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Abstract. The rings considered in this paper are commutative with identity and are nonzero.
Let R be a ring and let Nil(R) denote the nilradical of R. An ideal I of R is said to be nonnil
if I ̸⊆ Nil(R). We say that R is a nonnil-zero-divisor ring if for any proper nonnil ideal I of
R, the set of zero-divisors of R

I regarded as an R-module is a finite union of prime ideals of R.
In this paper, we discuss some results on the basic properties of nonnil-zero-divisor rings and
compare their ring-theoretic properties with that of the ring-theoretic properties of zero-divisor
rings.
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1 Introduction
The rings considered in this paper are commutative with identity and are nonzero and modules
are modules over commutative rings and are unitary. Throughout this paper, unless otherwise
specified, we use R to denote a ring and M to denote a module over R. The work carried out in
this paper is inspired by the research work of Badawi [3] on nonnil-Noetherian rings, the research
work of Hizem and Benhissi [12] on nonnil-Noetherian rings, and by the investigation of several
other researchers on similar concepts such as nonnil-SFT rings, nonnil-m-formally Noetherian
rings, and nonnil-Laskerian rings, for example, refer [4], [5], [15].

Badawi [3] introduced and investigated the concept of a nonnil-Noetherian ring. We denote
the nilradical of R by Nil(R). We use f.g. for finitely generated. Recall that an ideal I of R is
said to be nonnil if I ̸⊆ Nil(R) and R is called a nonnil-Noetherian ring if every nonnil ideal of
R is f.g. [3]. We denote the set of all prime ideals of R by Spec(R) and the set of all maximal
ideals of R by Max(R). We use ⊂ to denote strict containment. We say that Nil(R) is a divided
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prime ideal of R if Nil(R) ∈ Spec(R) and for any x ∈ R\Nil(R), Nil(R) ⊂ Rx [3]. We say that
R ∈ H if Nil(R) is a divided prime ideal of R [3]. With the assumption R ∈ H, Badawi proved
several interesting theorems on nonnil-Noetherian rings [3, see Section 2]. In [3, Section 3],
Badawi provided several examples of nonnil-Noetherian rings that are not Noetherian. Hizem
and Benhissi generalized some of the properties of nonnil-Noetherian rings available in the
literature to a nonnil-Noetherian ring without any assumption on the nilradical and they also
studied the ring of power series over a nonnil-Noetherian ring [12].

The research paper [3] has inspired a lot of research work by several researchers replacing
Noetherian with other similar interesting ring-theoretic properties. For a few such research
work, refer for example, [4], [5], [15]. Recall that R is said to be a Laskerian ring if each proper
ideal of R admits a primary decomposition [11]. In [11], Heinzer and Lantz proved several
interesting theorems on Laskerian rings and showed that Laskerian rings possess some of the
properties of Noetherian rings. Several examples of Laskerian rings that are not Noetherian
were provided in [11]. The concept of a nonnil-Laskerian ring was introduced and investigated
by Moulahi [15]. Recall that R is a nonnil-Laskerian ring if every proper nonnil ideal of R
admits a primary decomposition [15]. In [15], it was shown that nonnil-Laskerian rings enjoy
analogs of many properties of Laskerian rings. Moreover, the nonnil-Laskerian property over
the polynomial and power series rings was also studied.

For any positive integer m, Khalifa introduced and investigated the notion of an m-formally
Noetherian ring [14]. Recall that the ring R is said to be an m-formally Noetherian ring if for
every increasing sequence (In)n≥0 of ideals of R, the increasing sequence of ideals
(
∑

i1+···+im=n Ii1 · · · Iim)n≥0 stabilizes. It was shown by Khalifa [14] that many properties of
Noetherian rings also hold for m-formally Noetherian rings. Moreover, Khalifa investigated m-
formally variant of some well-known theorems on Noetherian rings. For any m ∈ N, Dabbabi and
Maatallah introduced and investigated the concept of a nonnil-m-formally Noetherian ring [5].
The ring R is said to be nonnil-m-formally Noetherian if for every increasing sequence of nonnil
ideals (In)n≥0 of R, the increasing sequence of ideals (

∑
i1+···+im=n Ii1 · · · Iim)n≥0 stabilizes.

In [5], the nonnil-m-formally variant of some well-known theorems on Noetherian and m-formally
Noetherian rings were investigated by Dabbabi and Maatallah. They studied the transfer of
nonnil-m-formally Noetherian property to trivial extension and amalgamation algebra along an
ideal.

The concept of SFT-property was introduced and investigated by Arnold [1]. We say that an
ideal I of R is an ideal of strong finite type (or an SFT-ideal) provided there is a f.g. ideal B ⊆ I
and k ∈ N such that ak ∈ B for each a ∈ I. If each ideal of R is an SFT-ideal, then we say that
R satisfies the SFT-property [1]. In such a case, R is said to be an SFT-ring. In [4], Benhissi
and Dabbabi introduced the concept of a nonnil-SFT ring and investigated its basic properties.
Recall that R is said to be a nonnil-SFT ring if each nonnil ideal of R is an SFT-ideal [4]. In [4],
Benhissi and Dabbabi investigated nonnil-SFT variant of some well-known theorems on SFT-
rings. They investigated the transfer of nonnil-SFT property to Nagata’s principle of idealization
and amalgamation algebra along an ideal. They provided several examples of nonnil-SFT rings
that are not SFT-rings.

The concept of a zero-divisor ring was introduced and investigated by Evans [6]. We use
Z.D. ring to denote zero-divisor ring. It is useful to recall the following definitions from [6].
For a nonzero module M over R, {r ∈ R | rm = 0 for some m ∈M\{0}} is called the set of
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zero-divisors on M and is denoted by ZR(M). The R-module M is called a zero-divisor module
(Z.D. module) if for any proper submodule N of M , ZR(

M
N ) is a finite union of prime ideals of

R. The ring R is called a zero-divisor ring if R, regarded as an R-module, is a Z.D. module;
that is, for all proper ideals I of R, ZR(

R
I ) is a finite union of prime ideals of R. In [6], many

interesting theorems were proved on Z.D. rings by Evans and it was shown that Z.D. rings
are stable under localization and quotients. They are not stable under integral closure and
polynomial adjunction. We denote the polynomial ring in one variable X over R by R[X] and
the power series ring in one variable X over R by R[[X]]. Heinzer and Ohm proved that R[X]
is a Z.D. ring if and only if R is Noetherian [10, Theorem, p.73]. Gilmer and Heinzer illustrated
that R can fail to be Noetherian if R[[X]] is a Z.D. ring [8, Example, p.14] and they proved that
if R[[X]] is a Z.D. ring, then R has Noetherian spectrum [8, Theorem 2]. For more information
on Z.D. rings, for example, refer [9], [11].

