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SOME CAYLEY GRAPHS WITH PROPAGATION TIME
OF AT MOST TWO

E. VATANDOOST *

ABSTRACT. In this paper the zero forcing number as well as propa-
gation time of Cay(G, ), where G is a finite group and 2 C G\ {1}
is an inverse closed generator set of G is studied. In particular, it
is shown that the propagation time of Cay(G, ) is at most two
for some special generators.

1. INTRODUCTION

Let T' = (V, E) be a simple graph of order n and size m. For a vertex
v € V, the open neighborhood of v is the set Np(v) ={u € V | u ~ v}.
Also, the close neighborhood of vertex v, Nr[v], is Np[v] = Nr(v) U
{v}.The degree of a vertex v is deg(v) = |Nr(v)|. The minimum degree
of a graph I" denoted by §(I"). Let G be a non-trivial group with identity
element 1 and let Q@ C G such that 1 € Q, Q =Q!'={w!|we Q}.
The Cayley graph of G, Cay(G, (), is a graph with vertex set G and
two vertices u and v are adjacent if and only if uv=! € Q.
Suppose that Hy = (V1, FEy) and Hy = (V,, E3) are two graphs with
same order and p : V4 — V5 is a bijection. Define the matching graph
(Hy, Ho, 1) to be the graph constructed as the disjoint union of Hy, Ho
and perfect matching between V; and V5 defined by p. Let each vertex
of a graph I" be either "black” or "white”. Let B denote the (initial)
set of black vertices I'. If the white vertex v is the only white neighbour
of a black vertex u, then u changes the color of v to black (color-change
rule) and we say "u forces v”. The set B is said to a zero forcing set of
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I' if all vertices of I will be turned black after finitely many applications
of the color-change rule. The zero forcing number of I'; Z(T'), is the
minimum cardinality among all zero forcing sets. The notation of a
zero forcing sets of GG, as well as the associated zero forcing number of
a graph was introduced by the ” AIM Minimum Rank-Special Graphs
Work Group” in (2008) [1]. They used the technique of zero forcing
parameter of graph I' and found an upper bound for the maximum
nullity of I related to zero forcing sets. For more results in zero forcing
number and Cayley graph, see [2, 4, 5, 6, 12].

Let I' = (V, E) be a graph and B a zero forcing set of I'. Also let
B = B and for t > 0, B g the set of vertices w for which there
exists a vertex b € Ui:o B®) such that w is the only neighbour of b not
in UZ:O B®). The propagation time of B in I', denoted by Pt(T, B),
is the smallest integer ¢, such that V = U?:o B®. The minimum
propagation time of I" is

Pt(T") = min{Pt(I', B) | B is a minimum zero forcing set of T'}.

The propagation time of a zero forcing set was implicit in [3] and ex-
plicit in [10]. In 2012 Hogben et al. in [7] established some results
regarding graphs having propagation time 1.

In this paper, the propagation time of Cay(G,?) is considered. Also
it is shown that the propagation time of Cay(G, 2) is at most two for
some special generators.

2. Preliminaries

For investigating the propagation time of Cayley graphs, the follow-
ing basic properties are useful.

Theorem 2.1. [2| For any graph T, 6(T') < Z(T').

Theorem 2.2. [0] Let I' be a connected graph of order n > 2. Then
Z(I)=n—1"if and only if T = K,,.

Theorem 2.3. [7] Let I be a graph. Then any two of the following
conditions imply the third:

1. || =2Z(T).

