz(f) A coz(a) = 0,
and hence coz(5) < (coz(«))*. This shows that

coz(B) = (coz(a))* A coz(f)
= ((coz())" A coz(B)) V
= ((coz())* A coz(B)) V ((Coz(a))* A coz(a))
= (coz(a))* A (coz(B) V coz(a)).

In consequence, we need only show coz(f3) V coz(a) € B(L) since
(coz(a))* € B(L). But coz(f) V coz(a) € B(Tcoz(a)) since Tcoz(a)
is a C'P-frame and coz(f) V coz(a) = c0z (Bic(coz(a))) € Cozc[Tcoz(a)].
So, by Lemma 4.9, we can conclude that coz(f) V coz(a) € B(L) be-
cause coz(a) € B(L).

(3) = (4). By Lemma 3.5, coz(a) € B(L) since « is a regular
element. So, as proved in the proof of the implication (1) = (2), we
have C.(L)/(a) = C.(1coz(«)). We now intend to show that the ring
Cc(fcoz(a)) is regular, or equivalently, it suffices to prove that tcoz(«)
is a C'P-frame. To see this, we must prove ¢ Vt® = 1 for any ¢t € Coz.[T
coz(a)]. Let t = coz(f) € Coz.[Tcoz(a)] with f € C.(Tcoz(a)). Then
define

f(p,q) if p<0<gq
6(p,q) = . .
(coz(a))* A f(p,q) if p<qg<0or0<p<yq.
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since coz(a) € B(L), By Lemma 4.8, we can conclude that 6 € C.(L).
Clearly, coz(d) = (coz(a))* At, and so coz(d) A coz(a) = coz(a) A
(coz(a))* At = 0. This shows that dav = 0, that is, § € Ann(a). Now,
the hypothesis in (3) implies that § is a regular element of C.(L), and
so, by Lemma 3.5, we have coz(d) € B(L). But

t=tAN1=1tA (coz(a)V (coz(a))") = (¢t Acoz(a)) V ((coz(a))* At)
= coz(a) V coz(9)

implies that

=tV ( coz(d) A (coz(a))*>*

=tV (coz(d))” since coz(9) < (coz(a))*
> coz(0) V (coz(6))” since t > coz(0)

=1 since coz(0) € B(L).

(4) = (1). This is a consequence of the fact that any regular ring is
an AR-ring.

To complete the proof of the proposition, we aim to show that (2) and
(5) are equivalent. Assume (2), and to prove (5) consider 5 € C.(L)
such that a € Mcoz(ﬁ) We must prove that the ideal Mgoz(ﬁ) has
the Artin-Rees property. Let @ be an ideal of C.(L). We claim that
QN M. € QMCOZ( 5 We first show that 8 = 1.3 [. Since
a € M ., that is, coz(a) < coz(f), we obtain

coz(p)

coz(B) = coz(B) V coz(a) = coz(B| (coyay)) € Coze[Tcoz(a)].

This implies coz(5) € B(1coz(a)) since Tcoz(a) is a C' P-frame. But one
of the hypotheses says coz(a) € B(L), and so we get coz(8) € B(L)
by Lemma 4.9. This shows that coz(7.:s)) = coz(3) and coz(1 —
Neox(8)) = (coz(f))*. In sequence, coz(3) A coz(1 — 1ez(s)) = 0, that is,

B(1 = Neoz(p)) = 0, s0 that B = 1coz(s)0.

Now to the proof of the claim, consider any ¢ € Q@ N Mg, 5. Then

coz(yp) < coz(f). Since coz() € B(L), we infer from Proposition
3.2 that coz(y) < coz(f) in Coz.|L|, and so, by Lemma 3.4, there
is 6 € C.(L) such that ¢ = 36. But § = 7.3 implies that ¢ =
(B)Neoz(8))- Now, since 56 = ¢ € Q and 7eo(5)) € M we would

coz(f)’



54 MOSTAFA ABEDI

have ¢ = (B80)ncox(8)) € @M, (5, which completes the proof of the
claim.