This paper aims to introduce the concept of a nonnil-zero-divisor ring and investigate some
of its basic properties. Moreover, we try to answer which properties of zero-divisor rings hold
for nonnil-zero-divisor rings. We say that R is a nonnil-zero-divisor ring (nonnil-Z.D. ring) if
for each proper nonnil ideal I of R, ZR(

R
I ) is a finite union of prime ideals of R. We give a

brief account of the results proved in this paper. In Section 2 of this paper, we discuss some
results on the basic properties of nonnil-zero-divisor rings. Nonnil-zero-divisor rings are stable
under quotients and localization (Propositions 1 and 2). A reduced ring is a nonnil-zero-divisor
ring if and only if it is a zero-divisor ring (Corollary 1). A necessary and sufficient condition
is provided for a ring that belongs to H to be a nonnil-zero-divisor ring (Proposition 4). If
R[X] is a nonnil-Z.D. ring, then R is a Z.D. ring and it is nonnil-Noetherian (Corollary 4). The
polynomial ring in one variable over a nonnil-Z.D. ring can fail to be a nonnil-Z.D. ring (Example
1 and Proposition 6). The polynomial ring in n (n ∈ N\{1}) number of variables over a ring
is a nonnil-Z.D. ring if and only if it is Noetherian (Proposition 5). The class of nonnil-Z.D.
rings include the class of nonnil-Laskerian rings and hence, the class of nonnil-Noetherian rings
(Lemma 3). The direct product of a finite number n (n ≥ 2) of rings is a nonnil-Z.D. ring if
and only if it is a Z.D. ring (Corollary 6). It is illustrated that Corollary 4 can fail to hold for
the power series ring (Example 2). The polynomial ring in one variable over a zero-dimensional
non-Noetherian ring is a nonnil-Z.D. ring if and only if it is a nonnil-Laskerian ring (Theorem
2).

In Section 3 of this paper, a necessary and sufficient condition is determined for R(+)M (the
ring obtained by using Nagata’s principle of idealization) to be a nonnil-Z.D. ring (Theorem 3).
We provide examples to illustrate Proposition 8 and Theorem 3 (Example 4).

2 Basic properties of nonnil-Z.D. rings

This section aims to discuss some results on the basic properties of nonnil-zero-divisor rings.
Unless otherwise specified, we use R to denote a ring, S to denote a multiplicatively closed
subset (m.c. subset) of R, and M to denote a module over R.

Proposition 1. If ϕ : R → T is an onto homomorphism of rings and if R is a nonnil-Z.D.
ring, then so is T .
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Proof. Let J be a proper nonnil ideal of T . Note that I = ϕ−1(J) is an ideal of R with
Ker(ϕ) ⊆ I and since ϕ is onto by assumption, it follows that J = ϕ(I). As ϕ(Nil(R)) ⊆ Nil(T )
and J ̸⊆ Nil(T ), it follows that I ̸⊆ Nil(R). From J ̸= T , we obtain that I ̸= R. By assumption,
R is a nonnil-Z.D. ring. So, there exist p1, . . . , pn ∈ Spec(R) such that ZR(

R
I ) =

∪n
i=1 pi. Observe

that S = R\ZR(
R
I ) is a multiplicatively closed subset (m.c. subset) of R. Let i ∈ {1, . . . , n}. It

is clear that pi + I ⊆ ZR(
R
I ), so (pi + I) ∩ S = ∅. Hence, it follows from Zorn’s lemma and [13,

Theorem 1] that there exists p′i ∈ Spec(R) such that pi + I ⊆ p′i and p′i is maximal with respect
to not meeting S. Thus, ZR(

R
I ) =

∪n
i=1 pi ⊆

∪n
i=1 p

′
i ⊆ ZR(

R
I ) and hence, ZR(

R
I ) =

∪n
i=1 p

′
i.

Let i ∈ {1, . . . , n}. As Ker(ϕ) ⊆ I ⊆ p′i, ϕ(p′i) ∈ Spec(T ). It is not hard to verify that
ϕ(ZR(

R
I )) = ZT (

T
J ). Therefore, ZT (

T
J ) =

∪n
i=1 ϕ(p

′
i) is a finite union of prime ideals of T . This

shows that T is a nonnil-Z.D. ring.

If f : R→ S−1R is the usual homomorphism of rings defined by f(r) = r
1 , then for any ideal

I of R, the saturation of I with respect to S denoted by either SatS(I) or S(I) is defined as
SatS(I) = f−1(S−1I).

Proposition 2. If R is a nonnil-Z.D. ring, then so is S−1R for any m.c. subset S of R.

Proof. Let W be any proper nonnil ideal of S−1R. Then W = S−1I for some ideal I of R
with I ∩ S = ∅. Note that W = S−1I = S−1(S(I)). As Nil(S−1R) = S−1(Nil(R)) by [2,
Corollary 3.12] and W ̸⊆ Nil(S−1R), it follows that S(I) is a nonnil ideal of R. It is clear
that S(I) ̸= R. Since R is a nonnil-Z.D. ring by assumption, there exist p1, . . . , pn ∈ Spec(R)
such that ZR(

R
S(I)) =

∪n
i=1 pi. From S(I) = {r ∈ R | sr ∈ I for some s ∈ S}, we obtain that

ZR(
R

S(I)) ∩ S = ∅. Therefore, pi ∩ S = ∅ for each i ∈ {1, . . . , n}, so S−1pi ∈ Spec(S−1R) for
each i ∈ {1, . . . , n} by [2, Proposition 3.11(iv)]. It is not hard to verify that ZS−1R(

S−1R
S−1I

) =

S−1(ZR(
R

S(I))). Hence, ZS−1R(
S−1R
S−1I

) =
∪n

i=1 S
−1pi is a finite union of prime ideals of S−1R.

This shows that S−1R is a nonnil-Z.D. ring.

If R is a Z.D. ring, then it is clear that R is a nonnil-Z.D. ring. In Example 1. we illustrate
that a nonnil-Z.D. ring can fail to be a Z.D. ring. We first state and prove some lemmas which
are needed in this paper. We use U(R) to denote the group of units of R and NU(R) to denote
the set of nonunits of R.

Lemma 1. For any proper ideal I of R, R
I is a Z.D. ring if and only if R

I is a Z.D. R-module.

Proof. Note that a nonempty subset W of R
I is an ideal of R

I if and only if W is an R-submodule
of R

I . It is clear that the collection of proper ideals of R
I equals {J

I | J is a proper ideal of R with
I ⊆ J}. For any proper ideal J of R with I ⊆ J , ZR

I
(

R
I
J
I

) = {r + I | r ∈ ZR(
R
I
J
I

)}.
Assume that R

I is a Z.D. ring. Let W be any proper R-submodule of R
I . Then W = J

I for
some proper ideal J of R with I ⊆ J . Note that there exist n ∈ N and p1

I , . . . ,
pn
I ∈ Spec(RI )

such that ZR
I
(

R
I
J
I

) =
∪n

i=1
pi
I . Hence, it follows that ZR(

R
I
J
I

) =
∪n

i=1 pi. This shows that R
I is a

Z.D. R-module.
Assume that R

I is a Z.D. R-module. Let W be any proper ideal of R
I . Then W = J

I for
some proper ideal J of R with I ⊆ J . Observe that ZR(

R
I
W ) is a finite union of prime ideals
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of R. With the help of Zorn’s lemma and [13, Theorem 1], it can be shown as in the proof of
Proposition 1 that there exist n ∈ N and p1, . . . , pn ∈ Spec(R) with J ⊆ pi for each i ∈ {1, . . . , n}
and ZR(

R
I
W ) =

∪n
i=1 pi. Hence, it follows that ZR

I
(

R
I
J
I

) =
∪n

i=1
pi
I . This shows that R

I is a Z.D.
ring.

Lemma 2. The following statements are equivalent:
(1) R is a nonnil-Z.D. ring.
(2) R

I is a Z.D. ring for each proper nonnil ideal I of R.
(3) R

Ra is a Z.D. ring for each a ∈ (R\Nil(R)) ∩NU(R).