2. Pt(I') = 1.

3. I" is a matching graph.

Lemma 2.4. Let G = (Q) be a finite Abelian group, 1 ¢ Q = Q7!
and G\ Q ={z} UH such that x ¢ H. If H is a subgroup of G, then
o(x) =2, |H| | |G|/2 and 2 | |G : H].
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Proof. Since Q = Q7! and H is a subgroup of G, o(z) = 2. So N =
{1,z} is a subgroup of G. Let H = {h; = 1,hy,...,h}. Then for
i # jand 1 < 4,5 < t, since h,-hj_1 € H, Nh; # Nh; and so the
cosets N = Nhy, Nhy, ..., Nh; are distinct. If G = Ul_;Nh;, then
[G : N] = t. Otherwise, there is an y; € G \ Ul_; Nh;. It is easy to see
that for 1 <¢ <t and 0 < j < 1, the cosets Nh;y; are distinct, where
yo = L. If G = Uj_(Ui_; Nhyy;), then [G : N] = 2t. Since G is a finite
group, there is ¢ € N such that Nh;y; for 1 <¢ <t and 0 < j </ are
distinct and G = US_;(Ul_; Nh;y;). Hence [G : N] = t(£+1). Therefore
t|[G: NI.

Similarly, if G = HU Hz, then [G : H] = 2. Otherwise, we can assume
that thereisay; € G\(HUHz). Thenfor0 <i:<1land0 < j < 1, the
cosets Hx;y; are distinct, where zyp = y9 = 1 and x; = x. Since G is a
finite group, there is £ € N such that Hz;y; for 0 <i<land 0 <j </
are distinct and G = Ul_o(U{_oHx;y;). Hence [G : H] =2((+1). O

Lemma 2.5. Let G be a group and H be a proper subgroup of G. Then
G=(G\ H).

Proof. 1t is clear that G = HU(G\ H). So H C (G\ H) or (G\ H) C
H. If (G\ H) C H, then G = H, which is a contradiction. Thus
HC(G\H)andso G=(G\H). O

Theorem 2.6. [11] Let K, ., be a complete multipartite graph such
that n; > 1 for some 1 <i < k. Then Z(Kp, . . n.) =n1+- - +n;—2.

Lemma 2.7. Let K, 5, (n1 < ng < --- < ny) be a complete mul-
tipartite graph. If 1 = ny = ny = --- = ng_1 and 2 < nyg, then
Pt(Kp, .. n.) = 2. Otherwise, Pt(K,, . ) =1.

.....

.....

Let 1=mn =ng=---=np,2<mgand B = (U, Vi) \ {z,y} be
a zero forcing set for K, . Then z € Vj and y ¢ V) or z ¢ V}, and
y € Vi. Without loss of generality, we can assume that z € V}, and
y € V; for some 1 < ¢ < k — 1. Since y is not black vertex, x cannot
be forced by any black vertex in the first stage. But every black vertex
in V,, forces y and second stage z is forced by y. Thus B = B,
BW = {y}, B® = {z} and so V(K,, . ,) = BOUBYUB®. Hence
for every zero forcing set B of K, nes B) = 2.
Therefore Pt(K,,, n.) = 2.

Let there exist 1 < 7,7 < k such that 2 < n; < nj, a €V, b el
and B = (Uf:1 Vi) \ {a,b} be the initial black vertices of K, .,

Then every black vertex in V; forces b and every black vertex in Vj

.........
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forces a, in the first stage. Hence, B = B, B = {a,b} and so

..........

ne) = L. U

.....

3. PROPAGATION TIME FOR A FINITE GROUP

In this section, the propagation time of Cayley graph for some groups
with special generator set is considered.

Theorem 3.1. Let G be a finite group of order n and H # {1} a
proper subgroup of G. Then Pt(Cay(G,G\ H)) = 1.

Proof. Set 2 = G\ H. By Lemma 2.5, G = (Q). Also we have Q = Q7!
and 1 ¢ Q. Let [G : H] = k and Hay, Has,...,Ha, be the dis-
tinct cosets of H in (G, where a; = 1. For h; and hy in H, we have
(h1a;)(hea;)™t = hhy' € H (1 < j < k). Thus induced subgraphs
on Ha; in Cay(G,Q) for 1 < i < k are empty graph. Also sup-
pose that (ha;)(h'a;)™' € H for ha; € Ha; and h'a; € Ha,. Then
ajazl € H and so Ha; = Ha,. Which is a contradiction. Thus
(ha;)(ha;)~ ¢ H. Hence ha; is adjacent to h'a,. Therefore Cay(G, Q)
is isomorphic to Ky, ., and ny = --- = n, = |[H| > 2. By Lemma
2.7, Pt(Cay(G,Q)) = 1. O

Theorem 3.2. Let G = () be a group of order n, * € Q and
o(z) = 2. If H = (Q\ {z}) U{1} is a normal subgroup of G, then
Pt((Cay(G,Q)) = 1.