Now assume (5) holds and, to establish (2), we begin by showing that
coz(a) € B(L). By the hypothesis, « € M¢ implies that M¢

coz(a) coz(a)

has the AR property. Hence there is n € N such that (Mgoz(a)>n N
() € ME_ (), this shows that Mco, ) N (o) € M¢, () because

coz(a) coz(ax)

(MC )" — M¢ Buta € Mioz(a)ﬂ<a> C M¢ (o) implies o« = dav

coz o coza* coz(a)
for some ¢ € Mcgy(a). Thus, by Lemma 3.5, we obtain coza € B(L).
To complete the proof of (2) from (5), it remains to prove that the
closed quotient Tcoz(a) is a C'P-frame. Let t € Coz.[Tcoz(a)] with
t = coz f for some f € C.(Tcoz(c)). We intend to prove ¢t V t¥ = 1.
Define
(0.q) = f(p.q) if p<l<yg
o (coz(a))* A f(p,q) if p<g<lorl<p<yg
Similar to Lemma 6 in [3], we can show that ¢ € RL. Since coza €
B(L), Lemma 4.8 implies that ¢ € C.(L). And because

coz(p) = (=, 0) V (0, =) = ((coz(a))" A f(=,0)) V £(0, )

= ((coz(@))" V £(0,=)) A (f(=,0) V f(0,-))
= coz(f), since ((coz(a))* v f(0,-) =1,

we would have coz(a) < coz f = coz(yp), that is, a € M{ . So the
hypothesis in (5) implies that the ideal Mg, , has the AR property.

Now, as already shown above, we can conclude that coz(y) € B(L),
and so t = coz(f) = coz(p) € B(L). In consequence,

tVt¥ =tV (tA (coz(a))) >tV =1.
This completes the proof of the proposition. O

We can now state the characterizations of C' P-frames in terms of the
Artin-Rees property in some ideals of C.(L) and in some factor rings

of C.(L).

Theorem 4.11. The following are equivalent for any frame L.

(1) L is a CP-frame.

(2) The ring C.(L)/{a) is an Artin-Rees ring for any o € C.(L).

(3) The ring C.(L)/P is an Artin-Rees ring for any prime ideal P
of C.(L).

(4) The ring C.(L) contains an Artin-Rees maximal ideal.

(5) The ring C.(L) contains a regular mazimal ideal.
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(6) There exists an element v € C.(L) such that () is a regular
ideal and C.(L)/(y) is an Artin-Rees ring.

(7) Every minimal prime ideal of C.(L) is a reqular ideal.

(8) Ewery minimal prime ideal of C.(L) is an Artin-Rees ideal.

Proof. The equivalence of (1) and (2) is a immediate from Proposition
4.10. Let L is a C'P-frame. Then every prime ideal of C.(L) is a
maximal ideal, and hence C.(L)/P is a feild for any prime ideal P of
C.(L). In consequence, the implication from (1) to (3) is immediate.
Next, since every prime ideal of C.(L) is a regular ideal when L is a
C'P-frame, we can conclude that (1) implies (4), (5), (6), (7) and (8).
To complete the proof of the theorem, it remains to prove that (3), (4),
(5), (6), (7) and (8) imply (1).

To show (3) implies (1), we intend to prove every prime ideal of C.(L)
is a maximal ideal. Suppose P is a prime ideal of C.(L) and let M be
a unique maximal ideal containing P. If P = M, then we are done. If
P # M, then we arrive at a contradiction as follows. Take o € M \ P.
Then the present hypothesis implies that there is n € N for which

(a) + P ﬂ (Mgoz(a) + P)ﬂ c (@) + PM{ oy TP
P P - P P '
We claim that

Mcoz(a) + P o Mcoz(a) + P\n
P B < P > '
Since Mgoz(a) is a z.-ideal, the above equality holds when P C Mgoz(a).
Otherwise, since Mgoz(a) ¢ P, the above equality follows from the fact
that the sum of a z-ideals and a prime ideal in a ring which are not in
a chain is a prime z-ideal (see [18]). Thus the claimed equality holds.
But a € M¢_, | implies

coz
(@) + P Mooy + P
P P '
In consequence, we can conclude
(@) + P _ (o) + PMiyo) + P
P - P P '
This shows that there is 5 € M, such that a(1-5) =a—aff € P.