Proof. (1) ⇒ (2) Let I be any proper nonnil ideal of R. Let W be any proper R-submodule of
R
I . Then W = J

I for some ideal J of R with J ⊇ I. It is clear that J is a nonnil ideal of R and
J ̸= R. Since R is a nonnil-Z.D. ring by assumption, ZR(

R
J ) is a finite union of prime ideals of

R. As
R
I
J
I

∼= R
J as R-modules, it follows that R

I is a Z.D. R-module. Hence, R
I is a Z.D. ring by

Lemma 1.
(2) ⇒ (3) This is clear, since Ra is a proper nonnil ideal of R for any a ∈ (R\Nil(R)) ∩

NU(R).
(3) ⇒ (1) Let I be any proper nonnil ideal of R. Let a ∈ I\Nil(R). Then Ra ̸= R. Since

R
Ra is a Z.D. ring by assumption, R

Ra is a Z.D. R-module by Lemma 1. As the R-module R
I is a

homomorphic image of the R-module R
Ra , R

I is a Z.D. R-module. Therefore, ZR(
R
I ) is a finite

union of prime ideals of R. This proves that R is a nonnil-Z.D. ring.

We use the following proposition in the proof of Corollary 1.

Proposition 3. If there exist a, b ∈ R\Nil(R) such that ab = 0, then R is a nonnil-Z.D. ring
if and only if R is a Z.D. ring.

Proof. Assume that there exist a, b ∈ R\Nil(R) such that ab = 0 and R is a nonnil-Z.D. ring.
Note that Ra is a proper nonnil ideal of R. Hence, R

Ra is a Z.D. R-module by the proof of
(1) ⇒ (2) of Lemma 2. Note that b ∈ ((0) :R a)\Nil(R). Hence, ((0) :R a) is a proper nonnil
ideal of R. Therefore, it follows from the proof of (1) ⇒ (2) of Lemma 2 that R

((0):Ra) is a Z.D.
R-module. Since Ra ∼= R

((0):Ra) as R-modules, we obtain that Ra is a Z.D. R-module. Thus, Ra
and R

Ra are Z.D. R-modules. Hence, R is a Z.D. R-module by [6, Proposition 4]. Therefore, R
is a Z.D. ring.

Conversely, if R is a Z.D. ring, then it is clear that R is a nonnil-Z.D. ring.

Corollary 1. If R is reduced, then R is a nonnil-Z.D. ring if and only if R is a Z.D. ring.

Proof. Assume that the reduced ring R is a nonnil-Z.D. ring. Then any nonzero ideal of R is a
nonnil ideal. Thus, for any proper nonzero ideal I of R, ZR(

R
I ) is a finite union of prime ideals

of R. If R is an integral domain, then it is clear that Z(R) = (0) ∈ Spec(R), so R is a Z.D. ring.
If R is not an integral domain, then there exist a, b ∈ R\{0} such that ab = 0. It follows from
Proposition 3 that R is a Z.D. ring.

The converse is clear, since any Z.D. ring is a nonnil-Z.D. ring. (This part of the proof does
not need the assumption that R is reduced.)
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As a consequence of Proposition 1 and Corollary 1, we have the following corollary.

Corollary 2. If R is a nonnil-Z.D. ring, then R
Nil(R) is a Z.D. ring.

Proof. Note that ϕ : R → R
Nil(R) defined by ϕ(r) = r + Nil(R) is an onto homomorphism of

rings. Since R is a nonnil-Z.D. ring by assumption, R
Nil(R) is a nonnil-Z.D. ring by Proposition

1. As the ring R
Nil(R) is reduced, we obtain from Corollary 1 that R

Nil(R) is a Z.D. ring.

If R ∈ H, then in the following proposition, we provide a necessary and sufficient condition
such that R is a nonnil-Z.D. ring.

Proposition 4. For R ∈ H, the following statements are equivalent:
(1) R is a nonnil-Z.D. ring.
(2) R

Nil(R) is a Z.D. ring.

Proof. (1) ⇒ (2) Assume that R is a nonnil-Z.D. ring. Then R
Nil(R) is a Z.D. ring by Corollary

2. (This part of the proof does not need the hypothesis that R ∈ H.)
(2) ⇒ (1) Assume that R

Nil(R) is a Z.D. ring. Let I be any proper nonnil ideal of R. Then
Nil(R) ⊂ I, since R ∈ H by hypothesis. Hence, R

I is a homomorphic image of R
Nil(R) . Therefore,

R
I is a Z.D. ring. By (2) ⇒ (1) of Lemma 2, it follows that R is a nonnil-Z.D. ring.

In Example 1, we illustrate that the converse of Corollary 2 can fail to hold. We use Corollary
4 in its proof.

If A is a subring of a ring B, then it is assumed that A contains the identity element of B.
If A is a subring of a ring B, then we say that B is an extension ring of A. In the following
theorem, we determine when A+XB[X] is a Z.D. ring.

Theorem 1. For an extension ring B of a ring A, the following statements are equivalent:
(1) A+XB[X] is a Z.D. ring.
(2) B is a Noetherian A-module.
(3) A+XB[X] is a Noetherian ring.

Proof. (1) ⇒ (2) Assume that A +XB[X] is a Z.D. ring. Suppose that B is not a Noetherian
A-module. Then for each n ∈ N, there exists bn ∈ B\{0} such that Ab1 ⊂ Ab1 + Ab2 ⊂ Ab1 +
Ab2 +Ab3 ⊂ · · · is a strictly increasing sequence of A-submodules of B. The proof given below
is inspired by the proof of [10, Theorem, p.73]. It is convenient to denote the ring A+XB[X] by
T . Define elements fn(X) ∈ B[X] for n ∈ N ∪ {0} inductively as follows: f0(X) = X, f1(X) =
1+f0(X), f2(X) = 1+f0(X)f1(X),. . ., assume that we have defined fj(X) for each j, 0 ≤ j < n,
define fn(X) = 1 +

∏n−1
i=0 fi(X). It is clear that fi(X) ∈ T for each i ∈ N ∪ {0}. Consider the

elements tn(X) ∈ T for each n ∈ N given by tn(X) = bn
∏n

i=0 fi(X). Let I be the ideal of T
defined by I =

∑
n∈N Ttn(X). We claim that ZT (

T
I ) is not a finite union of prime ideals of T . We

first verify that fn(X) ∈ ZT (
T
I ) for each n ∈ N. Note that fn(X)(bn

∏n−1
j=0 fj(X)) ∈ I. We assert

that bn(
∏n−1

j=0 fj(X)) /∈ I. For if bn(
∏n−1

j=0 fj(X)) ∈ I, then bn(
∏n−1

j=0 fj(X)) ∈
∑m

i=1 Tti(X) for
some m ≥ n. This implies that there exist a1, . . . , am ∈ A and g1(X), . . . , gm(X) ∈ B[X] such
that bn(

∏n−1
j=0 fj(X)) =

∑m
i=1(ai +Xgi(X))ti(X). For any nonzero g(X) ∈ B[X], let deg(g(X))
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denote the degree of g(X). Observe that deg(tk(X)) = 2k for each k ≥ 1. Let n = 1. Then
b1f0(X) = b1X =

∑m
i=1(ai +Xgi(X))ti(X) for some m ≥ 1. On comparing the coefficients of

powers of X on both sides of this equation, we get that b1 = 0. This is impossible. Therefore,
b1X /∈ I. So, f1(X) ∈ ZT (

T
I ). Note that S = T\ZT (

T
I ) is a multiplicatively closed subset

(m.c. subset) of T and Tf1(X)∩ S = ∅. Hence, it follows from Zorn’s lemma and [13, Theorem
1] that there exists p1 ∈ Spec(T ) such that f1(X) ∈ p1 and p1 is maximal with respect to
not meeting S. Assume it is shown that fj(X) ∈ ZT (