Proof. Since o(x) = 2,sonis even. Let H = {1 = hy, hy,..., h}. Then
hihj_1 € H and (h;z)(hjxz)~' € H for each 1 < 4,5 < t. So induced sub-
graphs on H and Hz = zH in Cay(G, Q) are isomorphic to complete
graph K. Also for 1 < < ¢, we have Negaya,0)[hs) = H U {xh;} and
Neay,o)lzh] = {hi} U Hz. Since Cay(G, ) is a t-regular connected
graph, G = HUHz = HUxH, son = 2t. Thus Cay(G,?) is a match-
ing graph. Let B = H be the initial black vertices in Cay(G, (). For
each 1 < ¢ < t, xh; is the only white neighbour of black vertex h;,
so xh; is forced by h;. Thus B is a zero forcing set of Cay(G,2) and
so Z(Cay(G,Q)) < t. Then by Theorem 2.1, Z(Cay(G,Q)) =t = 3.
Hence by Theorem 2.3, we get Pt(Cay(G, Q)) =1. O

Theorem 3.3. Let G be an Abelian group of order n and H a proper
subgroup of G such that [G : H] = a. Let v € G\ H, o(x) = 2,
G\ (HU{z})=Q and G = (Q). Then Pt(Cay(G,Q)) =1
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Proof. Let ¢ € G\ H. Then Hg C Q U {2z} and induced subgraphs
on H and Hg in Cay(G,?) are empty. By Lemma 2.4, o = 2k, for
some k € N and G = U?ZlHyj:c Ué‘?:l Hy;, where the cosets Hy;x and
Hy; are distinct (y; = 1). By definition of Cayley graph, every vertex
hy;z € Hy;z is adjacent to all of the vertices of G\ (Hy;zU{hy,}). Let
B be a zero forcing set of Cay(G, ) such that Z(Cay(G,Q)) = |B|.
Since Cay(G, ) is a vertex transitive graph, we may assume that 1 € B
is the first forcing process. So there is C' C QN B such that |C] = |Q|—1.
So | < Z(Cay(G,)). If there are three white vertices in H, then
each black vertex has at least two white vertices in its neighborhood.
Thus the forcing process is stopped, which is not possible.

Son—4 < Z(Cay(G,N)). Let B = G\ {hi, hj,z, hex} be the initial
black vertices in Cay(G, §2), where h;, h; and h, are distinct and belong
to H. Since hyx is the only white neighbour of black vertex 1, so hyz is
forced by 1. Since h; is the only white neighbour of black vertex hjz, so
hjx forces h;. Similarly h;x forces h;. Also x is the only white neighbour
of black vertex hy, so z is forced by hy. Thus Z(Cay(G,2)) = n — 4.
Furthermore we have G = B® U B and so Pt(Cay(G, ), B) = 1.
This shows that Pt(Cay(G,Q2)) = 1. O

Corollary 3.4. Let G = (a) be a cyclic group of order 2n, where n is
odd. If Q = {a®*' ] 0 <i<n—1}\{a"}, then Pt((Cay(G,Q))) = 1.

Proof. Tt is easy to see that if (a?) = H, then G\ Q = H U {a"}. The
result follows by Theorem 3.3. O

Theorem 3.5. Let G = () be a finite group of order n > 5,1 ¢ Q =
Q! and Z(Cay(G,Q)) = |Q|.