COzZ

Now a & P implies 1 — g € P C M. So, we obtain
1 =coz(l — B+ ) <coz(l—pP)Vcoz(f) < coz(l—p)V coz(a),

which shows that 1 € Coz.[M] = {cozp : ¢ € M}. This is to say that
1 € M, which is of course false.
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Assume (4), and to show (1), suppose M is a maximal AR-ideal
of C.(L). To prove (1), consider coz(a) € Coz.[L] with a € C.(L).
If « € M, then M¢ C M, and so, by the current hypothesis,

coz(a)

there exists n € N such that (a) N (Mﬁoz(a))n C ()M, ) Since
(Mgoz(a))n = Mgoz(a), we would have

0 € {0) OV Mange) = {0 1 (Miayi0)" € {0} Moo
This shows that a = adf where 6 € Cc(L) and § € M, . Since

coz(dp) < coz(f) < coz(a), Lemma 3.5 implies that coz(a) € B(L).

Now, let a ¢ M. Then M + (a) = C.(L). So there are f € M and
d € C.(L) such that 1 =  + da, which implies coza V coz(5) = 1.
Since coz(f) A coz(a) = coz(af) = Ot(con(ap)) and coz(f) €t (coz(af3)),
we can conclude that coz(a) € B(1(coz(af))). On the other hand, as
shown above, coz(af3) € B(L) because o € M. Now, by Lemma 4.9,
we can deduce that coz(a) € B(L).

The implication from (5) to (1) is similar to the foregoing implication.

Suppose (6) holds and, to establish (1), consider coz(a) € Coz.[L]
for some o € C.(L). We must show that coz(a) € B(L). The current
hypothesis tells us that C.(L)/(7) is an AR-ring, and hence, by Propo-
sition 4.10, we obtain coz(y) € B(L) and fcoz(vy) is a C'P-frame. Since
coz() V coz(y) = coz(acy(y)): We get that coz(a) V coz(y) € B(T
coz(y)), and hence coz(a) V coz(y) € B(L) by lemma 4.9. And because

coz(a) = coz(a) A1 = (coz(a) V coz(y)) A (coz() V (coz(7))*),
it is enough to show coz(«) V (coz(y))* € B(L). But
coz(y) V (coz() V (coz(7))*) =1
and
coz(ary) = coz(a) A coz(7)

(coz(y) A (coz(7))")

V
= coz(y) A (coz(a) V (coz(v))*)

imply that cozd V (coz(y))* € B(1(coz(67))). On the other hand,
since () is a regular ideal and a7y € (), by Lemma 3.5, we can
deduce that coz(dy) € B(L). Therefore, Lemma 4.9 implies that
cozd V (coz(vy))* € B(L).

To show (7) implies (1), choose coz(«) € Coz.[L] with a € C.(L).
Lemma 3.3 tells us that we can assume (coz(«))* # 0. Then, by zero-
dimensionality, there is s € Coz.[L] such that s << (coz «)*, this shows
that coz(a) < (coz(a))*™ << s*, which implies a € O%.. Consequently,
in light of the fact that every z-ideal is the interesction of the minimal

= (coz(a) A coz(7))
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prime ideals containing it (see [18, Lemma 1.0]), we can infer that
a € P for some minimal prime ideal P of C.(L) since O%. is a z.-ideal.
Thus, our hypothesis shows that « is a regular element of C.(L), and
hence, by Lemma 3.5, we would have coz(a) € B(L).

To prove (8) implies (1), take coz(a) € Coz.[L] for some o € C.(L).
As shown in the proof of (7) implies (1), we can choose a minimal prime
ideal P of C.(L) such that o € P. But, by the fact that every minimal
prime ideal is a z-ideal (see [15]), we get that Mf € P. Now, by
the hypothesis, there exists n € N for which

(@) N (Mo 0)" € (@) Meoy(a)-

Since (Mgoz(a))n = M, (o), We have a € (@) N Meos(a) € () Meoy(a)-
This shows that & = adf where § € C.(L) and € Myya). Now,
Lemma 3.5 implies that coz(a) € B(L) since coz(6f) < coz(f) <

coz(a). O
A direct consequence of the above is the following result.

Corollary 4.12. The following are equivalent for any space X .

(1) X is a CP-space.

(2) The ring C.(X)/(f) is an Artin-Rees ring for any f € C.(X).

(3) The ring C.(X)/P is an Artin-Rees ring for any prime ideal P
of C.(X).

(4) The ring C.(X) contains an Artin-Rees mazimal ideal.

(5) The ring C.(X) contains a reqular mazximal ideal.

(6) There exists an element g € C.(X) such that (g) is a regular
ideal and C.(X)/{g) is an Artin-Rees ring.

(7) Every minimal prime ideal of C.(X) is a regular ideal.

(8) Ewvery minimal prime ideal of C.(X) is an Artin-Rees ideal.
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