T
I ) for each j with 1 ≤ j < n and for

each j with 1 ≤ j < n, there exists pj ∈ Spec(T ) such that fj(X) ∈ pj and pj is maximal
with respect to not meeting S. Now from bn(

∏n−1
j=0 fj(X)) =

∑m
i=1(ai +Xgi(X))ti(X) for some

m ≥ n, we obtain that bn(
∏n−1

j=0 fj(X))−
∑n−1

i=1 (ai+Xgi(X))ti(X) =
∑m

i=n(ai+Xgi(X))ti(X).
Hence, bn(

∏n−1
j=0 fj(X))−

∑n−1
i=1 aiti(X) =

∑n−1
i=1 Xgi(X)ti(X)+

∑m
i=n(ai+Xgi(X))ti(X). This

implies that (bn −
∑n−1

i=1 aibi)X ∈ X2B[X]. Since X is not a zero-divisor of B[X], it follows
that bn −

∑n−1
i=1 aibi ∈ XB[X] ∩ B = (0). This is impossible, since bn /∈

∑n−1
i=1 Abi. Therefore,

bn(
∏n−1

j=0 fj(X)) /∈ I and hence, fn(X) ∈ ZT (
T
I ). So, there exists pn ∈ Spec(T ) such that

fn(X) ∈ pn and pn is maximal with respect to not meeting S. Thus, for each n ∈ N, there
exists pn ∈ Spec(T ) such that fn(X) ∈ pn and pn is maximal with respect to not meeting S. As
Tfi(X) + Tfj(X) = T for all distinct i, j ∈ N, it follows that pi ̸= pj for all distinct i, j ∈ N.
Thus, the ideal I of T admits infinitely many maximal N-primes, so ZT (

T
I ) is not a finite union

of prime ideals of T . This contradicts the assumption that T is a Z.D. ring. Therefore, B is a
Noetherian A-module.

(2) ⇒ (3) We first verify that B is a Noetherian ring. Let J be any ideal of B. Then J is
an A-submodule of B. Hence, J is a f.g. A-module, so J is a f.g. ideal of B. This proves that
the ring B is Noetherian. As B is a Noetherian A-module, it follows that its submodule A is a
Noetherian A-module. Therefore, the ring A is Noetherian. Let b1 = 1, b2, . . . , bn ∈ B be such
that B =

∑n
i=1Abi. Then the ring T = A[X, b2X, . . . , bnX] is a Noetherian ring by [2, Corollary

7.6].
(3) ⇒ (1) As any Noetherian ring is a Z.D. ring, this is clear.

With rings A,B as in the statement of Theorem 1, the following corollary provides some
necessary conditions for A+XB[X] to be a nonnil-Z.D. ring.

Corollary 3. If B is an extension ring of a ring A and if A +XB[X] is a nonnil-Z.D. ring,
then the following statements hold.

(1) Any A-submodule W of B with W ̸⊆ Nil(B) is f.g.
(2) Both A and B are nonnil-Noetherian and both are Z.D. rings.

Proof. (1) It is convenient to denote the ring A + XB[X] by T . Assume that T is a nonnil-
Z.D. ring. Let W be any A-submodule of B with W ̸⊆ Nil(B). We claim that W is f.g.
Suppose not. As W ̸⊆ Nil(B), there exists b1 ∈ W\Nil(B). By assumption, W ̸= Ab1. Hence,
W ̸⊆ Ab1. From W ̸⊆ Nil(B), it follows that W ̸⊆ Ab1 ∪ Nil(B). Therefore, there exists
b2 ∈ W\(Ab1 ∪ Nil(B)). Proceeding in this way, there exists a sequence (bn)n∈N such that
bn ∈W\Nil(B) and Ab1 ⊂ Ab1 +Ab2 ⊂ Ab1 +Ab2 +Ab3 ⊂ · · · is a strictly increasing sequence
of A-submodules of W . Let fn(X) (n ∈ N ∪ {0}) and tn(X) for each n ∈ N be as in the proof
of (1) ⇒ (2) of Theorem 1. Consider the ideal I of T defined by I =

∑
n∈N Ttn(X). It is clear
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that tn(X) is not a nilpotent element of T for each n ∈ N and I ̸= T . Thus, I is a proper
nonnil ideal of T . The proof of (1) ⇒ (2) of Theorem 1 shows that ZT (

T
I ) is not a finite union

of prime ideals of T . This contradicts the assumption that T is a nonnil-Z.D. ring. Therefore,
any A-submodule W of B with W ̸⊆ Nil(B) is f.g.

(2) Let J be any ideal of B with J ̸⊆ Nil(B). As J is an A-submodule of B, it follows
from (1) that J is a f.g. A-module. Hence, it is a f.g. ideal of B. This proves that B is a
nonnil-Noetherian ring. Similarly, if I is any ideal of A with I ̸⊆ Nil(A), then I ̸⊆ Nil(B),
since Nil(B) ∩ A = Nil(A). Thus, I is an A-submodule of B with I ̸⊆ Nil(B). Hence, I is
a f.g. A-module by (1). So, I is a f.g. ideal of A. This shows that A is a nonnil-Noetherian
ring. Note that XB[X] is a proper nonnil ideal of T . Hence, T

XB[X] is a Z.D. ring by (1) ⇒ (2)

of Lemma 2. Since T
XB[X]

∼= A as rings, we obtain that A is a Z.D. ring. By (1), there exist
b1 = 1, b2, . . . , bn ∈ B\Nil(B) such that B = A+Ab2 + · · ·+ Abn. Hence, B is a finite integral
extension of the Z.D. ring A. Therefore, B is a Z.D. ring by [11, Theorem 2.9].

The following corollary is obtained by applying Corollary 3 with A = B = R and hence, its
proof is omitted.

Corollary 4. If R[X] is a nonnil-Z.D. ring, then R is a nonnil-Noetherian ring and a Z.D.
ring.

Let n ≥ 2. The polynomial ring in n variables X1, X2, . . . , Xn over R is denoted by
R[X1, X2, . . . , Xn]. In Corollary 5, we characterize R such that R[X1, X2, . . . , Xn] is a nonnil-
Z.D. ring. We use the following proposition in its proof.

Proposition 5. With A,B as in the statement of Theorem 1, the ring A+ (X1, X2, . . . , Xn)
B[X1, X2, . . . , Xn] (n ≥ 2) is a nonnil-Z.D. ring if and only if it is Noetherian.

Proof. Denote the ring A+(X1, X2, . . . , Xn)B[X1, X2, . . . , Xn] by T . Assume that T is a nonnil-
Z.D. ring. As J =

∑n−1
i=1 XiB[X1, . . . , Xn] is a proper nonnil ideal of T , T

J is a Z.D. ring by
(1) ⇒ (2) of Lemma 2. Observe that T

J
∼= A + XnB[Xn] as rings. By (1) ⇒ (2) of Theorem

1, we get that B is a Noetherian A-module. It is shown in the proof of (2) ⇒ (3) of Theorem
1 that B and A are Noetherian rings. As B is a f.g. A-module, it follows that T is a finitely
generated ring over A. Hence, T is Noetherian.

Conversely, if T is a Noetherian ring, then it is a nonnil-Z.D. ring.

Corollary 5. The ring R[X1, X2, . . . , Xn] (n ≥ 2) is a nonnil-Z.D. ring if and only if it is
Noetherian.

Proof. The proof of this corollary follows by applying Proposition 5 with A = B = R.