1. If Pt(Cay(G,Q)) =1, then |G\ Q| < |Q].

2. If Pt(Cay(G,Q)) = 1 and |G\ Q| = ||, then G is not a simple
group.

Proof. Let B be a zero forcing set for Cay(G,2) with minimum car-
dinality such that Pt(Cay(G,Q2), B) = 1. Since Cay(G, Q) is a vertex
transitive graph, we may assume that 1 € B is the first forcing process.
Hence B = {1} UQ\ {a}, for some a € Q. Since Pt(Cay(G, ), B) =1,
for every x € Q\{a} and y € G\ B, we have |N¢qyc,0)(2)NG\B| <1
and |Neay,o)ly] N B| > 1.Thus |G\ B| < |B| and so |G\ ] < [Q].
Now let Pt(Cay(G,)) = 1 and |G\ Q| = |Q2]. By Theorem 2.3,
Cay(G, Q) is a matching graph.

Let B be a zero forcing set for Cay(G, Q) with minimum cardinality
such that Pt(Cay(G,2),B) = 1. We may assume that B = {1} U
Q\ {a}, where a € Q. Since Cay(G,Q) is a |Q|—regular graph and
Q| = |BJ, induced subgraphs on B and G \ B are complete graph Kx.
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Also Negyaoyla] N Q = {a}. We claim that o(a) = 2.

Let o(a) = k and k # 2. Since a? is adjacent to a, a® ¢ Q. Thus k # 3.
If k = 4, then since n > 5, there is an z € B\ {1,a'}. Thus z is adja-
cent to a~! in Cay(G, Q). So za € Q. Tt is clear that (za)a™' =z € Q.
Hence za € Q is adjacent to a, in Cay(G, §2), which is contract to this
fact that |Neayc.ola] N Q| = 1. Now let & > 5. It is clear that a? is
adjacent to a and so a? ¢ . Thus a® is not adjacent to a in Cay(G, Q).
Hence a® € Q. On the other hand a® is adjacent to a? and a*. Thus
a* € Q. Also a* is adjacent to a, which is contract to this fact that
|Neaya,)lal N Q| = 1. Therefore o(a) = 2. This shows that for every
r € B we have 27! € B. Since induced subgraph on B is complete
graph Kz, so xy~! € B, for every x and y belong to B. Therefore B is
a subgroup of G. Furthermore G = BU Ba or |G : B] = 2. Hence B is
a normal subgroup of G' and so G is not a simple group. OJ

Theorem 3.6. Let G =< a > be a cyclic group of order even n > 6
and let Q = G\ {1,a? a2,a"%}. Then

1 ne{812
Pt(Cay(G,Q)) = { 2 othe;{"wise} '

Proof. Let n = 6. Then Cay(G,Q) is isomorphic to Cs. Hence,
Pt(Cay(G,Q)) = 2.

Let n = 8 Then G\ Q = {1,a% a* a®} is a subgroup of G. By
Theorem 3.1, Pt(Cay(G,Q)) = 1. Let n = 12 and B be a zero forc-
ing set of Cay(G, ) with minimum cardinality. Since Cay(G, ) is
a vertex transitive graph, we may assume that 1 € B is the first
forcing process. Then there exists C' C ) such that ¢ C B and
|IC] = 7. So 8 < |B|. Also we have Neguyc.0)(a?] = Neaycola®] =
Neayc,ola] = G\ {1,a* a®}. So there exist D C {a?,a® a'’} such
that D C B and |D| = 2. Hence, 10 < |B|. Since Cay(G,2) is not a
complete graph, we have |B| = 10, it is from Theorem 2.2. Suppose
that B = G \ {a* a'°}, then BY = {a* a*}. Thus G = B® u BY
and so Pt(Cay(G, ), B) = 1. Therefore Pt(Cay(G,Q)) = 1.

Now let n > 10 be even and n # 12. Then a22 € Q, a2~2 is not
adjacent to a=2, az~2 is not adjacent to az and a2 is adjacent to

n n . . n .
a®. Also we have a2™2 € Q, a2™2 is not adjacent to a?, az*? is not

adjacent to a2 and az1? is adjacent to a 2.