It is useful to recall the following. Let M be a module over R. Note that R × M , the
direct product of R-modules R and M can be made into a ring by defining multiplication as
follows: for any (r1,m1), (r2,m2) ∈ R ×M , (r1,m1)(r2,m2) = (r1r2, r1m2 + r2m1). With this
multiplication, R ×M becomes a commutative ring with identity (1, 0). The ring obtained in
this way is called the ring obtained by using Nagata’s principle of idealization and is denoted
by R(+)M .
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We say that R is quasi-local if R has only one maximal ideal. A Noetherian quasi-local ring
is called a local ring.

Let V be an infinite dimensional vector space over a field K. Note that T = K(+)V is a
quasi-local ring with m = (0)(+)V as its unique maximal ideal. Observe that m2 = (0)(+)(0).
Since V is an infinite dimensional vector space over K by assumption, we can find vi ∈ V for
each i ∈ N such that {vi | i ∈ N} is linearly independent over K. For each n ∈ N, let In be
the ideal of T defined by In =

∑n
i=1 T (0, vi). Then I1 ⊂ I2 ⊂ I3 ⊂ · · · is a strictly increasing

sequence of ideals of T . Therefore, T is not Noetherian.

Example 1. Let A = Z×T be the direct product of rings Z and T , where T = K(+)V is as in
the previous paragraph. Let R = A[X]. Then R

Nil(R) is Noetherian but R is not a nonnil-Z.D.
ring.

Proof. Note that Nil(A) = Nil(Z)×Nil(T ) = (0)×m, where m = (0)(+)V . It follows from [2,
Exercise 2(ii), p.11] that Nil(A[X]) = Nil(A)[X]. Hence, R

Nil(R) = A[X]
Nil(A[X]) = A[X]

Nil(A)[X]
∼=

A
Nil(A) [X] as rings. Observe that A

Nil(A) = Z×T
(0)×m

∼= Z × T
m as rings. As Z is Noetherian and

T
m is a field, it follows that A

Nil(A) is Noetherian, so R
Nil(R)

∼= A
Nil(A) [X] is Noetherian. As any

Noetherian ring is a Z.D. ring, we get that R
Nil(R) is a Z.D. ring. Since V is an infinite dimensional

vector space over K, it follows that T is not Noetherian. Hence, A = Z× T is not Noetherian.
Therefore, A is not a nonnil-Noetherian ring by [12, Proposition 1.7]. Hence, R = A[X] is not
a nonnil-Z.D. ring by Corollary 4. This example also illustrates that (2) ⇒ (1) of Proposition 4
can fail to hold if the hypothesis R ∈ H is omitted in the statement of Proposition 4.

One can also apply the following argument to conclude that R is not a nonnil-Z.D. ring. As
A is not Noetherian, R = A[X] is not a Z.D. ring by [10, Theorem, p.73]. Note that (0, 0) is the
zero element of T and (1, 0) is the identity element of T . As a = (1, (0, 0)), b = (0, (1, 0)) ∈ A ⊂ R
are such that a and b are not nilpotent elements of R with ab = (0, (0, 0)) and R is not a Z.D.
ring, we obtain from Proposition 3 that R is not a nonnil-Z.D. ring.

If R is a Z.D. ring, then it is clearly a nonnil-Z.D. ring. Proposition 6 illustrates that a
nonnil-Z.D. ring can fail to be a Z.D. ring. We use the following lemma in its proof.

Lemma 3. The following statements hold.
(1) If R is a nonnil-Noetherian ring, then R is a nonnil-Laskerian ring.
(2) If R is a nonnil-Laskerian ring, then R is a nonnil-Z.D. ring.

Proof. (1) Assume that R is a nonnil-Noetherian ring. Let I be any proper nonnil ideal of R.
Then I admits a primary decomposition [12, Corollary 1.14]. Therefore, R is a nonnil-Laskerian
ring.

(2) Assume that R is a nonnil-Laskerian ring. Let I be any proper nonnil ideal of R. Then
I admits a primary decomposition. If I =

∩n
i=1 qi is an irredundant primary decomposition of

I in R with qi is pi-primary for each i ∈ {1, . . . , n}, then ZR(
R
I ) =

∪n
i=1 pi by [2, Proposition

4.7]. Therefore, R is a nonnil-Z.D. ring.

Proposition 6. If R = Z(+)Q, then R is a nonnil-Z.D. ring but R is not a Z.D. ring and R[X]
is not a nonnil-Z.D. ring.
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Proof. Note that Z(+)Q is a nonnil-Noetherian ring by [3, Theorem 3.4]. Therefore, R is a
nonnil-Z.D. ring by Lemma 3. One can also apply the following argument to conclude that R
is a nonnil-Z.D. ring. Note that R ∈ H and Nil(R) = (0)(+)Q. As R

Nil(R) is ring-isomorphic
to the Noetherian ring Z, it follows that R

Nil(R) is a Z.D. ring and hence, R is a nonnil-Z.D.
ring by (2) ⇒ (1) of Proposition 4. Observe that I = (0)(+)Z is an ideal of R. We claim that
ZR(

R
I ) is not a finite union of prime ideals of R. Let P denote the set of all positive primes. It is

clear that Spec(R) = {(0)(+)Q, pZ(+)Q | p ∈ P} and Max(R) = {pZ(+)Q | p ∈ P}. Let (n, α)
(n ∈ Z, α ∈ Q) ∈ ZR(

R
I ). Then (n, α) ∈ NU(R), so (n, α) ∈ pZ(+)Q for some p ∈ P. Hence,

ZR(
R
I ) ⊆

∪
p∈P pZ(+)Q. Let p ∈ P and let (n, α) ∈ pZ(+)Q. Note that n

p ∈ Z, (0, 1p) ∈ R\I,
and (n, α)(0, 1p) ∈ (0)(+)Z = I. This shows that pZ(+)Q ⊆ ZR(

R
I ) for any p ∈ P. Therefore,∪

p∈P pZ(+)Q ⊆ ZR(
R
I ). So, ZR(

R
I ) =

∪
p∈P pZ(+)Q. Since Max(R) is infinite and ZR(

R
I ) is

the union of all members of Max(R), we get that ZR(
R
I ) is not a finite union of prime ideals of

R. Therefore, R is not a Z.D. ring. Hence, R[X] is not a nonnil-Z.D. ring by Corollary 4. This
example also illustrates that a nonnil-Noetherian ring can fail to be a Z.D. ring.

Let R1, R2 be rings. Let R = R1 × R2. In the following proposition, we determine when R
is a nonnil-Z.D. ring.

Proposition 7. If R = R1 × R2 is the direct product of rings R1 and R2, then the following
statements are equivalent:

(1) R is a nonnil-Z.D. ring.
(2) Ri is a Z.D. ring for each i ∈ {1, 2}.
(3) R is a Z.D. ring.

Proof. (1) ⇔ (3) Let a = (1, 0) and let b = (0, 1). Note that a, b ∈ R\Nil(R) and ab = (0, 0).
Hence, R = R1 ×R2 is a nonnil-Z.D. ring if and only if R is a Z.D. ring by Proposition 3.

(3) ⇒ (2) Note that p1 : R → R1 defined by p1(r1, r2) = r1 and p2 : R → R2 defined by
p2(r1, r2) = r2 are onto homomorphisms of rings. Since a homomorphic image of a Z.D. ring is
a Z.D. ring, it follows that Ri is a Z.D. ring for each i ∈ {1, 2}.

(2) ⇒ (3) This is well-known. However, we provide a proof for the sake of completeness.
Let I = I1 × I2 be any proper ideal of R. Note that Ii is a proper ideal of Ri for at least one
i ∈ {1, 2}. Without loss of generality, we can assume that I1 is a proper ideal of R1. Since R1

is a Z.D. ring by assumption, there exist n ∈ N and prime ideals p11, . . . , pn1 of R1 such that
ZR1(

R1
I1
) =

∪n
j=1 pj1. Either I2 = R2 or I2 ̸= R2. Observe that Pj = pj1×R2 ∈ Spec(R) for each

j ∈ {1, . . . , n}. If I2 = R2, then it is not hard to show that ZR(
R
I ) =

∪n
j=1Pj and hence, it is a

finite union of prime ideals of R. If I2 ̸= R2, then there exist m ∈ N and prime ideals q12, . . . , qm2

of R2 such that ZR2(
R2
I2
) =

∪m
k=1 qk2, since R2 is a Z.D. ring by assumption. Note that Qk =

R1 × qk2 ∈ Spec(R) for each k ∈ {1, . . . ,m}. As ZR(
R
I ) = (ZR1(

R1
I1
)×R2)

∪
(R1 ×ZR2(

R2
I2
)), we

obtain that ZR(
R
I ) = (

∪n
j=1Pj)

∪
(
∪m

k=1Qk) is a finite union of prime ideals of R. Therefore, R
is a Z.D. ring.

Corollary 6. If R = R1 ×R2 × · · · ×Rn (n ≥ 2) is the direct product of rings R1, R2, . . . , Rn,
then the following statements are equivalent:

(1) R is a nonnil-Z.D. ring.
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(2) Ri is a Z.D. ring for each i ∈ {1, 2, . . . , n}.
(3) R is a Z.D. ring.

Proof. This corollary can be proved using Propositions 3, 7 and induction on n. Hence, we omit
its proof.

The following example illustrates that Corollary 4 can fail to hold for the power series ring.

Example 2. Let A = Z×T be as in the statement of Example 1. Then A[[X]] is a nonnil-Z.D.
ring but A is not a nonnil-Noetherian ring.

Proof. The ring T = K(+)V is quasi-local with m = (0)(+)V as its unique maximal ideal,
m2 = (0)(+)(0), and m is not a f.g. ideal of T . It is clear that A[[X]] ∼= Z[[X]]×T [[X]] as rings.
Since Z is Noetherian, Z[[X]] is Noetherian by [13, Theorem 71]. Hence, Z[[X]] is a Z.D. ring.
It is not hard to verify that Spec(T [[X]]) = {m[[X]],m[[X]] + XT [[X]]} (for a proof, one can
refer [18, Example 3.12]). Therefore, T [[X]] is a Z.D. ring. By (2) ⇒ (3) of Proposition 7, it
follows that Z[[X]]× T [[X]] is a Z.D. ring. Hence, A[[X]] is a Z.D. ring. Therefore, A[[X]] is a
nonnil-Z.D. ring. As the nonnil ideal I = Z × m of A is not f.g., A is not a nonnil-Noetherian
ring.

The following example illustrates that Corollary 5 can fail to hold for the power series ring.
The Krull dimension of R is referred to as the dimension of R and is denoted by dimR.

Example 3. Let T = K(+)V be as in the statement of Example 1. Then T [[X1, X2]], the power
series ring in two variables X1, X2 over T is a nonnil-Z.D. ring but it is not Noetherian.

Proof. Since T is quasi-local with m = (0)(+)V as its unique maximal ideal and m2 = (0)(+)(0),
(m[[X1, X2]])

2 = (0)(+)(0). If P is a prime ideal of T [[X1, X2]], then from (m[[X1, X2]])
2 =

(0)(+)(0) ⊆ P, it follows that m[[X1, X2]] ⊆ P. Since m[[X1, X2]] ∈ Spec(T [[X1, X2]]), it follows
from [2, Proposition 1.8] that Nil(T [[X1, X2]]) = m[[X1, X2]]. From T [[X1,X2]]

Nil(T [[X1,X2]])
∼= K[[X1, X2]]

as rings and K[[X1, X2]] is Noetherian by [13, Theorem 71], it follows that T [[X1,X2]]
Nil(T [[X1,X2]])

is
Noetherian. We obtain from [7, Theorem 30.6] that dimK[[X1, X2]] = 2. For any ring R, as
dimR = dim R

Nil(R) , it follows that dimT [[X1, X2]] = 2. By [2, Exercise 5(iv), p.11], we get
that T [[X1, X2]] is quasi-local with N = m + (X1, X2)T [[X1, X2]] as its only maximal ideal.
Let I be any proper nonnil ideal of T [[X1, X2]]. Then I ̸⊆ m[[X1, X2]]. Note that I ⊆ N. Let
P ∈ Spec(T [[X1, X2]]) be such that I ⊆ P ⊂ N. Then I+m[[X1,X2]]

m[[X1,X2]]
⊆ P

m[[X1,X2]]
⊂ N

m[[X1,X2]]
. This

implies that P
m[[X1,X2]]

is minimal over I+m[[X1,X2]]
m[[X1,X2]]

. Since T [[X1,X2]]
m[[X1,X2]]

is Noetherian, it follows that
there are only a finite number of prime ideals of T [[X1,X2]]

m[[X1,X2]]
minimal over I+m[[X1,X2]]

m[[X1,X2]]
. Therefore,

there are only a finite number of prime ideals P of T [[X1, X2]] such that I ⊆ P ⊂ N. This
shows that Spec(T [[X1,X2]]

I ) is finite. Hence, T [[X1,X2]]
I is a Z.D. ring. It follows from (2) ⇒ (1) of

Lemma 2 that T [[X1, X2]] is a nonnil-Z.D. ring. Since V is an infinite dimensional vector space
over K, T is not Noetherian. Therefore, T [[X1, X2]] is not Noetherian.

With the help of [8, Theorem 2], we verify in the following corollary that if R[[X]] is a
nonnil-Z.D. ring, then R has Noetherian spectrum. Recall that R has Noetherian spectrum if
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the topological space Spec(R) is Noetherian. It can be shown that R has Noetherian spectrum
if and only if R satisfies a.c.c. on radical ideals of R. For a proof of it and for more details on
rings with Noetherian spectrum, the reader can refer [16].

Corollary 7. If R[[X]] is a nonnil-Z.D. ring, then the ring R has Noetherian spectrum.

Proof. Assume that R[[X]] is a nonnil-Z.D. ring. Note that Nil(R)[[X]] is an ideal of R[[X]]

and R[[X]]
Nil(R)[[X]] is a homomorphic image of R[[X]]. Hence, we obtain from Proposition 1 that

R[[X]]
Nil(R)[[X]] is a nonnil-Z.D. ring. As R[[X]]

Nil(R)[[X]] is a reduced ring, it follows from Corollary 1
that R[[X]]

Nil(R)[[X]] is a Z.D. ring. Since R[[X]]
Nil(R)[[X]]

∼= R
Nil(R) [[X]] as rings, we get that R

Nil(R) has
Noetherian spectrum by [8, Theorem 2]. It is clear that Nil(R) is contained in any radical ideal
of R. As R

Nil(R) satisfies a.c.c. on radical ideals, it follows that R satisfies a.c.c. on radical ideals.
This shows that R has Noetherian spectrum.

If dimR = 0 and if R is not Noetherian, then in Theorem 2, we provide a necessary and
sufficient condition for R[X] to be a nonnil-Z.D. ring. We use the following lemma in its proof.

Lemma 4. If R is such that dimR = 1, R has Noetherian spectrum, and Nil(R) ∈ Spec(R),
then R is a nonnil-Laskerian ring.