If X = G\ {a%a2,a2 a2"} is initial black vertices in Cay(G, ),
then 1 forces a2 and az*? forces a=2 in the first stage. Also we
have az € Ncay((;@)(a‘l) and a® ¢ Ncay((;@)(aA‘). So az~? forces a?
and a* forces a? in the second stage. Hence, X is a zero forcing set
of Cay(G,Q) and so Z(Cay(G,Q?)) < |X| = n — 4. By Theorem
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2.1, Z(Cay(G,9)) = n — 4. Furthermore we have X = X, X1 =
{a7%,a2%*} and X® = {a? a2}. Hence, Pt(Cay(G,Q),X) = 2 and
so Pt(Cay(G,Q)) < 2.

On the contrary, let B be a zero forcing set of Cay(G,€?) with min-
imum cardinality such that Pt(Cay(G,Q?),B) = 1. We may assume
that 1 € B is the first forcing process. Then there exists a’ € Q
such that a* ¢ B and 1 forces a. Since Z(Cay(G,Q)) = n — 4, so
{a%,a%,a72}NB = ¢. Hence there exist a’, a* and a” in  such that o ¢
Neayc.0)(aF) U Neayeo)(a?) U Negyao) (@) and @/ € Neayao)(a?),
ak e Ncay(qg)(a%) and a" € Ncay(gyg)(a72).

Furthermore o’ ¢ Ncay(g,g)(a*Q)UNCay(G@)(a%), ak ¢ Neay(c,0) (a™?)U
Neay(c0)(a®) and a” ¢ NCay(G,Q)(a%) U Neayc.0)(a®). We have o ¢
Neay(c.0) (%) U Neayc.o) (@2 72) U Negyeo)(1). So k € {4, 2 +2}. Since
a¥ € Neayeo)(a?), k = 4. We know that a* ¢ Noayco)(a™?), so a* is
not adjacency to a~2. Which is a contradiction. Therefore Pt(Cay(G,Q)) =
2. O

Let Us, =< a,b | a® =V = 1,a7'ba = b~' > . Then U, =
U2, (V; UVb U Vib?), where V; = {a®*~ | 1 < k < n} for i = 1,2. With
this notations we prove the following results.

Theorem 3.7. Let G = Uy, and Q =V, UVibU Vib2. Then
Pt(Cay(G,Q)) = 1.

Proof. By the definition of Cayley graph, the induced subgraph on 2 is
empty. Since Cay(G, Q) is 3n—regular, so every vertex of € is adjacent
to every vertex in G\ 2. Hence, Cay(G, Q) is isomorphic to complete
bipartite graph K3, 3,. By Lemma 2.7, Pt(Cay(G,2)) = 1. OJ

Theorem 3.8. Let n be odd, G = Us, and Q = V5 \ {1} U VobU Vab? U
{a"}. Then Pt(Cay(G,Q)) = 1.

Proof. Let X = Vo U VobU Vab? and Y = V; U Vib U Vib%. Then the
induced subgraphs on X and Y are isomorphic to complete graph Kj,.
Also Cay(G, ) is isomorphic to graph in Figure 2.

FIGURE 2: Dashed line: Every vertex of X is adjacent to exactly one vertex of Y.

Let X be the set of initial black vertices of Cay(G,€2). Then for ev-
ery 0 < k < n — 1, a® forces a?**", a®b forces a?**"b and a?b?
forces a®**"b?. Hence, X is a zero forcing set of Cay(G, ) and so
Z(Cay(G,Q)) <|X| = 3n. By Theorem 2.1, Z(Cay(G, 2)) = 3n. Since
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Cay(G, Q) is a matching graph and |Cay(G, Q)| = 2Z(Cay(G, ?)), by
Theorem 2.3, Pt(Cay(G,2)) = 1. O

Question 3.9. Which Cayley graphs have propagation time one?
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