Proof. As Nil(R) ∈ Spec(R) by hypothesis, it is convenient to denote Nil(R) by p. Since
dimR = 1 by hypothesis, it follows that Spec(R) = {p} ∪ Max(R). Let I be any proper
nonnil ideal of R. Hence, I ̸⊆ p. Since R has Noetherian spectrum by hypothesis, I has only
a finite number of prime ideals minimal over it (for a proof, refer [16]). It is clear that any
prime ideal of R minimal over I is necessarily maximal. Let {mi | i ∈ {1, . . . , k}} be the set
of prime ideals of R minimal over I. Let i ∈ {1, . . . , k}. Observe that Rmi is a quasi-local
ring with miRmi as its unique maximal ideal. As

√
IRmi = miRmi , IRmi is a miRmi-primary

ideal of Rmi by [2, Proposition 4.2]. Let fi : R → Rmi be the usual homomorphism of rings
defined by fi(r) =

r
1 . Note that f−1

i (IRmi) is a mi-primary ideal of R. As IRm = Rm for any
m ∈ Max(R)\{mi | i ∈ {1, . . . , k}}, it is not hard to show that I =

∩k
i=1 f

−1
i (IRmi). This

shows that any proper nonnil ideal of R admits a primary decomposition. Therefore, R is a
nonnil-Laskerian ring.

We denote the cardinality of a set A by |A|.

Theorem 2. If dimR = 0 and if R is not Noetherian, then the following statements are
equivalent:

(1) R[X] is a nonnil-Z.D. ring.
(2) |Max(R)| = 1.
(3) R[X] is a nonnil-Laskerian ring.

Proof. (1) ⇒ (2) Assume that R[X] is a nonnil-Z.D. ring. Then by Corollary 4, R is nonnil-
Noetherian. If |Max(R)| ≥ 2, then there exist rings R1, R2 such that dimRi = 0 for each
i ∈ {1, 2} and R ∼= R1 × R2 as rings by [17, Lemma 2.2]. Let us denote R1 × R2 by T . Thus,
R ∼= T as rings. As R is nonnil-Noetherian, T is nonnil-Noetherian. Hence, T is Noetherian
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by [12, Proposition 1.7]. This is a contradiction, since R is not Noetherian by hypothesis. Hence,
|Max(R)| = 1.

(2) ⇒ (3) Let m denote the unique maximal ideal of R. Then Spec(R) = Max(R) = {m}.
Hence, Nil(R) = m by [2, Proposition 1.8]. As Nil(R[X]) = Nil(R)[X] by [2, Exercise 2(ii),
p.11], we obtain that Nil(R[X]) = m[X]. Thus, Nil(R[X]) ∈ Spec(R[X]). Since R[X]

m[X]
∼= R

m [X]

as rings, it follows that R[X]
m[X] is a principal ideal domain (P.I.D.). From dim R[X]

m[X] = 1, we get that
dimR[X] = 1. As R[X]

Nil(R[X]) is Noetherian, it has Noetherian spectrum. So, R[X] has Noetherian
spectrum. Now, it follows from Lemma 4 that R[X] is a nonnil-Laskerian ring.

(3) ⇒ (1) This follows from Lemma 3(2).

3 When is R(+)M a nonnil-Z.D. ring?
As in the previous section, unless otherwise specified, we use R to denote a ring. We use M
to denote an unitary module over R. This section aims to determine a necessary and sufficient
condition such that R(+)M is a nonnil-Z.D. ring. The following proposition is needed in the
proof of the main result of this section.

Proposition 8. R(+)M is a Z.D. ring if and only if R is a Z.D. ring and M is a Z.D. R-module.

Proof. Assume that R(+)M is a Z.D. ring. Note that the mapping f : R(+)M → R defined by
f(r,m) = r is an onto homomorphism of rings. As the homomorphic image of a Z.D. ring is a Z.D.
ring, we get that R is a Z.D. ring. Let N be any proper submodule of M . Observe that (0)(+)N
is a proper ideal of R(+)M . It is well-known that Spec(R(+)M) = {p(+)M | p ∈ Spec(R)}.
As R(+)M is a Z.D. ring by assumption, there exist n ∈ N and p1, . . . , pn ∈ Spec(R) such that
ZR(+)M ( R(+)M

(0)(+)N ) =
∪n

i=1 pi(+)M . This implies that ZR(
M
N ) =

∪n
i=1 pi. Therefore, M is a Z.D.

R-module.
Conversely, assume that R is a Z.D. ring and M is a Z.D. R-module. Let us denote R(+)M

by T . Note that ϕ : R→ T defined by ϕ(r) = (r, 0) is an injective homomorphism of rings. With
the help of ϕ, we can make T into an R-module by defining r(s,m) = ϕ(r)(s,m) = (r, 0)(s,m) =
(rs, rm) for any r ∈ R and (s,m) ∈ T . It is clear that R(+)(0) and (0)(+)M are R-submodules
of the R-module T . Observe that T

R(+)(0)
∼= (0)(+)M as R-modules. As R(+)(0) and T

R(+)(0)

are Z.D. R-modules, we obtain that T is a Z.D. R-module by [6, Proposition 4]. We claim that
T is a Z.D. ring. Let W be any proper ideal of T . It is clear that W is a proper R-submodule
of T . Since T is a Z.D. R-module, there exist n ∈ N and prime ideals p1, . . . , pn of R such that
ZR(

T
W ) =

∪n
i=1 pi. If (r,m) ∈ ZT (

T
W ), then there exists (s,m′) ∈ T\W such that (r,m)(s,m′) ∈

W . This implies that (rs, rm′ + sm) ∈W . If (rs, rm′) ∈W , then r(s,m′) = (rs, rm′) ∈W and
hence, r ∈ ZR(

T
W ). If (rs, rm′) /∈W , then (0, sm) /∈W . From (rs, rm′+sm) ∈W , it follows that

(0,m)(rs, rm′ + sm) = (0, rsm) ∈W . Therefore, r(0, sm) ∈W . Hence, r ∈ ZR(
T
W ). Therefore,

r ∈ pi for some i ∈ {1, . . . , n}. Thus, (r,m) ∈ pi(+)M . This shows that ZT (
T
W ) ⊆

∪n
i=1 pi(+)M .

Let i ∈ {1, . . . , n} and let r ∈ pi. Then r(s,m′) ∈ W for some (s,m′) ∈ T\W . Let m ∈ M .
If (r,m)(s,m′) ∈ W , then (r,m) ∈ ZT (

T
W ). If (r,m)(s,m′) /∈ W , then as (rs, rm′) ∈ W , it

follows that (0, sm) /∈ W . From (rs, rm′) ∈ W , we get that (0,m)(rs, rm′) ∈ W . This implies
that (0, rsm) ∈ W . Therefore, (r,m)(0, sm) ∈ W . Hence, (r,m) ∈ ZT (

T
W ). This proves that
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pi(+)M ⊆ ZT (
T
W ). Hence,

∪n
i=1 pi(+)M ⊆ ZT (

T
W ). Therefore, ZT (

T
W ) =

∪n
i=1 pi(+)M . This

proves that T is a Z.D. ring.

In the following theorem, we determine a necessary and sufficient condition such that R(+)M
is a nonnil-Z.D. ring.

Theorem 3. R(+)M is a nonnil-Z.D. ring if and only if R is a nonnil-Z.D. ring and for any
a ∈ R\Nil(R) with aM ̸=M , M

aM is a Z.D. R-module.

Proof. Assume that R(+)M is a nonnil-Z.D. ring. The mapping ϕ : R(+)M → R given by
ϕ(r,m) = r is an onto homomorphism of rings. Hence, R is a nonnil-Z.D. ring by Proposition 1.
Let a ∈ R\Nil(R) be such that aM ̸=M . Then Ra(+)aM is a proper nonnil ideal of R(+)M .
It follows from (1) ⇒ (2) of Lemma 2 that R(+)M

Ra(+)aM is a Z.D. ring. As Ra annihilates the R-
module M

aM , it can be made into an R
Ra -module by defining (r+Ra)y = ry for any r+Ra ∈ R

Ra
and y ∈ M

aM . It is clear that a nonempty subset W of M
aM is an R-submodule if and only if it

is an R
Ra -submodule. Observe that R(+)M

Ra(+)aM
∼= R

Ra(+) M
aM as rings. Since R(+)M

Ra(+)aM is a Z.D. ring,
we obtain from Proposition 8 that R

Ra is a Z.D. ring and M
aM is a Z.D. R

Ra -module. Therefore,
M
aM is a Z.D. R-module.

Conversely, assume that R is a nonnil-Z.D. ring and for any a ∈ R\Nil(R) with aM ̸= M ,
M
aM is a Z.D. R-module. Let A be any proper nonnil ideal of R(+)M . Note that Nil(R(+)M) =
Nil(R)(+)M . As A is a nonnil ideal of R(+)M , it follows that (r,m) ∈ A for some r ∈ R\Nil(R)
and m ∈ M . It is convenient to denote R(+)M by T . Let m′ ∈ M . Then (0,m′)(r,m) ∈ A
and hence, (0, rm′) ∈ A. This implies that (0)(+)rM ⊆ A. Either rM = M or rM ̸= M .
If rM = M , then (0)(+)M ⊆ A. Hence, A = I(+)M for some proper nonnil ideal I of
R. Observe that T

A
∼= R

I as rings. Since R is a nonnil-Z.D. ring by assumption, R
I is a Z.D.

ring by (1) ⇒ (2) of Lemma 2. Therefore, T
A is a Z.D. ring. Assume that rM ̸= M . It

is already verified that (0)(+)rM ⊆ A. Now, (r, 0)(r,m) ∈ A. Hence, (r2, rm) ∈ A. As
(0, rm) ∈ A, we get that (r2, 0) ∈ A. For any (s,m′) ∈ T , (s,m′)(r2, 0) ∈ A. Therefore,
(sr2, r2m′) ∈ A. As (0, r2m′) ∈ A, we obtain that Rr2(+)(0) ⊆ A. The above arguments imply
that Rr2(+)r2M ⊆ A. Note that r2 is not a nilpotent element of R, Rr2 ̸= R, r2M ̸= M ,
Rr2(+)r2M is an ideal of T , and T

Rr2(+)r2M
∼= R

Rr2
(+) M

r2M
as rings. Since R is a nonnil-Z.D.

ring, R
Rr2

is a Z.D. ring by (1) ⇒ (2) of Lemma 2. By assumption, M
r2M

is a Z.D. R-module and
hence, it is a Z.D. R

Rr2
-module. Therefore, R

Rr2
(+) M

r2M
is a Z.D. ring by Proposition 8. Hence,

T
Rr2(+)r2M

is a Z.D. ring. As T
A is a homomorphic image of T

Rr2(+)r2M
, it follows that T

A is a Z.D.
ring. Therefore, by (2) ⇒ (1) of Lemma 2, we obtain that T is a nonnil-Z.D. ring.

We provide Example 4 to illustrate Proposition 8 and Theorem 3. We use the following
lemma in its proof.

Lemma 5. If R is a nonnil-Z.D. ring, then for any f.g. R-module M , R(+)M is a nonnil-Z.D.
ring.

Proof. Let m1, . . . ,mk ∈ M be such that M =
∑k

i=1Rmi. Observe that ϕ : R × · · · × R (k
times)→M defined by ϕ(r1, . . . , rk) =

∑k
i=1 rimi is an onto homomorphism of R-modules. Let

us denote the R-module R×· · ·×R (k times) by F . Note that ψ : R(+)F → R(+)M defined by
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ψ(r, (r1, . . . , rk)) = (r, ϕ(r1, . . . , rk)) is an onto homomorphism of rings. In view of Proposition
1, to prove R(+)M is a nonnil-Z.D. ring, it is enough to show that R(+)F is a nonnil-Z.D.
ring. By hypothesis, R is a nonnil-Z.D. ring. Hence, to show R(+)F is a nonnil-Z.D. ring, by
Theorem 3, we need to verify that F

rF is a Z.D. R-module for any r ∈ R\Nil(R) with rF ̸= F .
Let r ∈ R\Nil(R) be such that rF ̸= F . Then r ∈ NU(R). Since R is a nonnil-Z.D. ring and
Rr is a proper nonnil ideal of R, R

Rr is a Z.D. ring by (1) ⇒ (2) of Lemma 2. Note that F
rF can

be made into an R
Rr -module by defining (s+Rr)y = sy for any s+Rr ∈ R

Rr and y ∈ F
rF . Observe

that F
rF is a f.g. R

Rr -module. Therefore, F
rF is a Z.D. R

Rr -module by [6, Corollary 5]. Hence,
F
rF is a Z.D. R-module. This proves that R(+)F is a nonnil-Z.D. ring and hence, R(+)M is a
nonnil-Z.D. ring.

For any ring R, we denote the set of minimal prime ideals of R by Min(R).

Example 4. (1) Let {Xi}i∈N be a set of indeterminates. Let D be the integral domain given by
D =

∪
n∈NK[[X1, . . . , Xn]], where K[[X1, . . . , Xn]] is the power series ring in X1, . . . , Xn over

a field K. Let I be the ideal of D generated by {XiXj | i, j ∈ N, i ̸= j}. Let R = D
I . Let

T = R(+)M , where M is a f.g. module over R. Then T is a Z.D. ring.
(2) Let R = Z(+)Q be as in Proposition 6. Then for any f.g. R-module M , R(+)M is a
nonnil-Z.D. ring but not a Z.D. ring.
(3) Let T be as in the statement of Example 1. Let R = T [[X]]. Then for any R-module M ,
R(+)M is a Z.D. ring.

Proof. (1) The ring R mentioned in (1) is due to Gilmer and Heinzer, see [8, Example, p.16].
It was already mentioned in [8, Example, p.16] that R is a quasi-local reduced ring with m =∑

n∈NRxn as its unique maximal ideal, where xn = Xn + I for each n ∈ N. It was also noted
in [8, Example, p.16] that dimR = 1, Spec(R) = {m} ∪ {pi | i ∈ N}, where for each i ∈ N, pi is
the ideal of R generated by {xj | j ∈ N\{i}}, the union of any infinite number of members from
Min(R) equals m, and hence, R is a Z.D. ring. Hence, for any f.g. R-module M , M is a Z.D.
R-module by [6, Corollary 5]. Therefore, T = R(+)M is a Z.D. ring by Proposition 8.
(2) It is already verified in Proposition 6 that R = Z(+)Q is a nonnil-Z.D. ring but not a Z.D.
ring. Let M be a f.g. R-module. Then R(+)M is a nonnil-Z.D. ring by Lemma 5. As R is not
a Z.D. ring, it follows that R(+)M is not a Z.D. ring.
(3) It is shown in the proof of Example 2 that |Spec(T [[X]])| = 2. Therefore, with R = T [[X]],
any R-module M is a Z.D. R-module. Hence, R(+)M is a Z.D. ring by Proposition 8.
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